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FOREWORD

The United States Navy has been a major contributor to the development
of aviation. In the beginning, a handful of highly dedicated, visionary naval
officers led the way to building a strong aviation program that had its roots
in aerodynamics research and development. In a time when few people
would have dreamed of the incredible achievements 75 years of naval aviation
would bring, Captain Walter Stuart Diehl was among those outstanding
pioneers whose active dedication led to a coherent, effective aerodynamics
research and development program.

The Navy's first wind tunnel was constructed at the Washington Navy
Yard in 1914. In 1918 Captain Diehl was placed in charge of the Navy's
work in aerodynamics and hydrodynamics, a responsibility he maintained
until his retirement in 195 1. When the Bureau of Aeronautics was established
in 192 1, Captain Diehl became a charter member assuming the responsibility
for the funding, programs, and facilities of the Aerodynamics Laboratory
at the Washington Navy Yard. His strong influence on advancing aero-
dynamics and hydrodynamics technology and aircraft design was highlighted
by specific contributions in such technical areas as airplane performance
and stability, reduction of flight test and towing basin data, seaplane design.
and quantification of the standard atmosphere. As aviation progressed,
Captain Diehl played a major role in influencing the direction of research
and experimental investigations at transonic and high speeds, and was instru-
mental in the development of the Skystreak and Skyrocket high-speed. high-
altitude research aircraft.

Captain Diehl was an active participant in the National Advisory Con-
mittee for Aeronautics (NACA). and he was the author of 46 NACA reports.
However, it was through his book, "Engineering Aerodynamics"-for many El
years known as the aeronautical engineers' "bible"--that he was able to
share his vast knowledge and experience with the technical community. As
a fitting tribute to Captain Diehl's significant presence and contributions, the
David W. Taylor Naval Ship Research and Development Center is publishing
this commemorative edition upon the celebration of the 75th Anniversary
of Naval Aviation. A --, ctU I IIty Ced53
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Walter Stuart Diehl, Captain, USN
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PREFACE

ENGINEERING AERODYNAMICS in its present form is
essentially a new book, the greater part of which is now
available for the first time.

Intensive aerodynamic research on the part of various
laboratories and active experimental construction on the
part of the airplane manufacturers have made available
so much new material that the original edition, published
in 1928, is obviously out of date. The preparation of this
second edition has incorporated the new material, and
afforded the opportunity for a complete revision.

ENGINEERING AERODYNAMICS has beeowritten to supply
the designer and the advanced aeronautical student with
concise, practical information on the dynamics of airplane
design.. It is not a mere compilation of material from
various sources nor does it contain undigested test data.
It is a carefully planned original development of practical
design methods based on theory and experiment.

In preparing this volume the author has analyzed a
vast amount of test data and endeavored to present the
essential conclusions in the form of equations or charts
from which desired factors may be obtained directly.
Tabular data and numerical examples are given where
required. Derivations are given for many equations, but
an effort has been made to avoid including unnecessary
material. For this reason the conventional treatment of
elementary aerodynamic problems is omitted. Descrip-
tions of procedure and details of tests are either given
briefly or omitted entirely, but numerous references are
cited for the benefit of those desiring to consult the original
sources.

vii



Viii 'PREFACE

The author is deeply indebted to Mr. F. A. Louden of
the Bureau of Aeronautics, U. S. Navy, for assistance in
proofreading and for helpful criticism; to Mr. C. H.
Zimmerman of the N.A.C.A. Staff for criticisms, suggestions,
and checking the chapter on Dynamic Stability; to Mr. C. H.
Helms of the N.A.C.A. for checking manuscript; to Mr.
W. D. Clark, Mr. R. E. McCally, Mr. C. T. Newman, Mr.
W. S. Simpson, Mr. R. L. Creel, Mr. L. J. Friedman and
Mr. J. P. Fersinger of the Bureau of Aeronautics, U. S. Navy,
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sibility for the contents of this volume. No statement con-
tained herein is to be construed as official or as reflecting the
views of the Navy Department, the Bureau of Aeronautics,
or the National Advisory Committee for Aeronautics.
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Bureau of Aeronautics,
Navy Department,
Washington, D. C.
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CHAPTER 1

INTRODUCTION; DEFINITIONS AND SYMBOLS

Design Compromise. The designer of an airplane is con-
fronted with an endless series of compromises. At each
stage in the design he must decide just how far a loss in
one characteristic is justified by a gain in some other char-
acteristic. The degree of success finally attained depends
largely on the soundness of the judgment exercised in the
designer's decisions.

The ability to exercise sound engineering judgment
may be a natural talent, but it is more often the result of
training and experience. Given all of the data on a prob-
lem, the solution is usually obvious. It is, therefore,
essential that the aeronautical engineer have immediately
available as much information as he can obtain on the
problems confronting him. Many of these problems in-
volve detailed knowledge of aerodynamics. In the suc-
ceeding chapters an attempt has been made to supply
information on applied aerodynamics in the form best
adapted for direct application to design problems. The
proper understanding of these data requires a thorough
knowledge of the fundamental laws of mecha-ics. The
remainder of Chapter i i. concerned chiefly with funda-
mentals.

Definition of Aerodynamics. Before attempting to give a
definition of aerodynamics, it is desirable to trace its rela-
tionship to kindred branches of mechanical science, all
coming under the classification of physics.

According to the Century Dictionary, physics is defined
as "The science of the principles operative in organic

3
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nature; the science of forces or forms of energy." We are

now concerned with the division of physics known as

mechanics and usually defined as "the science of motion."
While that definition is correct, it is probably bettc: to say

that mechanics is that branch of physics which is concerr:od
with forces, motion, and energy.

Mechanics is divided into four general branches; kine-
matics, kinetics, statics, and dynamics.

Kinematics is sometimes called the geometry of motion.
The Euclidian geometry is concerned only with space;

kinematics is concerned with both space and time, but not
with forces.

Kinetics is the'science that treats of the mutual relations

between moving bodies. It is concerned with forces and
the resultant motions.

Statics is concerned with the equilibrium conditions for

forces acting on a body at rest.
Dynamics is concerned with forces and motion, and

in particular with the forces due to motion. Hydrody-

namics is that branch of dynamics that is concerned with
forces and motions in an incompressible fluid. Aerody-
namics is that branch of dynamics that is concerned with
forces and motions in a compressible fluid or gas. The
definition of aerodynamics in N.A.C.A. Nomenclature for

Aeronautics (Technical Report No. 474) is "The branch
of dynamics that treats of the motion of air and other
gaseous fluids and of the forces acting on solids in motion
relative to such fluids."

There is considerable overlapping in all branches of

mechanics. The definition of aerodynamics given above is
scientifically correct, but there is a definite tendency to
include under the heading of aerodynamics all of the

applied dynamics and kinetics used in aircraft design. To

the aeronautical engineer, most of the problems involving
forces and motions are "aerodynamic" problems, and he is
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not greatly concerned over the fact that the theoretical
solution to the problems of fluid motion are usually ob-
tained by the methods of hydrodynamics. For this reason
Engineering Aerodynamics will treat many problems not
strictly within the science of aerodynamics.

Fundamental Statics. The condition of equilibrium for

any rigid body requires that, in any reference plane:

i. The algebraic sum of all horizontal force components
equals zero.

2. The algebraic sum of all vertical force components
equals zero.

3. The algebraic sum of the moments of all the force com-
ponents, taken about any point in the plane, must
equal zero.

If these conditions are not met, there must be motion
in accordance with the laws of dynamics. This motion
may be either translation or rotation alone, or it may be
any combination of the two.

A couple is two equal, oppositely directed, parallel
forces not acting in the same straight line. The force
components of a couple are zero, but the moment has the
same value for every origin in the plane of the couple.
This moment is equal to the product of one of the two

forces by the perpendicular distance between the lines of
action. Any system of forces acting on a rigid body may
be reduced to a force and a couple. The moment coeffi-

cient for an airfoil at zero lift is a couple.

Fundamental Dynamics. Newton's laws of motion are:

i. Every body continues in its state of rest or its state
of uniform motion in a straight line, unless it is com-
pelled by external forces to change that state.

2. Change in momentum is proportional to impressed
force, and takes place in the direction in which the
force acts.

3. Action and reaction are equal and opposite.
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Newton's second law is sometimes amplified, or a fourth
law set up by the statement, "The effect of a force on a
body is the same, whether it acts alone or in conjunction
with other forces."

The law of conservation of energy is, "The total energy
of any material system is a quantity which can neither
be increased or diminished by any action between the
parts of the system, although the form of the energy may
be changed."

The foregoing laws enter into the solution of practically
all problems involving forces and motions.

Fundamental Units

Nearly all of the-physical quantities used in mechanics
may be expressed in terms of three independent funda-
mental units. A fundamental unit should have the fol-
lowing properties:

i. It should be a quantity for which very accurate com-
parisons are possible with other quantities of the
same kind.

2. The comparison should be simple and direct.
3. The comparison should be possible at any time or place.

That is, the quantity should be such that a suitable
standard value can be established and copies made.

The three quantities best adapted for use as funda-
mental units are length, mass, and time. All other units
are deri\ed in terms of these. The fact that any value
may be assigned to the fundamental standards has led to
considerable confusion in standard length and standard
mass. The mean solar second, defined as 1/86,400 of a
mean solar day is the universal standard unit of time.

There are two important systems of fundamental
units in wide use. These are the metric centimeter-gram-
second or cgs system and the English or foot-pound-second
system.
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The centimeter is defined as I/ioo jart of a meter.
The standard meter is the length between two marks on a
platinum alloy rod prepared by Borda in 1795, and origin-
ally intended to be I/Io,ooo,ooo part of the distance
between the equator and the pole measured along the
meridian through Paris. The fact that it is not exactly
the intended length has little bearing on its value as a
standard. The gram is defined as i/i,ooo part of the
standard kilogram. The standard kilogram is the mass
of a block of platinum also prepared by Borda in 1795, and
intended to equal the mass of I,ooo cubic centimeters of
distilled water at 4' Centigrade. Subsequent measure-
ments show that while the two masses are very nearly
equal, there is enough difference to require that we con-
sider the standard of mass as Borda's block and not as
i,ooo cc of distilled water. These discrepancies have no
bearing on the usefulness of the metric system. It is the
decimal divisions rather than the actual units that have
led to the almost universal use of the metric system in
scientific work.

The English system of units is used in Great Britain and
the UTnited States, but owing to slight differences in the
legal definitions, the actual standards in the two countries
are not the same. The legal standard of length in Great
Britain is the yard, now having a legal equivalent of
0-9143992 meters. By Act of Congress July 28, 1866,
the standard yard in the United States was established
as 3,6oo/3,937 = o.9144oi83 meters. The difference is
about i part in 36o,ooo. A slight discrepancy also exists
in the standard of mass. The legal equivalent of the
British pound mass is 453.59245 grams. The legal equiva-
lent of the United States pound mass is 453.5924277
grams. The British standard mass is, therefore, heavier
than the UTnited States standard mass by about one part
in 20,ooo,ooo. These discrepancies are obviously of no
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practical imporfance in engineering calculations. They
are pointed out at this time to emphasize the arbitrary
nature of the fundamental standards and to indicate the
main reason why scientists recommend the universal
adoption of the metric system.

Derived Units

Two systems of units, the absolute and the gravita-
tional, may be derived from the fundamental standards.
The fundamental equation F = ma may be written

Unit Force = Unit Mass X Unit Acceleration

In the English system the unit of mass is the standard
pound weight. The unit of acceleration is one foot per
second per second. Since the acceleration due to gravity
is about 32 feet per second per second for the force of a
pound weight acting on a pound mass, it is obvious that
the unit of force must be I/g or about 1/32 of the force
due to gravity on the pound weight. This unit, called the
poundal, is approximately equivalent to the force exerted
by gravity on a half-ounce weight. It is an absolute force,
independent of the value of gravity.

The poundal is inconveniently small as unit force in
engineering work. The engineer, therefore, adopts what
are known as gravitational units and takes for the unit
force the weight of the standard pound. This force is g
times the poundal, so the unit of mass must be g times the
standard pound weight. This unit of mass is usually
called the "slug" or the "gee pound."

The fundamental equation F = ma may be written in
three ways:

p = ma (xa)

where p is the force in poundals, and m is the mass in
pounds,

gF = ma (ib)
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where F is the force in pounds, and m is the mass in pounds,
or w

F=-a (c)g

where F is the force in pounds and W is weight in pounds.
If local g is used, there is no difference in these equations.

However, the inconvenience of varying g is greater than the
effect of varying F, and the engineer adopts as standard
a value of g that is about the average for 450 latitude.
This standard value is 98o.665 cm/sec/sec or 32.1740
ft/sec/sec. Actual values of g vary from this standard by
a maximum of about one-third of one per cent. The errors
involved are negligible, but it is highly important that the
engineer understand just what assumptions have been
made in order that confusion may be avoided.

In the cgs system, the same conditions exist. The
absolute unit of force is the dyne, about i /981 of the weight
of one gram. The metric-gravitational system uses as
the unit of force the weight of one kilogram and the unit of
acceleration is one meter/sec/sec. Hence, the "metric
slug" is Kg weight divided by g in meters/see/sec or

Force in Kg = weight Kg (meters/sec/sec)
9.8o665

Reference Axes

Forces and moments acting on an airplane are con-
veniently referred to a definite set of three mutually per-
pendicular axes having specified directions for positive
forces and positive moments. A positive moment is
always assumed to act in the direction of rotation between
positive directions of the axes in cyclic alphabetical order:

X-- Y Y----- Z and Z--- X

Three types of axes are used in aeronautical computa-
tions. Each type has its special applications and there
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should be no confusion regarding the conventions in any
given case. The three types are:

i. Axes fixed in space. These are the "gravity axes"
used in following the motion of the center of gravity
in certain performance problems. The X axis is
horizontal with the positive direction in the general
line of flight which, in accordance with the usual
convention, is plotted with the positive direction
from left to right. The Y axis is also horizontal with
its positive direction away from the observer on the
ground. The Z axis is vertical with the positive
direction upwards. These axes are used chiefly
for motion in a vertical plane, involving only X and Z.

2. Axes fixed in the airplane. These are the "airplane
axes" or "body axes," and the chief use is in stability
calculations. The origin is taken at the c.g. of the
airplane. The X or longitudinal axis is directed
forward and made parallel to the thrust line or to the
wing chord, although any definite reference line may
be used, such as the keel line of a flying boat hull.
The Y or lateral axis is normal to the plane of sym-
metry and its positive direction is towards the right
wing tip. The Z or normal axis is in the plane oi
symmetry and directed downwards.

3. Axes moving with the airplane. These are called "wind
axes," or "wind-tunnel axes." Ujnless otherwise
specified, these axes are understood to be used in all
general aeronautical work. The X or drag axis is
directed to the rear, in line with the direction of the
relative wind. The Y or cross-wind axis is perpen-
dicular to the plane of symmetry and if the con-
vention as to direction of positive moments is to be
consistent, its positive direction must be from right
to left. The Z or lift axis lies in the plane of sym-
metry with positive direction upward.

It will be noted that the wind axes are directed exactly
opposite to the body axes. The body axes are known as
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right-hand because in looking along the positive direction
of any one of the axes, the positive moment acts clockwise
or in the direction of motion of a right-hand screw. \With
the same convention, the wind axes would be left-hand,
since the direction of rotation for positive moment is
counter clockwise. However, wind axes are seldom used
in this sense. They are used almost entirely tinder con-
ditions which place the observer outside of the airplane
so that the direction of positive moments becomes right-

+Z

/

WIND AXES

Figure j. PIksiti e Directions for \Vind Axes

hand, if from any point on the positive branch of an axis
the observer looks toward the origin. Since the wind axes,
as defined above, are the natural axes to use, it makes little
difference whether they are right-hand or left-hand with
regard to an tint.eI C convention.
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The extensive use of wind axes makes it imperative
that the engineer visualize clearly the relations involved
in the positive reference angles. Figure i may be of some
assistance in this respect.

Air Forces and Moments. Unless otherwise specified, it
will be understood that the air forces acting on an airplane
are referred to the wind axes previously described.

Forces or force components along the three axes X,
Y, and Z in this system are known as drag, cross-wind
force, and lift, respectively.

Angular displacements about tl-- three axes X, Y, and
Z in this system are known as roll ( - oank), pitch, and yaw.
Moments have the same designation as angular displace-
ments, for example, a pitching moment tends to cause rota-
tion about the transverse or Y axis.

Dynamic Pressure. The dynamic pressure q = p V2/2 is

the pressure developed in bringing a moving perfect fluid
to rest. Since the standard density is p, = 0.002378
slugs per cu ft

q" = 0.001189 P (2)

where q. is in lb/sq ft and V is in fps, or

qo = 0.002558 V (2a)

where q. is in lb/sq ft and V is in mph.
The value of q at any air density other than the standard

is obviously
p

q, qo- (3)PO

The relation between velocity in standard air and a
given dynamic pressure in lb/sq ft is

V = 29.00 vq/o fps (4)
or

V = 19.77 i mph (4a)
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in the metric system for q in Kg/sq m and V in m/sec

qo = 0.0625 V (5)
and

V = 4 V- (5a)

Coefficients. Forces and moments are usually given, as
a matter of convenience, in the form of coefficients. Prac-
tically all of the early work in this country made use of
coefficients having the dimensions of (lb/sq ft)/(mph)z,
and used the symbols K. for lift and K, for drag. These
coefficients were based on air of standard density and
defined by the relations

Lift = L = K (p/po) SV2  (6)

Drag = D = K (P/po) SV2  (7)

Where S is the area in sq ft and V the relative air speed
in miles per hour. This form of coefficient is numerically
equal to the force acting on one square foot of surface at
a speed of one mile per hour in standard air.

About i919 the National Advisory Committee for
Aeronautics recommended the adoption of "Absolute
Coefficients" having the same value in any consistent
system of units. The coefficients tentatively adopted were
defined by the relations

L =Lp s V (8)
D D, PS V2  (9)

The coefficients L, and D, are the same as KL and KD used
by the British.

With the improvement in theoretical aerodynamics it
became evident that there were many advantages in the
use of the particular form of absolute coefficients employed
by Prandtl. Therefore, in 1921, the National Advisory
Committee for Aeronautics decided to recommend the
general use of these coefficients C1, and CD, defined by the
relations
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L = CLqS (xo)
D=C qS (i)

where q is the dynamic pressure p r. This form of co-
efficient is now used almost exclusively.

The relations between the three types of coefficients are

CL = 2L= 391 K, Ku = 0.002558 CL o.oo516 L,

CD = 2 = 391 K K. = 0.002558 CD = 0.005116 D,

Absolute coefficients used for moments are similar in
form to CL and CD. Since these must include a character-
istic length in addition to the area S, the span b is used for
rolling and yawing moments and the chord c for pitching
moments as follows:

Rolling Moment, L = C q b S

Pitching Moment, M = C. q c S

Yawing Moment, N = C q b S

Symbols

Where there is no confusion regarding the intended
meaning, the use of symbols for various physical quantities
leads to conciseness and clarity. However, if there is any
ambiguity of meaning, the symbol loses its value entirely
and becomes an unqualified nuisance. In order to avoid
this situation, the author prefers to use only those symbols
for which there can be no confusion regarding the intended
meaning and to insure clarity by repeated definition in the
text.

The following list of symbols in general use is included
for reference:

Aerodynamic center (in terms of chord) a
Acceleration due to gravity g
Air speed (general) V

Indicated . V,
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Maximum . . VM

Stalling 
Vs

Altitude 
h

Angle of:

Attack (measured from chord line) a

Attack, absolute (measured from zero lift) a,

Attack, induced ai

Pitch 
0

Roll or bank (P

Trim (seaplane) T

Yaw

Control-surface deflection:

Elevator 6

Rudder .1

Aileron . .

Flap 6

Tab 6'

Downwash 6

Wing setting or incidence

Stabilizer setting or incidence

Angular velocity

Area general S

Wing (upper Su, lower SL) Sw

Tail ST

Area ratio (reciprocal of aspect ratio) X

Aspect ratio (b',/S) n

Ceiling, absolute I

Ceiling, service h,

Center of gravity c.g.

Center of pressure c.p.

Center of pressure coefficient C'

Chord, mean aerodynamic (M.A.C.) c

Upper wing Q:

Lower wing CL

Cross-wind force C
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Density, air mass per unit volume . p
Standard 00
Relative P/po = 

Displacement, axial:
Longitudinal x

Lateral y

Normal z

Displacement, angular:
In roll
In pitch 0
In yaw 'k

Displacement, lb (seaplane hulls and floats) A
Distance from c.g. to elevator hinge axis 1
Drag, in general D

Induced D.
Parasite D,

Profile D
Drag coefficient, absolute CD

Drag coefficient, minimum CD,..

Drag coefficient, induced Cmi

Drag coefficient, parasite CDP

Drag coefficient, profile CD.

Dynamic pressure pV/2 q

Efficiency
Force, cross-wind C

Force, coefficient of cross-wind Cc

Force, general F
Force, parallel to body axes:

Longitudinal X
Lateral Y
Normal Z

Gap G
Kinematic viscosity V
Lift L

Lift coefficient, absolute CL
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Lift coefficient, maximum . CL ma

Lift/Drag ratio LID
Loading, power lb/bhp W,
Loading, wing lb/sq ft w,
Mass (= w/g) m
Moments:

Rolling L
Pitching M
Yawing N

Moment coefficients, absolute (for wind axes):
Rolling C'L
Pitching C.
Pitching at zero lift C..
Yawing C'n

Moment of inertia [= (W'g) X k2] . I
Moments of inertia (about axes):

Longitudinal (in roll) A
Lateral (in pitch) B
Normal (in yaw) C

Normal force coefficient Cx
Pitching moment coefficient at zero lift Cu.
Pitch ratio, effective V/nD or J
Power P
Brake horsepower bhp
Thrust horsepower thp
Power coefficient (= P p n3 DI) Cp

Pressure p
Propeller diameter . D or Diam.

Propeller pitch, geometric .. p
Propeller rate of rotation: Revolutions per second n
Radius of gyration k

Resultant force R

Reynolds Number (=pVL/M) . . . . . RN

Slope of lift curve (= dCL/da) .. a

Span b
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Span factor, Munk's equivalent monoplane k

Thrust .. T

Thrust coefficient (= T/p n2 D') CT

Torque . Q
Torque coefficient ( QIp n, DI) CQ

Velocity V

Velocity, angular component in:
Roll (about longitudinal axis) p
Pitch (about lateral axis) q
Yaw (about normal axis) r

Velocity, linear component along:
Longitudinal axis u

Lateral axis v

Normal axis w

Velocity of sound a
Velocity, terminal VT

Viscosity, coefficient of
Viscosity, kinematic .

Weight . . W

Abbreviations. Throughout this volume it will be neces-

sary to make frequent reference to the publications of the
National Advisory Committee for Aeronautics, hereafter

referred to as N.A.C.A., and to the publications of the
British Aeronautical Research Committee, hereafter re-

ferred to as the Br.A.R.C.
The N.A.C.A. publications are classified in three groups,

as Technical Reports, Technical Notes, and Technical
Memorandums which will be designated as T.R., T.N.,

an(d T. \., respectively, followed by the serial number of
the publication.

The publications of the Br.A.R.C. are entitled "Reports
and Memoranda." These will be designated as R. & M.

followed by the proper serial number.



CHAPTER 2

ELEMENTS OF THEORETICAL FIUII) DYNAMI(WS

Literature on Theoretical Aerodynamics. There are now
available in English a considerable number of works on
theoretical Hydrodynamics and Aerodynamics. No one
volume among these can be selected as filling all possible
requirements. The following list does cover the field,
however:

Lamb, H., "Hydrodynamics," Cambridge University
Press (1916).

\Vilson, E. B., "Aeronautics," John Wiley & Sons, Inc.
(1920).

Glauert, H., "The Elements of Airfoil and Airscrew
Theory," Cambridge University Press (1926).

Munk, Max M., "Fundamentals of Fluid I)ynarnics for
Aircraft Designers," The Ronald Press ('o. (12()).

Reid, E. G., "Applied Wing Theory," Mc(;raw-Ilill 13,ik
Co., Inc. (1932).

Munk, Max M., "The Principles of Aerodynamics',
Munk (1933).

Durand, W. F., and Munk, M. M., "Aerodynamic Theory,"
Vol. 1, Part I and Part II, Julius Springer, Berlin (i934).

Each of the volumes listed above contains much of value
to the student. Wilson, Glauert, Reid, and Munk are
recommended as elementary and fundamental treatments
suitable for the beginner. Lamb's "Hydrodynamics" is
the classical general treatment of the subject. It is con-
plete, but perhaps rather difficult for the student to follow
unless he has a fair knowledge of the fundamentals. ".\cro-
dynamic Theory," edited by Dr. Durand, is the first volume

19
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of a proposed six-volume "General Review of Progress
under a Grant of the Guggenheim Fund for the Promotion
of Aeronautics." It contains an excellent presentation
of all of the fundamental theory, well arranged and illus-
trated in a manner that is of great assistance to the student
in grasping the physical significance of the fundamental
relations employed.

A number of excellent works on hydrodynamics are also
available in French and German. Those best known to
the engineers in this country are:

Joukowski, N, "Aerodynamique," Pub. G authier-Villars
et Cie., Paris (1916).

Fuchs, R., and Hopf, L., "Aerodynamik." Pub. R. C.
Schmidt & Co., Berlin (1922).

Eberhardt, C., "Einfuhrung in die Theoretische Aero-
dynamik," Pub. R. Oldenbourg, Mfinchen (1927).

Hydrodynamical Definitions. Before giving an outline of
some of the important applications of theoretical aerody-
namics to the problems of airplane design, it is desirable to
define the terms most frequendy employed. These defi-
nitions necessarily involve the mathematical relations em-
ployed in the original derivations, but the inclusion of the
complete derivations is beyond the scope of this volume.
The highly abridged definitions that follow are intended to
give the engineer a reasonably clear conception of the
meaning of the terms most frequently used. The student
is referred to any of the works listed in the preceding para-
graphs for the complete derivations.

Fluid Flow. The first step in the mathematical investi-
gation of fluid flow is usually made with the assumption
of a continuous perfect fluid, incompressible and without
viscosity. Although air is compressible and viscous, these
factors are normally of secondary importance in the types
of flows that are of greatest interest.
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The second step is the selection of a set of rectangular
axes to which the motion may be referred. If the flow
around an object is being considered, these axes may most
conveniently be fixed relative to the body which may be
considered stationary in the moving fluid. The fluid ve-
locity at any point is defined by its axial components u,

v, and w, along the axes X, Y and Z, respectively. The
chief problem in the mathematical investigation of fluid
flow is to determine the velocity at a gi'en point. The
method actually used depends on the conditions (f the
problem. If the flow is of a simple type, it may be pos-
sible to obtain a simple expression for the velocity field.
If the flow is complex, *t may be necessary to resolve it into
simple components before a mithenatical relation can
be found. In most cases the solution follows from the
application of the simple fundamental laws of motion to
a particle in the fluid. Three typcs f fluid motion are
involved: (I) translation, (2) rotation, and (3) deformation.

Superposed Flows. In many of the prollems in hydro-
dynamics, it is desirable to consider that a given flow is
produced by two or more component flows. The usual
case superposes a local circulation or a system of flow in
closed curx'es upon a general flow in which the particles
move in parallel straight lines. IU the variation of velocity
in the field of the circulatory flow can be expressed in terms
of the distance from the origin, then the vector resultant
of the circulatory and translatory velocities at any point
may be obtained by calculation. The flow around an air-
foil may be obtained in this manner.

Two-Dimensional Flow. A flow which is two-dimensional
in the plane of X- Y will be exactly similar in any parallel
plane. An example of such a flow is that around the center
of a very long cylinder or strut. Two-dimensional flows
can be completely investigated by considering the flow in
a single plane.
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The mathematical conditions for two-dimensional flow
are: (i) no velocity component along the Z axis, and (2)

no X or Y velocity gradients along the Z axis. That is,

w=0

au av 0
Oz fz

Three-Dimensional Flow. The general motion of a fluid
is three-dimensional with acceleration and velocity com-
ponents along all three axes. An elementary example of
three-dimensional flow is that about a solid of revolution
or a streamline body.

dy
_U

1-Y IV dx

IV V

+X

FigurC 2. Fluid Flow Components

Steam Function. Consider the two-dimensional flow
of a continuous and incompressible fluid across an element
ds of any curve in the plane of the flow, as shown on Figure
.2. The general fluid velocity is V having axial components
u and v. The flow across ds must be equal to the algebraic
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sum of the flows across dx and dy, since otherwise the
density within the triangle formed by ds, dx and dy would
not remain constant. The flow across dx is v dx, and the
flow across dy is - u dy. Hence, the flow across ds from
right to left is

v dx - u dy - d& (12)

and the flow across any curve joining the points (x., Y.)
and (x, y) is

f Oi'sdx - u dy) = b(x, Y) - Yk (,o) (13)

is called the "Stream Function" because it detcrmincs
the amount of fluid streaming across any curve connecting
two points in the fluid. "'hen is known, the velocity
components are determined by

u V = ---

Streamline. The instantaneous path of a fluid particle
is called a streamline. Mathematically, a streamline is
defined by , = constant or d = 0, since for this condi-
tion no fluid can stream across the curve so defined. In
steady flow, the streamlines are the actual paths of particles
in the fluid.

Circulation. The circulation of a fluid is determined by
the flow along a boundary as contrasted with the flow across
a boundary used in defining stream function. The flow
along an element ds of any curve in the fluid is the product
of ds by the component of the velocity along ds. The comn-
ponent of the velocity along ds is (Vr. COS 0), where IV,
is the resultant velocity making an angle 0 with the element
ds. The circulation is determined by the line integral of
the tangential velocity Vr cos 0 taken around any closed
circuit or

r = f Vcos 0 ds (14)
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Resolving the tangential velocity into its axial com-
ponents gives

V, os0 =1idx +Vdy
Vos ds ds

hence I' = f (u dx + v dy) (15)

As an example of the use of circulation, the lift on an
element of unit length in a wing of infinite span varies
directly with the circulation around it. That is,

L = p1V (16)

where p is the density and V the relative velocity measured
at a great distance from the element. This is the well-known
Kutta-Joukowski equation. Owing to its frequent use,
many engineers instinctively associate circulation with lift.
It should be understood that circulation, in general, is a
type of fluid motion and that in any particular case it has
the value given by the line integral, equation (15).

For a wing of finite span, the lift, and from it the in-
duced drag, can be calculated only when the distribution
of circulation along the span is known. If the circulation
is constant along the span, then dl'idb is zero except at the
tips where it equals 1'. This would correspond to a constant
lift along the span, and there would be a vortex at each
tip only. Actually, there is a vortex at each tip and a
gradient of F along the span giving a maximum value of
F at the center aad zero at the tips. The vortices which
peel off of the trailing edge vary in strength with dF/db.
Hence, the variation in vorticity along the span is from
a maximum positive value at one tip to an equal negative
value at the other tip, passing through zero at the center.

Rotation. Rotation in a two-dimensional flow is defined
as the ratio of the circulation around the boundary of a
closed curve to the area enclosed by the curve. In three-
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dimensional flow, the component of rotation about one of
the reference axes is determined by the component of circu-
lation in the plane of the other two axes.

Circulation and rotation are thus related, although
they differ in that circulation refers to a definite area or
mass of the fluid while rotation refers to the constituent
particles that combine to produce circulation. Rotation
and vorticity are identical.

Rotation in a fluid does not mean the same thing as
circulatory motion. It may be shown that the motion
of a fluid in concentric streamlines is irrotational if the
velocity varies inversely as the radius. It may also be
shown that a particle of fluid rotating like a solid body has
a rotation of twice its mean angular velocity.

H-ia~1 ~8,,b '" ~'a
/1"a" ,'Ab f

I I/a a

IRROTATIONAL ROTATIONAL
Iigurc 3. Efftect of Rotation oni the Moti ni of a Fluid Particle

The sketch, Figure 3, shows the difference in the be-
havior of a fluid particle in the two types of motions.

Bernoulli's Theorem. Bernoulli's theorem states that
the total energy of a fluid particle is constant at all points
on its path in a steady flow. In equation form,

P V
+ - + Z = I (17)

w 2g
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where P/w is the "pressure head," V2/2g the "velocity
head," Z the potential head, and If a constant. w is the
specific weight of the fluid. It will be noted that this equa-
tion is essentially an application of the law of conservation
of energy to a fluid particle.

The equation is due to Daniel Bernoulli and dates from
1737. In the original form and as given, it applies only
to steady flow of an incompressible fluid, but many of the
more common problems of hydrodynamics are solved by
its use, with the following restrictions:

For a general fluid in general motion, II is never constant.
For an incompressible fluid in general motion, I is con-

stant for a given particle.
For an incompressible fluid in steady motion, H is con-

stant for all particles along a streamline.
For an incompressible fluid in steady irrotational motio n,

II is constant for all particles throughout the fluid.

In most of the flows considered in aerodynamics. the
potential or elevation head Z does not change and Bcr-
noulli's equation takes the form

p + pV 2 = a constant (18)
or

static pressure + dynamic pressure = total pressure.

Velocity Potential. If the luid tlow is such that the
circulation about every closed curve vanishes, it may be
shown that u dx + v dy is an exact differential which may

be written

u dx + v dy -d (I9)

from which
u = - 14/9x = - O, /ay

In a flow of this type, the velocities are negative deriva-
tives of the function P (x, y) which is known as velocity
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potential. The flows of this type are designated potential
flows and exist only where the motion is irrotational

There is a definite physical significance in the velocity
potential. It is a velocity gradient that may be produced
by an impulsive pressure acting on a fluid boundary.
\elocity potential and stream function are analogous to the
lines of force and magnetic flux in a magnetic fielh. Con-
stant values of the velocity potential 4 give equipotential
contours or lines of force. Constant values of the stream
function 4, give the streamlines or instantaneous directions
of flow. Lines of constant 4, and constant 4, always inter-
sect at right angles.

The lines of constant 4' and constant 4 may be visible
in certain cases. For example, an observer on a boat can
see the streamlines made visible by foam or floating
objects. The lines of constant 4) are visible on the surface
of calm water, while a boat is being accelerated from rest.
This effect requires )roper lighting and surface conditions
such its are found, for example, in a model basin.

4) and 4 are connected by the mathematical relation

d zdx - u dy & -- dx + 4dy (20)
ay ax

To recapitulate, a velocity potential 4D can exist only
when the motion is irrotational. If the motion is irrota-
tional, 4) can exist in either a compressible or an incompres-
sible luid. .\ stream function can exist only in an in-
compressille fluid, but it is independent of rotation. For
irrotational motion in an incompressible fluid, either a
velocity potential or a stream function, or both, may exist.

Sources and Sinks. lany flow conditions are readily
duplicated by the assumption that fluid is generated at
certain points called "sources" and absorbed at other
points called "sinks." Sources and sinks are not neces-
sarily confined to points. They may be given any desired



28 ENGINEERING AERODYNAMICS [Ch. 2

distribution along a line or over a surface. The only re-
quirement is that if the boundary curve between the fluid
in the general flow and the fluid produced by the sources
is to be closed, then the total fluid absorbed by the sinks
must be equal to the fluid produced by the sources.

The flows produced by sources and sinks are easily
calculated and visualized. Hence, they are very useful
for illustrating some of the fundamental methods in the
mathematical analysis of fluid flow.

Consider the two-dimensional flow due to a line source
generating fluid per unit length at the rate of Q units per
second. Assuming that the fluid is continuous and incom-
pressible, the flow must be outward in radial lines along
which the velocity decreases inversely as the distance from
the center. The flow across a circle of radius r with its
center at the origin is

V = Q/2rr

This is a form of potential flow. Since V =- O/Or, the
velocity potential for a source is

,= -f d r -- log r (21)
27r f r 27r

The flow for a sink is obtained by reversing the sign of Q.
The combined effect at any point produced by a system

of sources and sinks is obtained by adding the individual
velocity potentials.

Vortex Motion-Vortices. Vortex motion is a common
natural phenomenon appearing in different outward forms
and covering a tremendous range in scale extending from
a tiny whirlpool or eddy that is barely visible to the naked
eye to a tropical hurricane or a cyclonic air movement that
affects an entire continent. The vortex in nature, con-
sidered as a fluid motion, may or may not be irrotational.
It is irrotational if the tangential velocity varies inversely
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as the distance from the center. It is rotational to the
extent that the velocities vary from the inverse law. In
all probability some rotation is always present in a natural
vortex.

The mathematical vortex used in hydrodynamics is
simply an irrotational motion in which the velocity varies
inversely as the distance from the center. It is a concept
that has been found very helpful in the solution of many
problems connected with a lifting wing. The important
point for the engineer to grasp is that by the superposition
of a vortex field on a simple potential flow, it is possible to
duplicate very closely the actual flow around a wing. This
does not mean that there is an actual physical vortex
surrounding the wing. It means that the distribution of
circulation velocity corresponds closely to that required
for a vortex. As a matter of fact, identical results can be
obtained in many cases as Munk' has shown by the use of
fundamental energy relations instead of vortices.

In order to avoid the infinite velocities otherwise re-
quired at the origin, it is assumed that vortex motion
takes place about a very small core within which the motion
is rotational. Vortex motion may be distributed along a
line of any desired shape. Such a line is known as a vortex
line or vortex filament. The core enclosing such a line is
known as a vortex tube.

A vortex is stable motion, persisting indefinitely in a
perfect fluid. Its strength is constant with time and con-
stant over the entire filament length. A vortex filament
cannot begin or end at a point within the fluid.

In the application of vortices to the lifting wing, these
requirements are met by considering the vortex motion
distributed along three sides of an open rectangle, one side
of which is the span of the "lifting line" that replaces
the wing, and the other two are lines extending (theoret-

' Max M. Munk, "Elements of the Wing Section Theory and of the Wing Thery."
N.A.C.A. Technical Report No. 191.
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ically to an infinite distance) backward from the wing tip.
The circulation around this "horseshoe" or U-shaped
vortex tube may be visualized as being similar to the flow
in a section of a smoke-ring; that is, the direction of rota-
tion does not change in going around the ring. Looking
downstream from the wing, the circulation in the left-
hand branch is clockwise and that in the right-hand branch
is counter clockwise, so that their motion, like two gears
in mesh, is such as to produce a downwash along the center-
line.



CHAPTER 3

APPLIED WING THEORY

The application of theoretical hydrodynamics to the
problems of air flow around a lifting wing has yielded
results that are exceedingly valuable to the airplane de-
signer. By the aid of these theoretical relations, it is now
possible to predict accurately the effects that changes in
wing arrangement will have on the aerodynamic character-
istics o)f a given airplane design.

In the original form, as reported by the scientists and
mathematicians responsible for the theoretical investiga-
tions, many of these important solutions are unsuited for
design application. It is the purpose of this chapter to
present applied wing theory in the form of design data.
Verv few derivations will be given, but in each case refer-
ence is given to the original source of the theoretical deriva-
tion.

The contents of this chapter are concerned almost en-
tirely with the application of theory to wing design, but
this does not include all of the applied wing theory. An
attempt has been made to place some very important the-
oretical relations in other chapters where they logically
belong.

Induced Drag. In 1911, Dr. Prandtl and his assistants
at (;C6ttingen derived a relation between the circulation F
and the vertical or downwash velocity component w, due
to a lifting wing. At the same time it was proved that
half of the final downwash velocity was atquired forward
of the center of pressure, or in other words, a downward

3'
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acceleration was imparted to the air at some distance
forward of a lifting wing which, therefore, operated in a
downwardly inclined air stream. The average downwash
velocity at the center of pressure was found to be greater,

the greater the lift, and the nearer to the center of the wing
the main production of vortices.

As a result of the virtual inclination of the air stream
through the angle p = tan - (w/v), the wing "goes up a
hill" having the slope V. Consequently, the lift, which
is vertical to the relative wind, now has a rearward or drag
component. Without going into the details of the deriva-
tion I it was shown that the inclination of the lift vector,
and hence the drag, was a minimum when the downwash
was constant along the span, and that this condition corre-
sponded to a lift distribution proportional to the ordinates
of an ellipse having the span as a diameter., The constant
value of the downwash velocity resulting from the ellip-
tical lift distribution was shown to be

w = I'/2b

where 1'o is the circulation at the center of the span b. It
may be shown that the value of F is

I', = 4L, wP Vb

where L is the lift and p the density. Hence, the down-
wash velocity is

W = 2L/frp Vb'

Since the downwash is constant along the span, the drag
D is

D = L(w,'V) =L ,IirpV'b' = L2!r/qb 2  (22)

Se L. Prandtl, "Applications of Modern Hydrodynamics to Aeronautics," NA.C.A

Technical Report No. ji6 (1921).
, The mathematical prbof was first given by Munk in his (;ttingen Dissertation which was

subsequently translated and published as N.A,C.A. Technical Report No. iii "The Mini-
mum Induced Drag ot Aerofoils."
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It was found in 1913 that the actual measured drags

were greater than this theoretical minimum but the wing
sections investigated were very poor. Two years later,
investigations on much better wing sections showed close
agreement between the theoretical and the measured drag.
The investigation was then continued on wings of various
aspect ratio and a very important discovery made. At
the same lift coefficient with the same wing section, the
difference between the theoretical and measured drag
coefficients was always the same, within the experimental
error, of course, for any aspect ratio. The part of the total
drag which (foes not change with aspect ratio is due to the
shape of the wing section and hence it was given the desig-
nation "Profile )rag" or "Section l)rag.-' The theoretical
drag, varying only with lift and span, was given the desig-
nation "lInduced Drag" from the analogy to electrical
induction phenomena. This constituted ope of the most
important advances ever made in theoretical aerodynamics
and opened an immense fieI of practical applic/ti .

Substituting -'L.qS for L and ('L,,S for D in cquation
(22) gives the coefficient of inlucel drig

]" lY (23)

The section drag is CD. = CD - CD, and this is constant
for any given section and lift coeflicient. Hience, at a
constant value of CL, the relation between the drags for
two aspect ratios is

C CLS, CL' S,lrb,'C= - 7rbV

or

-+.-- - (24)
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which enables the drag to be calculated for any aspect ratio
when the drag is known for one aspect ratio.

Induced Angle of Attack. Since the wing is operating in
a vertical downwash velocity of

2L
7 rpVb

and a horizontal velocity of V, the relative wind direction
is inclined downward to the rear of the wing by the angle
having the value

= ai = tan- 4) = tan V 21

p is always small so that tan =, hence

2L
,O ai = , -VL- ( 25)

ai is the "induced angle of attack." It increases as the
aspect ratio decreases. The physical significance is that
as the aspect ratio is decreased, the downwash increases
and the wing must be turned up to a higher apparent or
geometrical angle of attack in order to obtain a given lift
coefficient.

Munk's Span Factor. Equation (23) was completed Iby
Munk, who showed that in order to apply to biplanes (or
multiplanes) the maximum span b must be replacedI 1hv kb,
which is the span of the monoplane having the sanc Irea
and induced drag as the lWplane (or multiplane). lFw a
monoplane k = i.oo, but for a biplane k varies with he
ratio of gap to span, the ratio of the spans, and the pro-
portional area in the two wings as will be shown later.

AN ,, ,,,,-
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The introduction of the span factor was of great prac-
tical importance. With this factor, equation (23) becomes

~~Ci.2 S
CD . .b.. (23a)7r(kb)'

and equation (24) becomes

Cb2 = CDI + - l -L ) (kS, (24a)

In a similar manner, the induced angle of attack in radians
is

CL S
k . . .. (25a)7r(kb)'

and in degrees the total angle of attack is

+ 57.3, S, S. (26)

Equation (26) is only approximately correct. Munk
completed it laterl lby dividing into three parts the angle
of attack necessary to produce a given lift coefficient.
These parts are as follows: (a) the intrinsic angle of attack
for the given wing section and lift coefficient, (b) the addi-
tional induced angle of attack, and (c) the additional inter-
fcrence angle of attack. With this modification, equation
(26) becomes

[_(= al+ - -y + 1 - + (26a)

where I is the interference factor. I varies slightly with
stagger and with wing section, and is less for a lift pro-
duced by curvature than for lift produced by angle of

3 Max M. Munk. "General Biplane Theory," N.A.C.A. Technical Report No. 151
1922).
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attack. However, I is approximately a function of gap-
chord ratio only, with the following average values accord-
ing to Munk:

Gap
_ap O 2.87 2.02 1. 46 1.11 .98 .79 .64

Chord

1 0 .012 .024 .030 .55 .6 o.082 I .104

These values are plotted in Figure 4.
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Figurc 4. Munk's Intcriercncc Factor for Irnduccd .\uiic of Attack

Prandtl's Interference Factors. Prandtl has shown4 that
the drag of one wing of a biplane in the presence of the other
may be expressed in the form

LL

D1 . = L 1A (27)

rqbb,

4 "Technische Berichte." Vol. I1. No. 6 (N.A.C.A. Technical Note No. 112) and N.A.C.lu
Technical Report No. 116.
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where D,2 is the drag of wing I (having lift L, and span b,)
in the presence of wing 2 (having lift L2 and span b.) and a

is an "interference factor" which varies with the ratios of
gap to span and shprter span to longer span.

Prandtl gives values of a in terms of ga and ap

/2G kanaverage span
or yG, as shown in Figure 5. These data have been

converted and replotted in Figure 6, using the ratio of
gap to maximum span, instead of the ratio gap to average
span.

.9 -- -

.50

-3

RATIO AVEPM SPAN

0 O .20 .310 .40

Figure 5. Prandtl's Drag Interference Factor for Biplanes, in Terms of
Average Span
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Prandtl's equation for total induced drag is

Di = , L L+ + j (28)

This is a minimum when
Lp'L, -- ( - a)./jit/u) - a]

an(d has the value

Minimum DI b I - 2 ] (29)

A\ssuming the lift proportional to the area and setting
S, = rS, it follows that S = (i- r)S', L, = rL and
L2 = ( - r)L. The factor r is obviously the ratio ),f

area (or lift) of the longer wing to the total area (or lift).
Substituting these relations into equation (2S) gives

D, = -- , [ +21f r(i - r) + (28a)

from which the span factor is seen to be

k= [(r±2( 4 - 2.,0 -+ ) - 2. - -- 3 - (30)

Figures 7, 8, 9, io, and i i give the valies of k against Ai
and r for G h, = .o5, io, .15, .20, and .25. Tliis covers

the extreme range ordinarily used. The variatiom (,f k
is substantially linear with G/b between any two a( j;,cc'nt

values of G b, and hence k may be ol)tain,,I c hy interl,) la-

tion. l owever, a great majority of i ',llane( designs have
wings which al)proximate either equal chordls ( r equal
aspect ratio. Figures 12 and 13 have been prpllared to give
the value of k directly in terms of b, b, and ( 'b,.

Proportions of the Most Efficient Biplane. Figure 14

gives the proportions of the most efficient biplane as de-
termined from Figures 7 to Ii. From this diagram the
best value of any one variable, c./c,, G b, or b. b, is de-

termined when the other two are aSStlle((l or known.
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Figure 7. Munk's Span Factor k fur .05
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Induced Drag of Triplanes. Prandtl' has given a solution
for the induced drag of a triplane using the same notation
previously used for the biplane. It is assumed that the

three wings have the same span and that the middle wing

is equidistant from the upper and the lower wing. From
the results of the biplane theory, it appears that the lift
of the upper and lower wings should be equal for minimum
induced drag. Setting the lift of the middle wing L, = xL,

then L. + L, = L - xL = L(i - x) or L. = L 3 =

L(i - X)/2.

The adjacent wings have a mutual interference factor
o, based on gap G/2. The upper and lower wings have a
corresponding factor ao based on a gap G. The individual
induced drags are given by

rqb'D, = (L 2 + 1L1L + a2LL 3 ) (3 ia)

rqb'D2 = [L2
2 + cr,(L,La + LL,)] (3b)

"rgb'D, = (L,' + uLL, + cr LL,) (3c)

The total drag in terms of L and x is

D L 2b + a, - 2X(f + - 20r) + xz(3+ o, -402] (32)

which is a minimum when

I + oG2 - 2o'r

x + 2  , (33)3 + aa - 40'1

Values -f the equivalent monoplane span factors are
given in Tab' I, and the triplane span factors are plotted

against G16 -n Figure 15.

Induced Drag of Tandem Wings. The arrangement of
wings in tandem is of limited practical interest and the

q L. Prandtl, "Der induzierte Widerstand von Mehrdeckern," Technische Berichie Vil.
III, No. 7, Pa. 309. (Translated and published as N.A.C.A. Technical Note No. 181.)
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Figure 15. Munk's ,Span Factor ' for Triplanes

TABLE i. EQUIVAL.ENT MIONOPLANE SPAN [ACTORS

(Sp Triplane Best Value of Best

Span Biplane nor Best ing
x - 0.33 Triplane System

-k- . k

O 1. 0(X) 1.000 1.000 0 1. 000

.05 1.60 i .o6o 1.062 .161 1 .075

.10 1.10o 1.102 1.105 .177 1.127

.15 1.133 1 136 1,.t4 2 .190 1.172

.20 1.161 I.168 1.175 .202 1.214

.25 1.187 1.199 1.207 .212 1.252

.30 1.207 1.227 1.235 .222 1 289
-35 1.229 J.252 1.260 .231 1.321

.40 1.245 1.278 1.283 .238 I 355

.45 1.26o 1.300 1.307 .244 1. 385

.5o 1.275 1.323 1. 330 .251 . 414
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aerodyvnamnic characteristics have flot l)eefln as thoroughly
investigated as other ty'pes. (;kiuert', gives a SoIL~tion
1based on the mutual i nduced angles of attack. 'Ih is
rcsults ini a modlerate d1rag re(ILICt iOf f( r thec leading wing

1.021ITI FT :

1.00

96 _

z

0.9

.90 ~____

.88 __ _

I 2 3 4 5 6 7 a

a&= SPACING BETWEEN LEADING EDGES - IN CHORDS

anf~l marked drag increase for the following -wing. The net
resUlt is a rather large ind~luced drag foir the comina )tition.

M\Iunk 's tests reportedl in Volume 11 (If the 'echnischec
I ~erich te have b een ainalyzedl to determine flte equivalenlt
mol noplane span; the resulting factors in terms of thec

sp~acing bletween the leading edges are given on Figure i6.

IAL U,Iurt,"TbhPrre n~ Tandemn5'srn' fir. R x ~N
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This curve is for tandler wvings Of equal span and area.
The effecti-ve span of two wings in biplane arrangement
is approximately 106o%0 greater than in tandemn arrangement.

Low Aspect Ratio. Fhe theoretical effects ()f aspctt
ratio haxve b~een fulfly substanltiatedl by test dlata at moderate
and high \Vdl ies O f asp~ect ratio). I lowe\ver, for \xalties of
asp~ect ratijo bl)XV 2.0 tihe flow condlitions are mlO(lifi(
so newha t b y the, int erfercnee( bc)tween the t ip)\ r e
This interfe-rnce has the e'ffec(t 4d j)r(I(d Cin ;a irl 1cr, asj(
v-irttual span so that Ihe indutic(( (Ira fori anl aspectrao
less thin ii nit\- is ;ippreciol ly less tlihan t he unini i ie
theore tio';l induced dra, g.

Ziinnicrman's-i tents show that for- \ailws ( )f I/ e \of
0.5 and l .2,5 th relaion bet4ween- the aet[Lll anld the(
effct i\e spans atn as full' jw5

\c(1.1 pafl o j , jj() ()7 1 H 25

Lffrttiv -' J"1 1)t f, or SS I I 1 I 3

Th is increatse in ll ci~ sin is n( it great, bumt it doe~s
have ~ ~ ( a ex ageefect j j the irije, I drag . whlicli is

sometines- fquottej It as ~ irgunwril~ in favi ir (4 t j w)\\ J (

ra tio. The faLaj\ Inl tile Irgllwjl I is j ,l mjs 11wet i
effect -, merely to) Ie hce b y a slight arm ouii tllie ilicrelit

aecrodynamic inefiiencN- of the lo)\\ asp cct ratit arrange(-

Slope of Lift Curve. 'I'lc l( ej thtrni jjj s ) f Ilie lift
curvj' fijz- aI wing o)f inhlite. aIspec ratl ij is,. I"r ( inl r-adians1

2, 7 2 (34)

(W for (c ill degrees

-~ j)jj, 1 (34a i

II rTllr1 iv 0 v. -i -ri I lak V 1 , S ~,{ Ri i. K w
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The variation of a with aspect ratio is readily calculated
from the induced angle of attack. In passing from a higher
to a lower aspect ratio, the induced angle of attack is in-
creased and the slope is decreased. The new slope is

ACL _ a, a,(3a, + ia, i + --(Aa.-) i + a,(Aas/ACL) (35)

From equation (26) the value of AaiACL is

a,/aACL = 18.24 [(i/n,) - (i/n,)]

hence

a, =(36)
i -- 18.24 a,[(I 'n) - (i/'n,) 3

If a. is the slope of the lift curve for infinite aspect ratio,

the slope a for any finite aspect ratio n is

a = ao/(i + .2 all) (37)
n

The slope for infinite aspect ratio is obtained from the
slope for a finite aspect ratio by

a. = a,10 - 18.24a) (38)n

Equations (36), (37), and (38) are for elliptical lift
distribution. For the modified distribution with square
wing tips, the r correction, Figure 17, must be used, and the
equations become

a,

a + i F ir + r,) (r + TO]1 (36a)

I 1 2a +--( + , )
n, na.

ao - 1.24a (37a)I+- (I +7)

n
.. o a0= 18.24a (8a

- (I +T)(3a
n



(h. *[ .\1'PI.LIE) \VING' Ttl'RY 53

.22 -s 10
0 a

00

"// -
o/ 0

is1 10 .040

W
0 01.

"10 4 0 O

zz
0

Ix

EFFECTIVE ASPECT RATIO--g

Figurv. 1, Taut and SigmaL C_'rrcctionl Factors

Ob)servedl values off a average about I10% lower than
the theoretical value of 27r. Experimental data on slope
of the lift curve are given on page 126.

Correction for Rectangular Wing Tips. The induction
theory is based on an assumed elliptical lift distribution
corresponding to a moderately tapered wing with faired
or rounded tips. A rectangular wing such as the conven-
tional airfoil model req(uire-s correction factors for the
induced angle of attack aj and the induced drag coefficient
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C-",. The corrections, duc to (Alauert, are usually givxn
in the form

7r ?I

CI, I (I + T) (40)

where r <and (s (epcnd upoin aJ it't ratio ais shown 0n
Figure 17.

Rectarn ulai r tip)s inc ,raisa , the ind ucedi a ngle 'if ,tt tick
dl)iiUt a and the induedt irag adpctit 5,.

The ftctrs 7r And m11ust 11NvN-Vs hr usel with sq uar,
tips if accurate results are re1q i ni I
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Slope of Biplane Lift Curve. The sl(ioi( of the lift curxve for
a b ip)lan e do (es rio t dIiffer app)jreciaily fr(om the theoretical
va'iu foir the sanie effective aspect ra'tIO. ligUre 18~ givcs a

e( )il marise )i of thIjoretia nd I ob I0 scrve( slopes. The CUI re
mnarked A is the the)rct ical slol)e for ellipical lift (]is-
tribLut ion. ( irve B 1s 111 (, crctica i s sp w\it Ii tl. -er

co rrectio n for- sq uire t ips. ('urve C ij tl tIl hore(tijeal sli pe
inClUding \liunk's in~terference fa( toi- cr(IU;ttion ( 206

[rom ,anr inspe-ct lin of these (lat~i, it appea)~irs that
\link's faictor- gix ( ver-y close agreemencit, ind thaIt the
ltli" coirecttll etirve B, is also ,iti-,fattor%

Wing with a Fore-and-Aft Slot. ['rinl Higis t. Ie Ile-

TrOticI soALI tI il ' for the effect of a to i--mrIi -ft slot Ini a

wing, Such As thaIt existing at a panel jo)int. TIS so]lt(ion
is o f greatl raet lcAl valti in that it inrd icit es the riecss:It v
fir avoiding ainy kind of lkae'jitinxn c-
stirtict ion.

For a mri ]i ilan with aI fore-and-aft Slot, ILniik> - pai
tel ( ir k is no longer unilt\- b.i tt IIILI uh lSs t Ii i l Iit ' . cxVCII

for a (qItiit narr-ow slot. Thel( varlition of k with the. widthl
f the slot is givenl ii Figtirc 19. Thle curIVe rllita ki,, A

on this figuire is ain e~nlargemecnt i(,r simill slot wnithIs. A
slIot Width of 0.001 X spaln rites/'to () 7, whIiChI is
C iilllt to a r( (Iliet ioni o f t1 ) Ltt 24% ii aspec rtio
This effect has kIng I ten kno wn fr 'ill M unk and Cariois
xvind~-trifll tests.

The average increvase iii drag tine to var-ious s1 it \vidl s,
as found in thecse te(sts, is given in Figure- 20. A sli4 \N idt tI
of i %' of the chord on a wing of aspect ratio 6 Increases

the drag abiout 6%.
A forec-and-aft slot is vecry objectionable in a hortnzon ta

su rface, owirg to the reutct io n in slope of the lift cuirve ai(

attend~anlt loss iii stat ulizing effect.

8Duc t(, andmllt m P,lIhaun~e N~ VCA. T-It 1~ima Ri N(, W,
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Downwash. The theoretical (lowflwash angle at the
trailing edge is

2ai r -' radians (41)

or in dlegrees
e= 36.5Cijfl (41a

where n is the effective aspect ratio.

\\ind-tunnel explorations of the flow 1behind an a irf il
inldicate a narrow, highly turbulent wake exte-nding down-

.75 - - - ___

.70

S.65 _ _

0
I.60

0) *50

z
0 50

A*

Xv HORIZONTAL DISTANCE FROM TRAILING EDGE
IN CHORD LENGTHS

Fig r _,j. 21 1 v :x il1I ctr
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streamn from the trailing edge. Thc angle of (lowflwash
is a maximumin in the wake and decreases with distance
along, abhove, or b elow the wake. The observed angles ()f

ilownwash are slightly less than the theoretica valuecs given
by equa;tionl (41).

Letting the distances m~easuredl in chordl lengths b e
xv downstreanm and -v above or bt1' A\ the wake, the average
dliwn-wash is found to 1 -

P1

\allls (If Fr 11-l11(tt(l atgalinst X and( Y oIn Figulre 21.

Ground Effect. The lift of an ;t rp i m in st ead~y h( in-
zontail flight is transferred tfo tlw grotiiii in thet formn iif in

increaise inl static P~e~r. lratndl liis shown tHt the
illtcgral (If til ncreased tgroiind pressure is e-xactly% ((l
t') the we-(ight (If the airplutic. The increabe in gn utind

prt-ssirc at ;in\- pI unt is giveni byv

I i'h Wh
-V) -p P. 27_1 + ( 42

whei(re 11' is the g ross wecight, hi is, the licigh t of the airp~lane
c(lii \ e tilte grouiindl, r is thet ho rizon uta;l istance ()f thet recfer-
ctiec p)unt fro mi the airplane, and R' li' + r;.

The il111tICiC ()f thet grou~nd ill mo(difying the f Irces
(In thle airpldane iilw e bca%lctla ttll. Victselsl inrger- si I\\
lhit it is, tIplix Ile~t to an ili(T.15t ill tlii effectlV ixe spect

ra.tio) which 0 (limes thet ind(ltcLd ii rg andi Iincrecases the
sli ipr (if the lift c urve. The mlaximium lift is, unlchatnged,
but it jnlav occur ;it ain a ppi-eciiblv lower angle ((f attaick.

I. P,,'1, 4tpwiu:~, M,-lern Ilvdr.,&-nanwiii Aer,,naic. N A C \v 1 R

D I.~~r er rFintio- der iErd-,(hiiA Illl d,~ 1hiKi(r ( ,
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The change in ind Iucedi drag Is gi veil hv

iiCf =- - (C " nIIt43)

wh(trc a Is the interfe-rcec factor kiscd () Iiart 1
( 44

Image oif t he wing sviniet ricaill v Ii (call-l mill ~5 ( to)

the gro uinl SUrfmwe. That ;,-. a Is the Ii.I-1 .rcircc ft . cr for
a IlipLifil- ha'1ig aI gapl twice the x 4-I c'l di 't'l- oif the
wing fr mti the groUnd. Values of or are given oil Figure , .

F->i iit ion (43) is eqltiV- tientto I an tsp ect ratio change toI
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where n(; is the value near the ground. Figure 22 gives the
effect of the ground on induced drag and minimum power.
The effect on the slope of the lift varies with aspect ratio as
shown on Figure 23. For a low-wing monoplane in the
landing attitude, h/ b may have a value of about 0.1, giving
about 12% increase in dCL/da. This would reduce by
about 2' the angle of attack for maximum lift.

1.215 WI , t -

> 1.24

'- .20

.04 1.-

0 ..

.05 .JO ,5 .20 .25 .30 .3.5 .4.0 .45 .50

RATIO HEIGHT ABOVE GROUND _

WING SPAN b

Figure 23. ( r*mpI Intcr i rencc }E.tfect out SI]peIC I ]. it (Curve.

Aspect Ratio and Span Loading. The inlultIe( drag coefti-
cient is

Cz,= CL2 'rn = C1) S rr(kb)2  (23a)

Intr<uLcifl .Mutnk's sIpan fact +r in e~luiation (22), the'
iflhwed (Ir, g is

), =V )'wq(khl 2 = (i. q) (It kb) 2 (22a)
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Hence, at a given value of the dynamic pressure q, the
induced drag is determined by the equivalent span loading
W1/kb and not by the aspect ratio. In other words, at
any given lift coefficient the induced drag coeffici,'nt
depends upon the effective aspect ratio, but the actual
induced drag at any given speed depends on the span

loading. It is highly important that the engineer dis-
tinguish clearly between the two conditions:

In(luced drag depends on span loading.
Induced drag coefficient depends on effective aspect

ratio.

Moment Coefficient. If the term "moment coefficient" is
used without qualification in discussing wing section data,
it irwi always be assumed to refer to the pitching moment
coefficient taken about the quarter-chord point. At zero
lift there is an aerodynamic couple acting on an airfoil.
The moment of a Coul)le is the same about any point in the
plane of couple, hence the moment coefficient at zero-lift
is indepen(lent of the axis about Which it is taken. The
moment coefficient at zero lift Cm. is a fundamental char-
acteristic of an airfoil section.

Aercdynamic Center. Munk has shown in a rotable

paper' that the classical treatment of wing theory by
means of vortices may be replaced by energy considera-
tions. In this paper he shows that the lift due to the curva-
ture of a wing acts at 501%0 of the chord while the lift due

to angle of attack acts at 25% of the chord. Consequently,
the momcnt coefficient taken about the quarter-chord
point shoul,' be substantially constant for a given airfoil
section. This relation has been amply verified by wind-
tunnel tests and the qtarter-chord point is now used

almost exclusively as the reference axis for moments.

Max M. Munk, "Elements of the Viag Section Theory and of -he W'ing Theory,'
N.A.C.A. T.R. No. 191 ([().'4).



The mint ('oetici('flt titk(f 8! out t lIe (J tt~rr-iChtrd
point are almost hut not hlte ('Onstanlt. In\ igtin
made in the N.A.( 'A. vatriabde-denisitv x' wint t irim I havr
indicated that for each aiirfoil sectio U 1tlien' is I point, t he
aerodYnamic center, abhott whichi thle iUtiii(iit-' ;I8[r-(on

stant over aI wide range in (' ". Two pi~ ints, me( for si

tive vallues Of CI, ;111(1 one fo r negtivc X va I nes I f ( ".. scrm
as exact a('rodl vflarnic- cent (rs fo r aill )rillici pa 1 1111 rj ,

Center of Pressure. The 'l('l er 1o 1 r~l S(ttn

as the point oin the im, chV od tllrmtiL,,h Nhich 'teI-
sultant for-ce ac(ts. In inany dcsign Hhr~ it1s-sia

to use the (center ( I pr('Slti'(' rIt her 1 ha11 11 h 11 In w Ie

coetficient. T}he center of Ipi'(sslii is re ;tt 1W f tit fromi

the momlent coe'fficien t a h (lit tOh Itta1rtcr (-hot- hyt ItV h

relation

C, = 0. 29 5 ('CI (45)

where C, is the n rmil force ct s'iflhr(n 1t C. ct,- (, +3

('D Sill o0) [or all] bil. \-ery sinil lift 0t ettjeitii I- li1t1 X oerX
large angle of attack, it is sut-ticvently ((r~it to itt

If the( mlomnlt t'tc tttit.Iilt is gi\(en 'tkanl, thelert

dlynamic center a ('xI rtssed its leeilni 1mi fraction of tle(
chord

(I _('i,(46)

Zero Lift: Zero Moment. .I Ilun Ik li is shiowXn' that thei

angle (If attack for zero lift is giveni 811110 ximiltelv Iw t he

line drawn through the trailing c'(g(' 81(1 it point locaited

oin the meant caml ter att 59o"%' of the- chord. ITihe kexact

angle (of zero lift is leterminet I as folloIws: [liss aI st rilht

line AB through the tr'ailing e Ige A andtI p oint ()n the,

Max M.. Mlivk. ''rhte Dh'ermtt~tj)Ijf ('I t" \TIL1-~ - \t -k ,i /fen, L. t t r
~"uNl n, itsvdeI tt twtts iut rk, N VC-\. TV i



011(01t (>11111 Mr I 1I (i f tw lii.1f~ rd ;Ift of the h(;iing edge,
p'Ns- 'I 'M( ld striehrIltI. Ilne AC through) tllt tirailing ((Ige

,,i( imfl ()flift ihniai earun1  r Ng" of the chord aft
(ifthe Icint c(I ii (. 'Illu line AD b isecting the angle
BAC Is hel( dilin id /(,I-( lift. Thiese (oust ructiOns
are Ito)N 5l 1 , )il Iifirc 24.

'll III Tir i ii r, i Itl~i i ellfg tle u
f'inI hn 1)pssn a stalit lie thrmiugh txxo( points oin the

il1((ali Ifilier. Ti. fISI pin~lt is 4 (" (of the( choird and
ti he scc indI 1 )5 elt hf cll i inI nio; isure I from the

lel l~i~ 111. 105(OlIStr-ttinf js- ;Jl~o ShOWfl (i )I L1Ure 24.
f IIhe witll, 11ect 'I i1iht ilage lead(ing edgec radlius r,

(If( nwlin-canul Mr cur\(, should pas through the center oif
this are ain hlle pro ii iged to ;i poinlt P, which is onie-half r
dist'int frill the( c( fiter. The, chord le1critl shouldl then be
11lea1_ l're' I from ito l pit P instead~l of the wetuiit leading

Moment Coefficient about Any Point. '[he nuninent coefli
(11 i it ilii ai~ yil\III ~IC cen'lter is ci stanlt. The

iiloin )Ilt (,((, iitj it tlitt aIny pinlt on the zero lift line
d rawn through the ;ieroiynamiic centier of the wving is given

(Mi; 11C. (j-- C!, (47)

xwhire (tIis the airodyii anie cellter ;i( xl AIs the c'enter of
iinnents, hiuh in terms- oif the( chord.

The effect of ait displatcemnirt nrinal to the zero lift
line( mayjI ie( CaICulittl ats follows. This e-ffec(t IS (InIC to
hei inl nua tion o~f Ow vent or, as. shoiwnt on Figure 2,5, giving

aI -mment armi d valrying wi~th tEe normial disp~lacemuent hi.
XX hen d and h are in termis of the chord, this increment is

-C11 + CL - d + - ht sill 0

The aingle oif it tauk ais equiv i\ent to

a= C1 '(d"C". iI1,)
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APPROXIMATE ZERO LIFT LINE

ZERO LIFT LINE
D
B

ZERO MOMENT LINE

Figate 24. Munk's Methods for Finding Zero Lift anid Zero M anent LinvS

The angle between the lift and the resultant force vectors is

,y-tan' (CDICI.) CD/CJ. =C ,irn

The angle of inclination of the resultant force vector to
the normal is

6 aY CL da -i it
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The term in the brackets is practically constant. It is
independent of aspect ratio, although it varies slightly
with the basic lift-curve slope. The average theoretical
value is about 0.175, but a long series of comparative

Cc

F~igure 25. Moment C(wefticjizt Ablaut Aiiy P 'jit

calculations indicate that better agreement is obtained with
observed data for a value of 0.15. Hence, the moment
increment due to vector inclination is

AC.A! =0.15h C1)" (48)

Adding this term to equation (47) gives

Cto= CMo - (a - x) CL + o. 5hi CL2  (49)

which may be used to obtain the wing pitching moment
about any desired c.g. lo)cation.

a- -
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Relative Loading on Biplane Wings. '[It(e distribution (if
lift b etween t he upperI and I Imiwr \wigs i)f a I ipdancl May
beC determninedl lV eq LUiI ti iS ()f t he foirnl

(iil C. +v AVCJ.

where CL is the I ipi ane- lift ici((filcien t C,- a ntl CLI. the(
lift coefficienits fo T tlie ultr and I h ie wvings and I A',(
and AC,.1 tihe lift ci((c'1Iicjnt increieits I'mr t h- tlpe l I
lower wings, rect' I\e(.\.. Thc lift in)(Crenhents ifar (,()I-

flectedl by tew io-Lt ii n

-where .5,- and N/, are the aireas 4i the 1111 i atnilI wr \n

AL is given lby till equti lii

-C= K, +- K, CL 51

wXhere K, and K.. are fumnctio ns (4 ,ap, cloii r, ehlnd iri fit
wving thickness, staigger, dclcalagc. ndl) ria ng.

For any given lhiplane, A, may lie wilft ti-ri

K , = [K_, - K,, + K,., + 1,: 1x ( " ) (52)

where K_ is the valttc()f Ki , IiI il( st igger-, ileialage,
overhang. A ,, depiends oni w\ing thikness andl tli g~
ats shown on Fignre- 26~. K ,, is the AK, due1 to st igger-

as shown oni Figure 2-. A,2 is tile vale f AK, due to
(lecalage given byv Figu re 28, anld A,;* is the \-;Il ti iif AK,
duie to overhang given 1w Figtfi 0 2(). FigUIt s 20 tio 2() an1

1)asci ont bipllanles wi'hi wings o)f equal ciiords. F~I- ttlc(Itt tl

chords the values must lie mutlt iplied by till i-at i( iif the(

average chord of the lower- wing to the average chord (if

the upper- wing (CL CU) as ifldii('tc(l in equation (5 z).
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K is given by

K, =f(F, X K) + K, + K] X (53)

"J

WOJ t066
a

,.060

0

Z

oa

(a 'r :056

IIl

.M, .,o OO ,1. 1.,, ,6 1.° t.o
RTOGAP G

IATI

LOWER WING CHORD CL

Figurc 28. Effect (m Dccalage on /,

where K,, is the basic value of K, for a )iplane with indi-
vidual wings aspect ratio 6, equal chords, zero decalage,
and no overhang. K,,, is given by

K2. = [0.050 + 0 .-17 (1)1 (54)

where s is the stagger and CL the average chord of the
lower wing. The effect of stagger on K, varies with aspect
ratio of the individual wings and with gap-chord ratio, as
shown on Figure 30, which gives the factor F.
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Figure 29. Effect of Overhang on K

K, is the effect of decalage on K, and is given by the
following:

K2 , = +o.oi866° (55)

where 6 is the angle between the zero-lift lines of the two
wings, considered positive when these intersect forward of
the leading edge

K.., the effect of overhang on K., is given by Figure 31
on page 71.

Stagger should be measured between the I chord
points at the zero-lift attitude.
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The moment equations are:
Mu = C.vu q Sc Cu

ML = CUL q SL CL

M= CJ q S c

Since M = M -- ML, it follows that
c.S = c.u CU + CL-SL C (58)

Where the upper and lower chords are equal, cu
cL = c. When they are unequal, the mean chord c must
either be assumed as the geometrical mean chord or calcu-
lated as the aerodynamic mean chord in accordance with
the method given on page I78.



CHAPTER 4

WIND-TUNNEL TESTS

The Wind Tunnel. While it is possible to calculate the
induced drag under various conditions, as indicated in
Chapter 3, it is impracticable, if not actually impossible,
to calculate the total drag or the resultant air force.
Fortunately for the aeronautical engineer, the wind tunnel
offers a direct solution to the problem.

The wind tunnel is essentially a confined air stream
that is kept in motion by a blower or propeller. At some
point in the circuit a "test section" is provided with a
reasonably steady and uniform flow by the use of devices
such as guide vanes or "entrance cones." An accurate
balance, designed to measure forces and moments, supports
the object in the test section. Suitable manometers and
speed controlling devices enable the operator to secure
and maintain constant the air speed desired while reading
the forces and moments indicated on the balance. These
readings are then available for comparison with similar
readings or for design calculations as will be shown later.
The proper interpretation of the readings requires a
thorough understanding of the characteristics and the
limitations of the wind tunnel. This understanding is a
joint responsibility of the operator who conducts the test
and of the engineer who interprets the data.

Types of Wind Tunnels. Wind tunnels may be broadly
classified as atmospheric and variable-density types.

The atmospheric tunnel operates at substantially
atmospheric pressure. It may be either open-circuit type
or closed-circuit type. The closed-circuit types may be

73
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either open throat with the test section in an expm;cd free 
jet, or closed throat with the test section located within 
an unbroken passage. The open-circuit type is very 
simple. It consists essentially of a long tube, fitted at one 
end with an intake cone and at the other end with an exit 
cone or a 

11
diffuser." The return passage is the entire 

room surrounding the tunnel. The usual construction 
in the direction of flow is the intake cone, the straight
ening device or honeycomb, the test section, the expanding 
cone, the propeller, and the diffuser. The diffuser is a 
device, such as a latticed passage, to iron out irregularities 
in air flow due to the propeller. The open-circuit type was 
at one time in extensive usc, but the closed-circuit types 
arc now preferred. 

In the closed-circuit type the moving air is confined 
and guided arounti the entire circuit. The powPr losses 
arc comparatively low so that high test speeds may he 
~;!)~.~i;;~:l \~;l;l :ca:sOn<tblc r;owcr input. Where visual 
observations of air flow over the model are required, the 
open-jet wind tunnel is used 

The variable-density tunnel is enclosed within a huge 
steel tank designed to w!!hstancl pressures up to_ ~o at
mospheres or more. By changing the air density within 
the tank, the Reynolds Number may be varied over a wide 
range so that full-scale coefficients can be obtained from a 
small model. 

Wind-Tunnel Balances. The accurate measurement of 
the three forces and the three moments for a given set of 
reference axes requires a special balance. The design of 
such a balance for use in a wind tunnel is complicated by 
numerous conflicting requirements; for example, a high 
degree of accuracy is required on minimum drag yet the 
bal;111cc must be able to measure forces several hundred 
times greater; readings must be easily obtained yet the 
balance must not be too sluggish; the attachments to the 
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model should not cause large interference drag or tare
values, but the deflections under load must be small.
While no one type of balance can possibly meet all of the
requirements, any type that is carefully designed and prop-
erly operated will give satisfactory results.

The first wind-tunnel balances were of the beam type
and measured forces as moments so that it was necessary
either to assume a line of action of the air force or to calcu-
late its location from two or more readings. These have
been superseded by types that measure forces directly,
either with a parallel motion linkage or a system of wires.
Owing to low first cost, the wire balance is now used ex-
tensively.

Descriptions of wind tunnels and wind-tunnel balances
may be found in the following reports:

Warner, E. P., and Norton, F. II., "Wind Tunnel Bal-
ances," N.A.C.A. T.R. No. 72 (1919).

Zahm, A. F., "The Six-Component Wind Balance,"
N.A.C.A. T.R. No. 146 (1922).

Reid, E. G., "Standardization Tests of N.A.C.A. No. I
Wind Tunnel," N.A.C.A. T.R. No. 195 (1924).

Weick, F. E., and Wood, I). H., "The Twenty-Foot Pro-
peller Research Tunnel of the National Advisory Com-
mittee for Aeronautics," N.A.C.A. T.R. No. 300 (1928).

Harris, T. A., "The 7 by 1o-lFoot Wind Tunnel of the
National Advisory Committee for Aeronautics,"
N.A.C.A. T.R. No. 4f2 (1931).

Jacobs, E. N., and Abbott, I. H., "The N.A.C.A. Variable-
l)ensitv Wind Tunnel," N.A.C.A. T.R. No. 416 (1932).

1)eFrance, S. J., "The N.A.C.A. Full-Scale Wind Tunnel,"
N.A.C.A. T.R. No. 459 (1933).

Reliability of Data. Wind tunnels are occasionally criti-
cized as unreliable. Such criticism is thoughtless and
unjust. It is true that some unreliable wind-tunnel data
have been published in the past, but the wind tunnels
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should not be held responsible for the errors made by care-
less engineers. Without the exercise of patience and
skill, it is almost impossible to secure consistent wind-
tunnel results. The accuracy obtained in the testing
is largely a matter of the intelligence, experience, patience,
and good judgment of the operator. An efficient person
can obtain better data with crude equipment than a care-
less one with the finest equipment. Some of the most
brilliant experimental results ever obtained from a wind
tunnel were obtained, as the engineer in charge expressed it,
"Because the air flow and the balance were so bad we could
take nothing for granted."

Wind-tunnel tests carefully made and properly inter-
preted are reliable. The actual testing should be a contin-
uous series of checks and rechecks, modified in accordance
with skill and experience. The wind speed must be
checked, the alignment of the balance checked, the zero
readings checked, the setting of the model checked,
and so on. Unless all of these are done and done in-
telligently, the accuracy will suffer.

Assuming that the wind-tunnel tests have been properly
made, there remains the interpretation of the data. This
is also a matter of skill and experience. The remainder of
this chapter is intended chiefly for the man who must
interpret the test data.

Test Conditions. The proper interpretation of a wind-
tunnel test requires a knowledge of the modifying influence
of three important "effects" or conditions of test. These
are: the scale effect or Reynolds Number, the wall effect
or wall interference, and the turbulence in the air stream.
A test is made at a definite Reynolds Number with a
definite wall effect, but the effects of turbulence in the air
stream are somewhat indefinite. The problem in general
is to make the correct allowance for these conditions in

passing from model to full scale. In many cases this allow-
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ance must be qualitative rather than quantitative. This
will be clear from a consideration of the complexity of the
general drag equation.

General Drag Equation. The chief variables that affect
the air force on any aerodynamic object, such as a wing,
are: (i) angle of attack a, (2) relative wind velocity V,
(3) scale of the object L, (4) density of the fluid p, (5) com-
pressibility of the fluid, (6) gravity g, (7) surface roughness,
and (8) texture of the air flow. From the theory of
dimensions, it may be shown that the general drag equa-
tion, for example, is

D = PV2L' . -[a, P ' Ya'g'L' (59)

We are accustomed to the use of a drag coefficient CD
instead of the function in the brackets, but in so doing,
sight must not be lost of the fact that CD may and does
vary with a number of non-dimensional terms, and that
this variation must, in general, be determined experi-
mentally. The purpose of the ordinary wind-tunnel test
is to determine (p,(a) or the variation of CD with angle of
attack. The purpose of testing at various speeds is to
determine 2(PVL/) over a part of its range. Propeller
designers understand the effect of p,(V/a) on propeller
characteristics in general, if not in particular, when they
try to hold the tip speeds well below the velocity of sound.
Model tank experiments are usually made on the basis of
V2/gL because this term brings in the gravity effects asso-
ciated with wave-making. If tests on two models do not
agree, the surface roughness 1/L may not bear the same
relation in the two cases, and this is often observed in skin-
friction tests. Finally, if two wind tunnels do not agree
in tests on the same model, it may be due to a difference in
turbulence represented by the ratio of the average lateral
turbulence velocity to the measured axial velocity.
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These terms do not have the same weight. In aero-
nautical engineering, angle of attack is considerably more
important than turbulence or surface effect. Next to
angle of attack in importance is either the Reynolds Num-
ber p VL/M or the compressibility effect V/a. As long
as the relative speed is low, the compressibility effects are
negligible; but as the speed increases, they become in-
creasingly more important. It is for this reason that wind-
tunnel tests at very high speed do not agree with tests
at the same Reynolds Number at a lower speed. Such
tests may include both 9(pVL/p) and p3(V/a).

Reynolds Number. In a paper presented to the Royal
Society in 1883, Professor Osborne Reynolds reported the
results of his tests on flow through tubes. Among his
findings it was shown that the type of flow through the
tube was a function of DV/P, where D is the diameter,
V the velocity of flow, and P is proportional to the coeffi-
cient of viscosity IA. Professor Reynolds showed that
below a definite "lower critical value" of DV/, the flow
was "smooth," or what is now known as laminar. Above
a definite "higher critical value" of DV/pA, the flow was
"sinuous," or what is now known as turbulent. The inter-
mediate values constitute a transition r6gime in which the
type of flow depends on the prior history of the particular
flow.

The first application of these findings to aeronautical
work is believed to be due to Lord J. \V. S. Rayleigh who sug-
gested the plottiRg of P/p V2 against v/VL, where P is the
pressure and v the kinematic viscosity, v = u p. This
suggestion was given in a short paper "Note as to the Appli-
cation of the Principle of Dynamical Similarity," which
was included as Part 2 of Br.A.C.A. R. & M. No. 15, pub-
lished in I9O9. Lord Rayleigh stated that this method
had been used in 1899 to study the size of drops formed
under various conditions.



Ch. 4] WIND-TUNNEL TESTS 79

The author has been unable to locate definitely the
first use of the term "Reynolds Number" for VL/v, but it
is so designated by Joukowski in Chapter IX of "Aero-
dynamique," which indicates its usage prior to 1914.

Reynolds Number is of such fundamental importance
in aerodynamics that a clear conception of its physical
significance is essential. It is one of the most unusual
numbers used in scientific work. Itself a pure number or
ratio having no dimensions, it combines the effects of the
four most important variables affecting air forces. Several
derivations are possible, each introducing a different phys-
ical aspect, but the basic relation involved is the balance of
forces. At a given Reynolds Number, regardless of the
numerical values of the component terms, the ratio between
the forces due to density and the forces due to viscosity is
constant. The proof of this relation is readily obtained.
Let

F,_ Force due to densitv RN

F, Force due to viscosity

The force due to density is the main term of equation (59)
F, = pV 2L2 . The force due to viscosity on two parallel
square plates of side L separated by distance L and moving
with velocity V is FM/L = MV/L or F = yVL. Hence,

F- -pV2L2 
_ PL RN (6o)

Fj A VL A,

The actual value of a Reynolds Number has no sig-
nificance except in comparing a given series of gtwometrical
similar forms. Since the type of flow varies with the geo-
metrical form, the particular characteristic length L that
is adopted for any given form is purely arbitrary. For a
wing, the chord length is used. For a streamline body,
the overall length or the cube root of the volume is taken
as L.
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Effect of Reynolds Number. In general, the principal
effect of increasing Reynolds Number is a reduction of
frictional drag as shown in Chapter 9. A series of tests at
various speeds on a wing, a fuselage, or a complete airplane
model usually shows the drag to vary with a velocity
exponent less than 2. An average airplane model will
show an exponent of about i.9o. Theoretically, the
extrapolation of a curve of this type should give full-scale
drag values, but the results are inclined to be highly erratic
owing to the variable influence of model surface finish
and wind-tunnel turbulence on frictional exponents and
coefficients. In airplane model tests the correction or
allowance for scale effect must be tempered by experience
and due consideration given to the type of airplane, the
details of the full-scale construction, the conditions of the
test, and the susceptibility of the wing section character-

Le

Z. L4
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REYNOLDS NUMBER x I J0
Figure 33. Variation of CL .. with Reynolds Number
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istics to the conditions of test. In general, the differences
between wing sections become less as the Reynolds Number
is increased. The scale effect on drag coefficient will be
greater on a section having a comparatively high CD at low
RN, and the scale effect on maximum lift coefficient will
be greater on a section having comparatively low CL maxi-
mum at low RN.

Allowance for these effects may be made by use of data
given in Chapter 5. The allowance for reduction in CD

is probably best made by calculating the model drag correc-
tion represented by the anticipated ieduction in CD mini-
mum passing from model test to full-scale RN, but if this is
done, an allowance must be made for drag increases due to
rivets, seams, fittings, and othcr protuberances.

The allowance for increase in CL maximum is less diffi-
cult to justify. For the type of section generally used,
a model test will show a CL maximum between i.io and
1.25. The full-scale CL maximum will be between 1.40
and i.6o. Figure 33 gives the variation of CL maximum
with RN based on the full-scale wind-tunnel tests.

Determination of Reynolds Number. (pVL/u) will have
the same value in any consistent system of units. If the
units for p, V, and L are respectively pounds mass per
cubic foot (p = w/g), ft/sec, and feet, then 1 must have
the dimensions of M/LT. In the cgs system, the value of
I is given for air by Holman's formula

io7A = 1715.5 (1 + 0.00275t - 0.00000034P) (6i)

In ft-lb-sec units, p is
10"A1 = 3582.9 (1 + 0.00275t - 0.00000034t2) (6za)

I being in 'C. The deviation of 1 from a straight-line
function of t is less than i part in 3,000 over the usual

working range and one may write
1o'01A = 3408 - 5.4831 (OF) (62)

= 3583 + 9.870t (°C) (62a)
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for use in determining the value of p VL/p. The value
of p at 15'C or 59'F by the approximate formula is 3731 X
io"°, while Holman's formula gives 3730 X IO-'0. Figure
34 has been prepared for use in reading the value of p/pu
directly, or for checking calculations. Reynolds Number

7000
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4

660 --
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6000 >
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.30 40 50 60 70 80 90 100 110 120

Figure 34. Reynolds Number Coefficient

is obtained by multiplying the value of p/p from this
figure by V in feet per second and L in feet. The value
of the kinematic viscosity , for air at standard temper-
ature is

V = uip = 0. 1457 cm/sec = j.568 X 1o
- ftv/sec

hence in ft-sec units
x/v = 6378
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It is convenient to remember that in standard air a wing of
i.o feet chord at ioo mph gives a Reynolds Number of
935,400 or approximately one million.

The value of the kinematic viscosity for water at ordi-
nary temperatures is about 1/13th of the value of air.
Taken at the same temperature the relative values of v
for air and water are

Temp.°C o io 15 20 30

7-5 1o.8 12.8 14.9 18.7
v water

Wall Interference. Prandtl has shown that the buml-ry
of any finite wind stream, in either a closed or an open
working-section wind tunnel, restricts the flow past an
object under test. For a lifting airfoil, the boundary
conditions of constant pressure for the free jet and zero
normal velocity for the closed tube give an induced velocity
at the model under test. This induced velocity is equiva-
lent to a downwash for an open section or an upwash for a
closed section. This causes the angle of attack and the
drag as measured to be increased in a free jet and decreased
in a closed tube by the amounts

(oax)o = 57.3CLS (63)
CL

ACDi = - C-- (64)
C

where S is the model wing area and C is the area of the jet
cross-section. 6 is a factor depending on the geometry of
the jet. For a circular jet 3 = ± 0.125. For a square

jet " =+o.I38.
Theodorsen' has determined the variation of 3 for five

types of rectangular tunnels as follows:
] L. Prandtl. "Application of Modern Hydrodynamics to Aeronautics," N.A.C.A. T.R.N, , vt6 (i92i).
'Theodore Theodorsen, "The Theory of Wind-Tunnel Wall Interference." NA:C.,.

T.R. No. 410 (1931).
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I. Closed Rectangular Tunnel
II. Open Rectangular Jet

III. Rectangular Jet with Horizontal Boundaries
IV. Rectangular Jet with Vertical Boundaries
V. Rectangular Jet with One Horizontal Boundary.
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Figure 35. VWall In1terference Correction Factors

Values of 8i for these five cases are plotted against the
ratio of tunnel width to tunnel height in Figure 35. The
most striking feature of these curv'es is the indication of
three types of wind tunnels having zero boundary correc-
tion.

.,mdtk
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Experimental determinations of 8 are given in N.A.C.A.
T.R. No. 478 and T.N. No. 5o6. Excellent agreement is
obtained between theoretical and experimental values.

Tunnel wall interference also affects the indicated
stability and balance of an airplane model, since the in-
duced angle correction at the tail is not the same as that
for the wings. Glauert has shown in R. & M. Nos. 947
and 1566 that the change in induced downwash at the tail
is given by

,l S
57.3 S d" -e CL (65)

where I is the distance from the wings to the tail surface
(I may be takcn as distance from c.g. to elevator hinge
axis), d is the tunnel diameter, C is the cross-sectional area
of the jet, S is the model wing area and 6' is an interference
factor, analogous to 6 in equation (63). For a closed
square or circular jet 8' = 0.24. For an open circular jet
6' = -0.20.

In a closed tunnel, the effect of wall interference is to
reduce, by the angle e, the downwash at the tail and also
the stabilizer setting required for trim. The reduced
downwash gives a greater negative slope to the pitching
moment curve. In an open tunnel the downwash at the
tail and the stabilizer is increased by wall interference.
This decreases the slope of the pitching moment curve.
These corrections are negligible for a conventional model
with a span less than half of the tunnel diameter, but the
tendency is clearly apparent in comparable tests even where
the corrections are negligible. If the model area exceeds
io% of the tunnel area, the corrections should be applied.

Correction for Static-Pressure Gradient. The equivalent
drag effect of an axial static pressure gradient in a wind
tunnel appears to have been first noted by Pannell and
Campbell.' A graphical solution for this correction was

a J. R. Pannoell and N. R. Campbell. "The Variation of the Resistance of Rigid Airship
Models wit the Scale and Wind Speed," Br.A.R.C. R. & M. No. 3o3 (1916).
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given by Pannell, Jones, and Pell in Br.A.R.C. R. & M.
No. 564 in 1918.

Dr. A. F. Zahm4 showed that where the static-pressure
gradient is linear along the axis, there is an additional
drag that is exactly proportional to the volume of the
model. The additional drag is, therefore, a "horizontal
buoyancy." Since the normal static-pressure gradient is
linear or approximately so, the correction is readily made.
This correction is necessary if accurate results are to he
obtained for objects having large volume and lw drag, such
as streamline shaps. It should also be applied to airfoils.
For a typical streamline body, such as an airship hull, this
correction may amount to as much as 20%7 of the measured
drag. For an airfoil, the correction is normally about 2%
of the minimum drag.

Turbulence. The air flow in a wind tunnel is comlpara-
tively smooth and steady only when the entire mass is
considered. If the flow through a small portion ,f the
cross-section is considered, it is found to contain numerous
small vortex filaments that are generated at the J)Uo[)eller
and flow-control vanes. With sufficient magnification,
these eddy flows are found to change rapidly in strength
and position. Dryden and Kuethe' define turblhnce as
the ratio of the square root of the mean square of the
deviations of the speed from its mean value to the mean
value of the speed. A turbulence of i% is equikalent to
a sine wave fluctuation in speed of :- 1.4% from the mean
speed. These changes in speed are so rapid that special
instruments are required to detect and measure them.
Any change that has a period long enough to show up on
a pitot tube or similar device cannot be classed as turb[i-
lcnce.

4 A. F. Zahrn, "Horizntal iBvoyancy in \\ind Tnnnek" N.AC.A TN N. 2. i1
H. L. Dryden and A. M. Kuethe, "Effect oi Turbulence in 1% id lunn ic Mv. sur ente ,

N.A.(.A. T.R. No. 342 (1929).
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Turbulence effects arc greatest on cylinders, spheres,
streamline bodies, and similar shapes for which there
exist two r6gimes of flow separated by a transition range
in Reynolds Number. The maximum lift of certain
airfoils is also affected by turbulence.

The effect of turbulence on sphere drag coefficient
is given on Figure 36, which is based on Dryden and
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Figure 3,. Effect ,f Ttrbuhlctic and Reynolds Number on the Drag

(§'CfIcinIIt Of a Sphere

Kluethe's data. They recommend that the Reynolds
Number at which the sphere drag coefficient is 0.30 be
taken as an index of the turbulence. Figure 37 is a plot
of the turbulence against RN for CD = 0.30, as given
)y Figure 36. These values should be considered ats

a l)proximations, since subsequent data show some variai-
tion at a given turbulence depending on the mesh of the
lurlcuhnce scr,-en and the size of the sphere.
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Figure 37. Effect of TUrbulence on Sphere Drag

The theoretical frictional drag coefficient of a stream-

lifie body may be written

CD =1.327 (PVL/40)' ~ (66)

for laminar flow or

CD = 0.074 (PVLjp0 -'2  (67)

for turbulent flow. 'Ihe effect of turbulence in -the wind-
tunnel air stream is to advance or retard the Reynolds
Number at which the transition from laminar flow to
turbulent flow occurs. Typical transition curves are given
in N.A.C.A. T.R. No. 342.

The effect of turbulence on airfoils is mostly confined to
maximum lift, and this effect is closely approximated by

--da - - - - - , - .- --. ..... ---
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an apparent increase in Reynolds Number when turbu-
lence is present.

Airfoil Tests. For many years some form of airfoil
testing constituted the chief activity of all wind tunnels.
This condition has been completely changed by the ad-
vance in wing theory combined with the mass of systematic
experimental data obtained in France, Germany, Italy,
and the United States. The systematically varied fam-
ilies of airfoils investigated at Gbttingen University and
at Langley Field have been of greatest importance. Refer-
ences to these tests are given in Chapter 5.

While the details of airfoil testing are perhaps of limited
interest, it may be worthwhile to consider the main features
of an airfoil test. The model is usually of rectangular
plan-form and aspect ratio 6. In this country the dimen-
sions are 5' x 30", 6 x 36", 8" x 48", or 10" x 6o ' , de-
pending on the size of the tunnel. In Europe the span is
either ioo cm or 120 cm with a chord of 20 cm. The.e is
at present a definite tendency to use rounded instead of
square tips on airfoil models.

To obtain a high degree of accuracy in airfoil data
requires great patience and skill on the part of the tunnel
operator. The model construction must be very accurate,
particularly on the forward part of the upper surface.
The surface finish must have a high polish. Two items
are of particular importance: the balance must be aligned
with the air stream and the tare drag must be very ac-
curately obtained. The mean direction of the air stream
may be obtained from a test on a thin double-cambered
section. The effect of slight misalignment can also be
eliminated by testing the model first upright, then inverted
and taking the average reading, or more accurately by use
of the method outlined in the Appendix to N.A.C.A. T.R.
No. 361. The accurate determination of the tare drag is
highly important for two reasons. First, with the usual



90 ENGINEERING AERODYNAMICS ICh. 4

wire balance the tare drag may amount to 75% of the
measured minimum drag. Second, the tare drag includes
mutual interference effects between the clips and the
model. It is, therefore, not the simple free-air drag of the
attaching wires or clips.

The method of attachment as well is the point of at-

tachment may have a large effect on the observed results.
A clip, or clips, let into the upper surface may have., a lro-
found effect on the characteristics, particularly at maxi-
mum lift. Allowance should be made for the "horizontal
buoyancy" due to local pressure gradient along the tunnel
axis.

The wind-tunnel tests of an airfiil normally inclu el

measurement of lift, drag, and pitching moments over an
angular range which should extend from an angle of attack
well below the maximum negative lift to an angle of attack
well above the maximum positive lift. The wind tunnel
after converting the forces and moments to coefl icients
finds 'it convenient to present the original data plotted
against angle of attack. Comparisons betwcen sections,
however, are best made with the plot of C. against Cb

the Lilienthal diagram. When the same scale is used for
both CL and CL, this is the "polar diagram." The dia-
grams were formerly given for aspect ratio 6, but there
are several important advantages in the use of infinite ratio.
The form of plotting now generally used is profile (Irag
coefficient CD., moment coefficient about the quarter
chord point Cm,, and angle of attack for infinite aspect
ratio as ordinates against lift coefficients CL as abscissas.

Airplane Model Tests. The purpose of a routine wind-
tunnel test on an airplane model is to determine l)rform-
ance, stability, and control, with reasonable engineering

accuracy, and the advantage of a wind-tunnel test over any
other method lies chiefly in its quick and definite indicat ions
when reasonable deviations from mathematical exactitudu



C. 41 WIND-TUNNEL TESTS 91

are allowed. Routine testing of airplane models cannot
well be justified on any other basis.

It is an easily demonstrated, but not a widely recognized
fact, that any model test is a compromise. There are
always some conditions of similitude which conflict or
cannot be met, but these conditions do not all have the
same weight in determining air forces. Since there is no
known theoretical method of assigning the proper relative
values to the various conditions, a practical solution based,
for example, on experience or on trial and error, must
serve instead. The principle of dimensional homogeneity
leads to an equation for air force in the form

F = PL' a - (59a)

where a is the angle of attack, pVL/M the well-known
Reynolds Number, V'/gL the "wave making" or gravita-
tional term, V/a the ratio of the relative wind to the
vlocity of sound, 1/L a measure of surface roughness,
v, 17 a measure of turbulence in the air, and b,'c the aspect
ratio. These are by no means all of the dimensionless
comlbinations which may be written, but they comprise
what are usually considered the most important ones.
It is desired to point out three facts: (i) theoretically no
model test can completely represent a full-scale condition
unless all of the dimensionless ratios are held constant;
(2) it is impossible to hold all of these ratios constant at
the full-scale value in a model 'test, for some of them are
contradictory; and (3) the dimensionless ratios may not
have equLial weight, but theory does not show it. Experi-
ence tells us, however, that the angle of attack a is the
most important of all the terms given, and that Reynolds
Number probably comes second in importance. The
"wave-making" term P/gL, which is so important in
testing ship models, is negligible in air work. The term
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V/a does not have any great importance at speeds less
than about 300 fps, where compressibility effects begin to
appear. The surface roughness has a very great effect
under many conditions and cannot be neglected. Turbu-
lence is known to have a fairly large influence, particularly
on critical flow conditions. The large effect of aspect
ratio is well known, and so on through the list of minor
unconsidered terms.

The only major term which cannot be satisfactorily met
is the Reynolds Number p VL/M. If the value of the func-
tion was the same for all airplanes, or even for all parts of
an airplane, the problem would be capable of a satisfactory
solution. Actually the effect of Reynolds Number is
different on each item: wings, fuselage, struts, wires, etc.
Furthermore, the effect is not the same on all wings or on
all struts, but varies widely in each group.

As a concrete example, the drag coefficient on stream-
line struts may be four times greater on a I/I24-scale model
than on the full-size airplane; streamline wire may show
even greater scale effects. This is very much in excess of
any scale effect on wings or fuselage. The conclusion is
inevitable, that reasonable engineering accuracy is best
secured by constructing a model airplane with no stream-
line struts, wires, fittings, or minor details, and correcting
the measured model drag for the scaled-down calculated
full-scale drag of the omitted parts. The wings of the
simplified model can be held together and the landing
gear attached by means of a simple system of round brass
wire struts (about 3/32" diameter), threaded right-hand
on one end and left-hand on the other; the minimum
length of wire necessary to insure rigidity being used.
This method has three very important advantages.

The drag of the round wire struts is quite definite and
can be determined very accurately from runs with an
exact duplicate set of struts attached symmetrically and
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in such a manner as to avoid interference while duplicating
each item. If AD is the drag of one set of struts, it is ob-
vious that

D0 = (D + AD) - [(Do + 2AD) - (Do + AD)] (68)

where D. is the drag of the model without struts, wires,
fittings, or miscellaneous omitted parts. The full-scale
drag of these parts can be calculated with reasonable
accuracy. Assume that the value so calculated at a speed
V, be d. Then assuming d to vary as (VL) 2

d. = d .5 (V,./V) 2  (69)

where S is the (fractional) model scale ratio (for example,
I/2o), V the model test speed, and d,,, the correction to be
applied to the model test. The correct model drag will be

I) = D, + d (70)

Lift and moment corrections are also obtained from
the "duplicate strut" runs. An additional moment cor-
rection due to the omitted parts is obtained by calculating
the line of action of d (and therefore d,,,) so that the dis-
tance of this line of action from the moment axis is known.
The table shown in Figure 38 is a very convenient form for
calculating simultaneously the drag correction and its
line of action. A typical lift wire calculation is given to
illustrate the steps followed.

The other advantages of the method are that it allows
very accurate alignment of the model, and reduces greatly
the cost of model construction. The necessity for very
accurate model alignment is not generally appreciated,
but it has been shown at the Washington Navy Yard that
any difficulty in checking test data after a lapse of time is
almost entirely due to warping or change in alignment of
the model. Of course, this difficulty is partially obviated
when metal wings are used.
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DRAG CORRECTION FOR WINO TUNNEL TEST:

TYP E-------

MODEL SCALE & ---

DESIGNATION OR V1.W !3
DESCRIPTION OF ITEM 0~ 2

LIFT WIRES 4 10.0 40.0 .075 3.00 8.00 24.0

DISTANCE FROM BASE LINE TO C.-= -------------FT
DISTANCE FROM BASE LINE TO ID 3/D= ---------
ID IS --- INCHES--------CO.0 ON MODEL

DRAG CORRECT1014zo&s- LSS

Fi1111ire 3 8. Tahlfl;tiII 'f D~rag (''rrcctiuii fjr .\irphtncm I

Trhe simpl1)ifiedl tin (l cannfot aillowV f or stIil( (-I-f(t on
wings or fuselage, 1 tIlt in geIneral it (1C )(-s et ) l Im i t( ttal
scale effect to theIse two items. 11w ll-M \ vIl (tws of

p)rofil dc(rag fi r \;trit )tIS Wing sect I( ns arc giveIn in ( ha 1)1 rs
,5 andI 9 adl ain est imalte can hett illade of t lit(Ic cffck ( 4 II

the wings if greater accunircy is reqli ret . N trnin.t the
scale effect onl fuselage drag is nth largc.

Tro srum Uj) rit'tl\,, it flav b e staite t hat ill C to h C

obtain gt ood results in an airlplane od el test it is nccessa rv
to omit all minor parts which shotw mxesi\ cVeec,

such as struts, wires, fi tt ings. small alt.ich nit i is. etc. A\
dIrag correct ion which includes the resist .mcci (.of all I11 e

parts muILst bCt ca.(lulated IntI .Il(Id to til t~i notle rag.
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The objections to this method are usually based on the
two arguments: (1) that the principle of dynamic similarity
is violated, andl (2) that interference effects are neglected.
These objections cannot be maintained since it has been
shown that the principle of dynamic similarity dloes not
apply for an exact scale model and since the interference
effects of a strut, for example, certainly cannot lbe more
than a small fraction of the four-fold resistance which this
method corrects. On the basis of results, the method is
quite satisfactory. The high speed predlicted lby at careful
Avinol-t inel test on a simplified mfodel normally dliffers less

than 3%l from that obtained in flight tests, and it is not
miusutal to obtain less than I% dIifference.

For additional detail on model construction anol test
corrections see N.A.C.A. Technical Notes No. 82 "Notes
on the Construction anol Testing, of Model .. irplanes,'
WX. S. D iehl (1922), andl No. 254 "Method of Correcting
W\ind] Tunnel D ata for Omitted Parts of Airplane 'Models,
R. If. Smith (19)27).

Lift and Drag Curves. When plotted atgainst iingle ()
t tacik the lift curve should be smooth and rcguilar with a

substaontiallv linear slop1e III) to an aingle ;it tack j ust
beh 1 w d ie stall. A\ sudden in flect ion in the li ft curve
indlicait es an ino&erfernce I urbhC, Which Imy b e I tie to Strut

at tachment interference, poor fa irings aro un(d naocelles r
wing root, or to anyv object thait is attached to the tiplpcr
surface of the -wing. Figure 39 showNs the tyvpe (if lift (cLirve

that is il tained with I rmnotincu interferecec. In : 1ieh
cases the t roub~le is eliminated by pro per fairings. \\'hcri
a windl-t urne test gives anf irrcgular lift curve, cvi TX

effort should be made to licatte and eliminate the(.i
of thec interference.

T'he in terfe'rence effect on drag may be even gre.oitr
than that oni lift. Figuire 40 sh iw\\s a' tVPie I ra crve
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in which obvious interference effects were eliminated by

various fairings on the model.
Certain wing sections, notably the CYH, have a pro-

nounced irregularity in the lift curve at low angles of
attack. This is probably due to the reflexed trailing edge.
This type of characteristic curve must not be confused
with the interference burble that occurs at a higher angle
of attack.

As airplane designs become more efficient, the necessity

for avoiding bad interference effects becomes greater.

8, ______!___

00

I s7

-0 -4 4 °  8°  12" 1$ 20_

ANGLE OF ATTACK
Figure 3'). FfTuct -4 Intcrft,rct:c o tlh I iit Curve
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U'ntil the knowledge of air-flow interference is perfected,
the designer must depend on the wind tunnel fo~r assurance
that the model is free from gro)ss defects.

Pitching Moments. Information concerning the longi-
tudinal static stability and contro)l is given b~y pitching
mo)ment curves for three or more eh,\'ator settings at a
selected stabilizer setting. Trhis part of the tests and the
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lift and drag (lata should be considered of equal impor-
tance.

In general, the pitching moi(menlts will beC ncaStireJ ;1blXt

an axis which is p~arallel to, b~ut considerably dIisplaced
from, the gravity axis. Since thle final moments niust be
referred to the c.g., either at graphical or an analytical

method must beC usedl in the conlversion. 'I'lle graicieil

method is simple, q1uick, and accurate if care is used in
drawing the vector (liagrain. This (liagramn once drawn

is always aivatilable for raid c;lctitions. (if the pite'lirig

moment abount any new e.g. locatioin. WNhile an cxpciri-

eneecd engineer can olbtain an e-xeel lent l( l;1 of Stdhliit',
characteristics (directly fr(om the vector li~ 'graini thle slope
of the moment curve is the only reliable critteriion hi Ih(l

to base definite conclusions regardling static stailit v.

All airplane modIel tests shoul 1(1 cI tde pi teling nlli' uiint

curves about thle center of gravity for at least two differenit

stabilizer settings with elevators att o0. The ptirpose

of this being to determine thle moment change dinc to ai

definite increment in stabilizer .angle, so that -ct tings

requiredl for balance, or moments for new condlit io ns, Jul.y

be accurately cll~ated from the test (latit. It IS e W 'ly

shown that changing the stabilizer setting or elevator ingic

Cloes not appreciaibly affect thle slope of the 1w nnint iire

and mierely Shifts it up1 or down by) at delinitu increincit

The clkvator angles usually investigatedI arc o-,-
:E1o0 , -5', - 20', andl - 300 where the + sign efr

to ("down" elevator. Wit h thle exepltion i (f thle o' ' 11(
:i-o'setinsit is unnecessary toi coverag,,t( ;igld

range than that req uiredl to give the zero momeiUnt, or 1bAl-
aflee, condIitioin. In general, the moment curve is fi( t

satisfactory unless it has a negaitiv-e slope over the entire

range of flight angles. Slight waves in the curve giving

zero or slight positiv'e slopes are not act ually (dangerouts,
lit they are indicative of somec very Undesirable condition.
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The dlesirab~le slope of the moment curve varies with the
typ~e and purpose of the airplane. The slope of the full-
scale moment curve should be either

dMI,da = Kqlc (7')
or

dM,'dex = K~qSc (72)

where (I.11 da is the slope (in 11)-ft per dlegree), q the (dy-
namnic pressure p I'2 2, 11V the gross weight (I1b), c the wing
chord Ift ), andl .1; the total wing area (sq ft). The value of
h shiouldl lie lietween -o.ooo6 and -0.0010 according to
1he stalbility dlesiredl. The corresponding values for K,
are -o.oo6 andl - 0.010, b~ut K, is not equal to ioK, since

K = K, IIW,'S)

Somne add(it ional (data on slope of the pitching moment
curve mayI be foulndl in Chapter 7.

Whet her or not the elev-ators give adlequate control is
usually (11.14C obvious from an insp~ection of the moment
CUr\vt, or \veet r dliagrams. It is a common rule t, assume
that 2()- up elevao tir shi ul I balance the airplane at the
angle of attack whenc maximum lift is obtained, assuming
that balance with1 neutral elevators is in the normal range
betweeni o& to 6' angle of attack.

Longitudinal Balance. The wind-tunnel test on an air-

p~lan(- mod el usually deternmines the stab~ilizer setting re-
qu iredl for a sp ecifiedl center-of-grav-ity location. If thle
aLirplaneC i-, nornial, the relation betwVen C.g. location and
stabilizer setting is linear for each trim angle of attack.
A few add~itional re adings in the wind-tunnel test dlata
enables the plotting of the I ialance (diagram as in Figure 41.
This (diagranm gives the stabilizer setting required to
balance the airplane at any angle of attack wvith any center
of gravity location.
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The stabilizer adjustment should be capable of trim-
ming the airplane at any speed above "1.2Vs. In pre-
paring the balance diagram, five angles of attack should be
used. These angles should he selected to give approxi-
mately equal spacing when plotted, but this is not essen-

1-44
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Figure 4 T Effect of Angle of Attack and e.g. Location on Stabilizer Angle
fur Trimi

tial. Since the spacing will be proportional to the lift
coefficients, angles of attack giving about o' ,, 20o, 4,o,
6o%, and 8oe/ maximum model lift may be used.

Rolling Moments. There is little information Of Value
to be obtained from rolling-moment tests on an airplane
model under steady flow conditions. The National Ad-
visory Committee for Aeronautics tests have shown very
definitely that the dynamic effects of velocity in roll can-
not be safely neglected.

Fortunately, the design data on ailerons and other
lateral control devices are sufficiently complete to make
rolling-moment tests unnecessary in most cases. WVhen
ailerons are included on an airp~lane modcI for test, hoth

z P . .... -- --
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rolling and yawing moments should be determined for
several aileron angles. Weick, Soul6, and Gough6 conclude
that a criterion for satisfactory rolling moments is

RC = C'1/CL (73)

where C', is the rolling moment referred to wind axes and
C1, is the lift coefficient. The original studies indicated
that the desirable value of RC was 0.075 at io angle of
attack. Subsequent data indicate satisfactory lateral con-
trol for values of RC as low as 0.030. Much depends on
the other forces and moments. Low rolling moments may
be satisfactory if the yawing moments and the damping
in roll are also low.

The rolling moment criterion RC is numerically a lateral
center of pressure. Substituting the values of C', and CL,

C', l' qS l 'S qSb X L Lb (73a)

Hence, from a model test the dynamic pressure and the
wing area cancel out leaving only the ratio of the actual
moment to the actual lift as a fraction of the span. This
actual lift must be taken at the same angle of attack as the
rolling moment.

It is important to note that reducing the span and the

stalling speed increases the difficulty in securing adequate
lateral control. The airplane is controlled by a rolling

moment and not by a rolling-moment coefficient. Conse-
quently, a lateral control device may be entirely satisfac-
tory on a given airplane until the stalling speed is appre-
ciably reduced by a light load or by the action of flaps.
The rolling moment criterion must, therefore, be applied
with some judgment, taking in consideration the relative
span. If the span is relatively short, a high coefficient

6 F, E. Weick. 11. A. oul 6. and M. N. Gough, "A Flight Tnvestigation of the Lateral
(otrol Characteristics f Shirt, Wide Ailerons and Various Spoilers with Different Amountv
ot Wing Dihedral," N.A.G.A. T.R. No. 494 ('LO4).
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1 ill be required. If the span is relatively long, a low
7Oefticient may be satisfactory.

Additional data on lateral control may be found in
Chapter 7.

Yawing Moments. The conventional tests to determine
directional stabili~y and control consist of three parts as
follows:

i. Yawing moments measured with neutral rudder.
Usually made at only one angle of attack, about o

and with a range of + 20' in yaw.
2. Yawing mornents due to various rudder settings with

body at o' yaw and fixed pitch. Usual range of

rudder angles 00 to 200.

3. Angles of yawf held by various rudder settings up to 2o.

While it is desirable that these tests be made at two
or more angles of attack, the time required is often an

imlortant factor. If the stability and control shown by

the first tests are fully satisfactory, there may be little to
be gained )y tests at additional angles of attack unless the

lateral stability is being investigated completely.

Satisfactory conditions in yaw are indicated by:

i. )efinite negative slopes to the yawing moment curves.
Absence of either irregularities in the curves or un-
steadiness in test readings on the balance, particu-
larly at small angles of yaw.

2. The slope of the curve of angle of static yaw held by the
rudder, when plotted against rudder angle must be
definite, and the curve must be free from marked
irregularities. The ratio of static yaw angle to rud-
der angle should be greater than o.6 and less than i.o.
A value less than o.6 may indicate either too much
directional (weathercock) stability or deficient rudder
control. A value greater than 1.o may indicate

either too little directional stability or too much
rudder control.
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A yawing moment criterion may be written in the same
form as the rolling moment criterion of equation (73).
This gives

C',, N
C N (74)

CL Wb

where C', is the yawing moment coefficient for wind axes,

CL is the lift coefficient, N is the actual yawing moment
(N = C', q Sb) and T1 is the gross weight. Since the
observed value of N will vary with q, it follows that the
desirable slope of the yawing moment curve should be of
the form

- dNi'd4 = KqIVb (75)

where dN, d. is the full-scale slope (letermined from a test

at the dynamic pressure q. Analysis of more than one
hundred airplane model tests show that, in general, K
should be between -4.0 X io-5 and -8.o X io-  for

best results. The value is not very critical since some
airtplanes have been reported to have satisfactory direc-
tional stability with test values of K well outside of these
limits. The most favorable results have been obtained,

however, within the limits given, but this has been due
partially to the rather narrow limits in stalling speed.
For airplanes having either a very low or a very high
stalling speW-d, it is desirable to insure a correct slope 1y
allowing for the departure from normal. There are several
ways in which this can be done, but the most practical
method appears to require the use of the dynamic pressure
at the stalling speed.

Equation (75) may be written

dN/dP = K (q/'q.) q.iVb

= K'q.Wt IVb (76)

where q. is the dynamic pressure at the stalling speed for
the particular airplane and qo is the basic value corre-
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sponding to average stalling speed which may be taken as
60 mph. qm is the model test dynamic pressure, W the
gross weight of the airplane, and b the span.

2

z
W -10

0

-4

45 so 85 so 65 70 75 soSTALLING SPEED -Vs

Figure 42 . Effect of Stalling Speed on Yawing Moment Coefficient

K' may be plotted against stalling speed as in Figure 42.

Five airplanes reported exceptionally satisfactory are
spotted on this figure.

Calculation of Performance from Model Tests. Assuming
that the air forces vary as (Vl)' , the relations between
model and full scale are readily obtained. Designating the

II
=.0
mI

i -- -- -- m mm" bb m m mmN nn4
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model values by the subscript m andi letting the scale
ratio, Model to Full Scale = l../l, the drag relations at a
given angle of attack are

Model drag Dr. = (CD), p ('2,P . 1,.) (77)

Full-scale drag D CD .p (VI) (78)

Since the air forces are assumed to vary as (17)', the drag
coctticients will be equal CD ((C*,),.. I lence

D! I/- = D , ( ,,)'
r = 1 ) D.(1, /.) (V /i'm)' (79)

Similarly
L = L,,, ( /,,,' ( V/V-) (80)

In stt,(ly hmzi tmnl flight L = II'. 1 lence
F = L, (k /i) V1VW,,.o (8x)

The mininum or stalling speed is given Iby sulbstituting
the maximtim model lift L,. in c((tuttion (si)

V"s = F",, (1., 1) N/i Il, -.... (82)

It is often m re cmnvenient to work with speed ratios,

rather than to calculate each speed1 separatel .

V/ V, = /L. ,,/L or V = V, V L,,, L (83)

but equation (81) can be simplified for any given model, to

V = V Kl.' (84)

where K = I'(Vr )2  
(/,il)2 Equation (84) can be

solved very rapidly on a slide rule by setting the runner
to K on the A scale and moving the slide so that L. on
the B scale is in line with K. Then the index on the C
scale will rest at the desired value of V on the D scale.

Full-scale drag values may be calculated by equation

(79), but time can be saved by using the values of L/D
from the model test. Where curves of power required are
to be calculated for two or more weights, the values of L/D
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can lbe plotted against V/7 Vs. This curve can theni be tisedl

in conijunction withi equation (83) sicL I) % ir

L= 11'.

In ordl(r to secure accurate results, particularly at the
lower sp~eeds correspondling to large angles oIf aIt tack, it
is ad Ivisabi c toI correct 1both lift and (drag fo)r the eleva tr

angle necessary to maintain balance. If lift, dlrag, andl

pitc'hing moments are InlaSUredl for several clhvat or sot-

tings, this may be done with suflicient accuracy by simic
it en-polat ion. Elevator anlgleS Of + o0' lown l), 0
(neutral), -5' (upl), -1i 0', -15', and - 2oo0 Ire uisuallIy
rC(Illir-ed, huit the -5", -- 1I50, anld - 200 settings need'( he

inlvest i Itecl over Only aI lilite I anu i ar ra nge at high
angles.

'[he methIod s cnilo ved in a t ypicil pI-ef rmaince c;lii
L it io n wvill now he ilIlui~st ra t c( I y n e xil nplc. T; Ibled 2
conlta Iinls t he w\Ind I-i t i 11lhleI (I t iI oh lIainell in1 l( the \Vsh i 1 to II
Naivv Y\rd tests Ofi a 1 :16 scale mfollel o)f the 01ll-41. t1
lift a n(l I rag v.dulcis, L ;indl D, having I leen c irrecte I fi r

T[li ma11XuIuIII litt is 7.571 lb) (atl 20") at d speed 4

40 l 11l)1. I li gross5 wcitht is 3876 lb). I lenc,ac nIig

tol e(IlLiti11) (82), the Staillinlg Siwed is

=(40 1 6) \ 38~76 7-57 1 5().() mph

For any' other wevight, tieC stalllinlg SIee(l is

=(40/ 16) N~// V7.-571 0.91 IV
also

The speecl at any lift is

Tabl1e 3 contains t1i aluli Ior power req nired in
horizontal flight at sea-level with two gross weTh. hle
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"AuhE 2. \IND-T'NNEI. T°r I)ATA ON l)1l-4B AIRPILANP .loiILL

Sc.uLF: R.\I[ I/i(,. TS:T S PEEI 40 MII (tlldar d ;ir)
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corresponding powers required at any desired altitude

may be obtained by multiplying each value of V and till),

by the value of !p,, p for the altitude under c,,nsidcrati,,n,

Soo

230 h0 -

10
Is*

AIRSPEED AT SCALVEL - Mt/H.

90) GO 70 sO to 100 110 IS0 830

Figure 43. I)H-4B Puwcr Curves frr Wind-Tunnel Tes~ts

as explained in Chapter i i. Figure 43 is a plot of the thp

a--ailable and thp required against air speed at sea-level.

The performance indicated is in excellent agrceencnt with

the flight test results on this airplane in the condition

represented by the model.



CHAPTER 5

AIRFOIL [DATA

Airfoil Sections. Prior to 1912, an airplane wing was

given any cross-section that the designer felt was sutti-
ciently dlifferent from existing types. The appearance o)f
(data onl various sections testedI at the National P'hysical

Laboratory in England, an(1 at Eiffel 's Laboirato~ry in
France led to the general adoption of a modlerate-ly thick
andl fully covered section of the RAF-6 or Eiffel1-36 type
Between 1912 and 1920, numero~~us tests were inade in
various countries on sections incorpornit ing slight mi lii-

fications. The first tests on a really exte-nsive( series ()f
related sections appears to have !bee(n m i(ie at ( ;ittingci
U niversity during the war p~eriodI on groups o)f sections ()f
the Joukowsky type. These sections are (leriveil fro m
arb~itrary theoretical flow conditions andl are character-
izedl by a blunt leading edge and a very thin trailling edge.
They are now of academic interest only andI it may 1be hire
noted1 that thle only appllaren~t ad vantages 1 1f itililat ic-

ally (Ierixecl sections lie in the accuracy ()f fLi riuig and the
ease with which a series of systematic changes niai I c
ma(le. There appears to lie little or no ern vnami

mnerit attached to any exact mathematical curve o)r coin-
lbination of curves.

The next extensive series of related airfoils appexars
to be Mlunk's "NI" sections, which were tested in the
variable-density tunnel in 1924. This series was based
on the combination of a single profile shape in three thick-

M. M. Munk and E. W. Miller, "Model Teqtq with a Svqternatic Serie )f 7 mt
Sect,ns a t Full ReynThis Number," N..X.C.A. T.R. Nu. 221 l(15).

log
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nesses with n1iflt systctfticaily vairie I niean caniber lines,
includ(1inig onet( (Icsigllei to give zcri molm1enlt . Th1is scri~s
is rlotcw irt Iiy li several I I(cct s, Ilt lii gh it gave (miiy

t\%'( 'it Stand it sc im lS, the \ N-O and ti Ie l-12. It WaIs

thev first extenisive series of related seti isto 1N tested
at high Reynolds N urber, it was the first serious St i(l\' o)f

zert -nioniciellt sctions, and it indlicated the lines, for nee
research.

In 1()28, SchIrenik' repi )rte t hi resti! t, s If tests at (16t-

ngen (it al scites f 30) set'(i"i s in wich the earn1 ir ind)

thickness wetre- chanrged systematically, these tests Were
imidcl it a Reynolds Numblir (if ;ilioti 5o0000)(.

.\l (itit I 92'5. irraingenicents we-re mat l f ir an extensive
sei~It(-ts i't fuill-scale Nenill NibrinteNtional
Xil G s v tmuittie for .\niatis\ai!'tdniywind

tuinln at Laiiglv 'ied.lle ilijir porti(in ()f this pro-
grant wais ciitcilI in 19132, ind li lt results 1 )l)illhe(

inN..(...T.R. No). 460).; 'his repo(rt is ly far the
in(' t va1la lilt rce ()f airfoil it.i 11 i- ialtc It has

'i~t ly sil i ii the dIcsigno.r's prn it hut( f slecting ffhe

hie-'t Wtinig iit toil.

Interpretation of Airfoil Data. \irf ii clm.ictcristics as

niveastireld in at win! t urnl are grtil lvitwilie't hy the
ktivitid I Numh~! cr 4 flit ti'4t I lii 1 sutir ti1n ish of thle

nl(t htiI( i)f sit ijitirt itig ti' nlicit1lt', i nI t(- tyIt p if tutnnel
aks( ;itfict the result,, i t t ii a nt'gligildcitltgc in aIixtrc-
fully itd It ttt. I Irwivi r, the tiuii it ffect o)f AI o)f

thifi -t(tirs nlakes it ailvisilc to) use- cxtrenit, taut till in
(I mi a rillg the results t if tests fro nt I iffe-rent wind tunnelils,

jiaurt itu lirly with rcercc toi sclect ii iil f a wing S ' iiI

'Tlie sclect iin (f a wing set't iiin at tis t inn' is 1 lest tuttle
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on thle basis of comparative results from thc National
Advisory (mi ttee for Aeronautics v-arialble-density
Windl tiflfel.

The N.A.C.A. Related Airfoils. An airfoil section is com-

pletely (letinedl by certain conditions as follows:

I . Mlean camber-1ine equation -

(a) Value of maximum mean camb er

(b)) Location of maximum mean camber

2. Prot, ile thiic kness equation -

(a) . i,.Jmum profile thickness
(b) Location of maxim um profile thickness
(C) Leading edge radl'IuS
(dI) ra~iling edge radius

In the N.A.C.A. series of related airfoils, the adloption
OIf C(IluatiOnIS for thle mean camber line and thle profile

thickness also determined the location of the maximum
p~rotile thickness at 30%1' Of the chord and the leading
edlge radlius. Assuming that the trailing edge is simply
rounded offt to no patrticular radlius (alt hough a radius

W 1(1be determnined b y the equation adloptedl) there
reniains only three factoirs necessary to (define a p~articuilar
sec-t ion, niamely. i(a), 1(1), andl 2(a). Consequently, a
four-digit number may' be used, the first (digit being the
maximum mean camb~er in per cent of the chord, the second
(digit being thle loc-ation of the maximum mnean camber in

teniths o)f thle chord , and the last two digits being thle
Ihil kness in per c-ent of the chord. For example, 2412

(designates a section 12% C in thickness, having 2q mlaxi-
mjum mean camber loc(ate-(l at 40%' (If the chord.

In this series the ordinates for any thickness are de-
termined from the equLation

-tL Y = t (0.2)690o 8V&-X - 0. 1 26oox -0.35 1 6o x,
+ 0.2843() x 1 0.1(1150) x')

Ab -



112 ENGINEERING AERODYNAMICS [Ch. 5

in which the constants were selected to fit closely the basic
profile thickness curves of the G6ttingen 398 and Clark Y
sections. The leading edge radius is

r = I.IO I,

The mean camber line is formed from two parabolic equa-
tions having vertices at the maximum mean camber.

On completion of the tests on the first series of sections,
a supplemental series was prepared to study the effect of
forward locations of the maximum mean camber. The
positions selected were o.o5c, 0.I0c, 0.15c, 0.2oc, and o.25c,
and the corresponding mean line shapes were designated
10, 20, 30, 40, and 50. Thus, the combination of the
mean line 30 with 2% camber gives the family "230" and
for 12% thickness the section "23012." This particular
section appears to be of outstanding merit.

Test data on this series of related airfoils are given in
N.A.C.A. T.R. Nos. 460 and 537, copies of which should
be obtained by every aeronautical engineer. It is im-
practicable and undesirable to give in this chapter more
than a summary of the results supplemented by detailed
data on certain selected sections.

Maximum Lift Coefficient: CL Maximum. The variation
of CL maximum with thickness ratio is given on Figure 44.
Each curve on this figure represents a single mean camber
line. The two digit identification numbers are the first
two numbers in the airfoil designation number. The first
digit is the per cent maximum mean camber, the second
digit is the location of the maximum mean camber in
tenths of the chord. Thus "24" would represent 2%

maximum mean camber located at 40% of the chord
and "45" would represent 4% maximum mean camber
located at 5o% of the chord. This system is followed in
the remainder of the discussion of the series.
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1.80-

1.70 ' - - -. _

/ _,

= '.40

1.50 - \ ,

14.1 0

o .11',

-o -iti \-

Li. 0 i. .

1. 0 0

__ , I __ __ r__

.
_104

4 8 I2 1 20 24 28

MAXIMUM THICKNESS -PERCENT C
Figure 44. Effect of Thickness and Mean Camber Line on Maximum Lift

Coefficient
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Examination of Figure 44 leads to the following con-
clusions:

I. CL maximum is more dependent on thickness thanii
shape of the mean camlber line.

2. For each mean camber line, there is an optimium ticok-
ness for CL maximum. This optimum thickniess
decreases as the maximium mean camlber is increaszed
or moved forward.

3. The maximum lift for each series would lbe ats follows:

Section CL..
0014 .......................... ....... 1.54
2312 ....... ..... ....... ... .............1.60
2412.............................1..60

29512........................ ........... 160)
4311!................. ............ 1 63
4411.....................66
4512 .. . ..... ............ .........
6310............................ ....... 1.67
641()....................
6511......................

4. ie tests on sup~plemnentary airfoils (not plotted (inl
Figure 44) show that CL maximutm is sensitive to
leading edge radiuls. The best leading edge radius
appears to be appro.6iately

r = 0.2 t

w.%here I is the thickness.
,5. The tests on airfoils, with reflexed tratiling edges, show

that the reduLctionl In C1, m;xiitimi Is almost direct lv

proportional to the redutctioil ill Cj, 'Ind that

A CL - = - 2.5 A% C.I,,

Profile Drag Coefficients. The variation of ptrofile dIrag
'with lift coefficinit is the mo.st important single ch'Irac-
teristic (if at wing section. The usual curves are ph i)t ted
to such at scale that it is impossible to read ('D,, wvith reason-
al e accuracy. Tbe4, giVin~g VaIlus Of C.,, for the best
sections now aIvailable, will be fOu~nd More coINvenIiet
than the con-ventional plot ting.
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The values in Table 4 have been taken from large-
scale plots drawn up from the variable-density wind tunnel
data. Interpretations or conclusions based on these data

TABI-F 4. PROFII.E DRA(; (OIEFI(IENTS IROIM VARIAB\FI..-IF.NSITY

\\'INL TuNNEL

(Do X I0
4

CL!
t' 0. .. .. __ Value

So, tion 'i 
t  of

1) 02 1 4 ). 6 0 8 r 0 1 2 1 4 MI., L

0(K). 74 78 80 t5 1 3 146 207 . 81o I 27
)€)12 .... 8,; 85 90 101 116 142 183 262 I 420 1 53

) I l , )2 (5 1 1oII1 126 151 198 272 550 1 53
o(018 . I1o8 l() 112 12 135 1 292 55( , 49

1 13 0 2o4 4

2212 88 87 go )5 1o2 123 163 230 .5x) I 6
2312, 89 89 91 98 111 132 12 235 540 1 61

24o.. 81 8o 8 9.3 Io6 129 1(5 231) (45o) 1 54)
2412 . 87 8 9)1 97 112 1 3 169 2'5 6(1(0 1 61
2415 100 (y) 10. 112 124 147 185 25.; 630 1 54
2418 112 112 117 126 141 108 224 41" 591) I 43

2512 ..... () 88 80 97 III 135 172 231 7 (K) 1 62
441

2 •  
.97 92 92 97 1)5 124 161 227 65O i 65

23(K) • 79 7
)  

84 9)2 14 125 -1 227 ;() 1 55
23012 ... 87 086 ,)2 I)2 114 ly) 161 223 351) I . .

23015 99 98 1)€ 1o5 116 134 167 218 430 I (A

2 R, 12 87 8,1 85 9. 117 13o 17o 24.3 ,520 1 53
-o 0 )2 (1)2 o6 ()7 127 l(,o 244 o5(" 551 1 41

NA(. 21 91 88 89 ()4 1o0 127 164 238 475 1 .60

(lark Y 99 1)8 i99 I9 )o 121 144 18() 2.7 33(1 I 6o)
9ll 92 91 9)5 P14 1 119 144 191) 271) 55(1 1 47

- 112 1o6 IO) 117 131 155 11)- 27, 0.8 57
N 22 1 I (),11 I99 1 I 1(1 14.1 178 247 47o I 6o

N 8o s 853 84 1)2 10)7 120 15(1 21[2 544)1 63~

shimihd io(t oVerh("1k tile fact that there is in inherent ,x-

Iwrinl.nial uncrta intV of about ±.0003 in tile value (f
*', 1( II Iw values (f CL.
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8014
Cob

W

U.

0
.0120 0 24

Ll

F .0060 -,,, ..

4 2 is 20 24 26

THICKNESS -PERCENT oF CHORD

Figure 45. Effect of Thickness and Mean Camber Line on Minimum Profile
Drag Coefficient

Minimum Profile Drag Coefficient CD, Minimum. Figure 45
gives the variation of the minimum profile drag coefficient

with thickness for each mean camber line. The effect of
thickness is seen to be practically independent of the mean

camber line. The variation in CD. minimum is given

approximately by the equation

CD,. .. , = K + o.0o56 + o.oit + o. I P (85)

Values of K are as follows:

Mean camber line K
00 ..................... ............... 0
23, 24, 25 .............................. .0007
43,44 ................................. .00 12
45 ..... .............................. .00 21
63, 64 ... ................ ............ 00 27
65 .................................... .00 28
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The observed values of CD. minimum may also be repre-
sented closely by an equation of the form

CD,, in = K, + K2 1.5 (85a)

These tests were made at an actual Reynolds Number of
about 3 X 106 or an effective Reynolds Number of about
s x io'. The variation of these vilues with Reynolds
Number should be similar to tht- variation obtained on
other sections.

Scale Effect. With the exception of CL maximum and
C ,,, airfoil characteristics in general are not appreciably

TO

760

1.50 M I - --

1.40

1 .30 --

1.0 - -

1.00
•1 .2 .5 1.0 2 5 10 20 50

EFFECTIVE REYNOLDS NUMBER X 10-6
Figure 46. Variation of CL Maximum with Effective Reynolds Number



11 1ENi,INFFIKRN( AERODYNAMICS LCh. s

.0120

.0100 ___

.0080 ___

.0040 ___

0 246

REYNOLDS NUMBER X 10-6
Figure 4~7. Vatriatiasi Mintimui I'rtile Drag (t~wichtV with Rc~n1ld.

Nuniher

dieendenlt onl Reynolds Number. The effects of Reynolds1
NuIMber on C, maximum and CD. depend upon the tUrhul-
]ence in the air stream and the type of wing section. I n
Comparing dlata from the variable-(lensity and full-scale
wind tunnels at Langley Field, it was found that a given
CL, maximumi required in the full-scale wind tunnel a
Reynolds Numbner about 2.4 times that reqluiredl in the
varial le-dcrisity tuinneL 4. This le(I to the Conception Of
ain effective Reynolds Number5 to include the effet Of
turbulence, which was supported in a convincing manner
by the same ratio of 2.4 betwveen the Reynolds Numbers
for a sphere (drag coefficient of 0.30 in the two wvindl
tuin nelIs.

The effect of Reynolds Number on C, maximum dle-
pends greatly on the type of wing section anol especially
on the mean camber. Sections wvith zero or smiall mean
camb~er showv a large increase in CL maximum with R.

, A. Silverstein, "Scale Effect on Clark V Airfoil Characteristics from N.A.CA. Full-
ScaleVidTnlTet' NC.A. T.R. NO. 52(1034).

F. N. Jacobs. -Rec,'ot Progress Concerning the Aerodynamics of WVing Sections,"
A.S.M.E. Paper read at University of California, June i'j, !Q34.
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Sections with a moderate camber show a moderate increase
and very highly cambered sections such as the RAF-i 9
actually show a decrease in CL maximum as R is increased.
There is a tendency for all sections to give about the saime

CL maximum at very high values of R. Considering only
the highly efficient sections now used almost universalhy.
the variation of CL maximum with effective Reynolds
Number will be substantially as shown on Figure 46.

The effect of Reynolds Number on CD,, is largely (lue to
the reduction in frictional coefficient. Typical curves arc
given on Figure 47.

• 20 . .

2. . - - 1
22

0 180

0

I-0 120 --

Io

so_ I
0 .04 ,OS .12 .16 .20 .24 .26

THICKNESS
CHORD

Figure 48. C, .....I/C ......,,vs. Thickncs/(h,rd fr [hr .W a m r

AWL-'
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Ratio CL,,./CDoi,. The ratio of maximum lift coefficient

to minimum profile drag coefficient is probably the most
reliable single criterion of airfoil efficiency. Unfortunately,
it is difficult to obtain accurate values of the ratio for
exact comparisons.

Figure 48 shows the variation of CL,..,/CD,,,i. with
thickness for three mean camber lines. Figure 49 shows

Ito

200

:E MAXIMUh MEAN CAMBER -

(. +' so ... __...__

o o
0
I-

140

0 .20 .40 .60

LOCATION OF MAX. MEAN CAMBER

Figure 49. CL ... /C , ,,, as a Function of Maximunn MNian ('an!,'r.
t/c - 0.12

the variation with mean camber line for constant thickness
0.12 c. The maximum value of the ratio is obtained

with a thickness of about 0.12 C. The thickness for maxi-
mum value of CL .ax/CDo.. decreases as the camber is
increased. The variation of the ratio with location of
maximum mean camber is irregular.

Angle of Attack for Zero Lift. Theoretically the angle of
attack for zero lift is independent of the thickness and
varies with the mean camber line only. For the conven-
tional sections of moderate camber, there is excellent agree-
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ment between the theoretical and the observed values.
However, for thickness in excess of 0.15 c with the 45,

63, 64, and 65 mean camber lines, the observed angle of
attack for zero lift is appreciably less negative than re-
quired by theory. The deviation increases as the maxi-
mum mean camber is increased or moved aft.

I- o_ _

I

0 MAX.M ANCA ER O.OC
W' -2 - 7--IP-1

W
N

LL. -4 _-- ----6 6
00 ___ _-,__

_j
(C
Z -o

0 .1 .2 .3 A .5 .6 .7

LOCATION OF MAX. MEAN CAMBER

Figure 5o. Angle of Attack for Zero I .ft ais a Function ,f Maximulm' Mean
Carmber

Figure 50 compares the olserved and thteoretical zero-
lift angles for the 12% thickness group.

Moment Coefficient at Zero Lift: CM,. The obsrved i mo-

ment coefficient at zero lift theoretically depends on the
mean camber line only. A comparison of theoretical and
observed values of C.o is given for various mean camber
lines on Figure 51 which appears on the following page.

The observed values are appreciably less negative than

the theory requires.
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Figurc 5 .;i. ,,l~n t ',wnt t:tZenr, lift as a Fijlcti ,n oi" Maxilliul
Mean Camber

11'h,' obsrvedl \aluc~s in Figure si are for it thickness (of
12'."0 c. "l'.lt o, the'r sec-tions show a definite (decreasc
in ('11., as thev thi(cknics- is incroascdt. TFhe variatio)n o)f the
rai,*, of (,1bscr\ .e to, thc,(retical v'alues o)f ('.v s;sflos

I ........... .. . . ... . o 6 . 1 1 .18 .2 1
(.) ., ()h.) (C't . 'Irhv'), ... . .83 .82 .8o 77 .73 167

Aerodynamic Center. Theli momnent coefficient about the
quarit--c'h(ordt point is no)t exactly constant as required
b~y '\unk's theo)ry. lHowever, the dteviatio)n is small and
it p))int ablJ )t which tile momnent coefficient is constant

--..- - lI•Ilmmlm~ mmmNa
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mly i be found. This point is tihe "aro(lynam ic c(.ntcr"
and it is normally l()cated t ,dlout 24 ,% of the ch(ordl.
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MAXIMUM THICKNESS- t/C
[:igurc ;2. A\cr,,dyvnamic Ctintcr as a Futm, ,,4 Maximum "[hicklc_,

Figure 52 gives a plot (,f the aero(ynamic center as a
function of the thickness. It is not greatly affected by
changes in the mean camber line. Accurate cal'ulations
show that the arixdynamic center is not exactly on the
mean camber line it is slightly a)ove or )(low.
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Optimum Lift Coefficient. The optimum lift coefficient
CL.A~. may be defined as the value of CL. for minimum
profile drag coefficient. It is a function of the maximum
mean camber and the thickness as shown on Figure 53.

.70 ' _ _ _ ___

I4-

40

0

0

0 .04 .00 .12 .16 20 .24

MAXIMUM THICKNESS- t~C
Figure 53. Optimumn Lift Coefficient as a Functi ii ,f Wivinimi Niti

Camber and Thiickness

It is indlependent of the location of the maximumi mean
camber. Figure 53 may be represented by the ejuation

CL. ,I. =h (13 - 501) (86)

where h is the maximum mean camber andti is the thick-
ness, both expressed as decimal fractions of the chord.
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C1, op~timum should be considered in design since the
minimlum profile drag should Occur at the CL for high
speed. This is not the only criterion, however, siflce the
actual value of the minimumn profile dIrag coefficienit is Of
greater importance than the Value Of CL at which it )ccuirs.

Maximum Negative Lift Coefficient. The niaximumn ne'ga-
tive lift coefficient of an airfoil section dlep~ends onl the
miaximumn mean camnber andl thickness. It is apparenit l
independent of the location Of the maXimlum Meain Cailker.

AXnalysis (If the negative( angle tests in the N..\.C.A.
variabhle-density windl tunnel ' in(licates that the effectS Of

.06

.04

0

MAXIMUM THICKNESS
Jigite~4 ft~t f M \ nu M cae~n C anih r iti Thic-kn e- NT1 'ilmm

R 1.- ,!~ . h 'r li.mc (( rjtrsl I k i Ni-g,!' \ngjl-q of
Attack, ,N 'i \ r N. .;2 ([qi42.
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Imaxiiflhiml tincaf (canifl r afl thIiickness are applroximlately ats

shown on Figure 54. In this figure the p~arameter is the
dlifference b etweenl the nUnlerical vaues (f thle maximum.11
1)ositive and negative( lift coefficients or. the algelbraic suim
of thle mimuiirnfl pos)iti\-e and negaitive x'aliies of (L. Ex-
perimental values are indicjated itas triangles, onle side( of
wvhich is the olI)serve(l au of ACL ImaimumI.I~ while t he
opposite apex represents the airfoil dlesignation. It \%Ill
be noted that the ave-rage (leviat ion is small. To illus-
trate~ the uise of this figuire, take section 6321 for which tlwc
I)o)Sitive Ci. IMaxim"ll = 1.37. For 6% maximutm 1flc,1!)
camb er and 21%10 thickness AL'L Maxim11 -im 0.40. 1lnr
the maximutm negattive C, for 6321 is - (1.37 - 0.40)
-097.

Slope of Lift Curve. Thie theorentical s1lope of the lift
curve is

(ICL day = 27- for a ill radlians

=0.1097 for k Ini degrees (34a i

Slopes for all of the N.A.C.A. v-ariaible-density airfoil
tests have-( b ern plot ted against thickness ratio it. s In
Figtire 95 of Technical R~eport No. 352. If alohWaIIT~e IS

made for thdifletlt of obtaining at high Ill-gre) oft c--

curacy In the mecasuired slope, it appy ears that t 1w tlw-

oretida vatlue shouild be obtained for at 11at p)111) and thait
the slope fotr infinite aspect ratio dlecreases with thicknes
ratio (t c) according to

(I(',L~ =i ().109)7 - 0.1070(1 (tC) (87)~

If thle slope( of the lift (-Lir\e- is known for one Ipt

ratio, the value 1'()r any other aepct rattio may 1 c ol talicril

from thuewo~utlon

a f-1.4 1 N -(N)36j
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where a, and a, are the slopes of the lift curves for the
area ratios X, and X, respectively. The area ratio is the
reciprocal of the aspect ratio or

X = S, It' = i In

Equations (36) and (87) may be used to prepare a group
of curves giving slope against aspect ratio for given thick-
ness ratio as in Figure 55. These curves may be used when
the actual slope for some given aspect ratio is unknown.
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with well-roUnledl tip)s. W\ith s(quare tips, the- sh tiws WVill

beC ahbOut 4% less than the values which are given on
l'igure 5

Selection of a Wing Section. There are so !W111X hu'to's

to 1be considleredl in dletermnining tihe relative mecrit of a wving
section. that aI ve(r\, precise a na lvsis is IIlllCCess; ry- and mayI\
even be Inc I lca( Iing. 11'w( dcoigner uIsLually Wo rks t( It Si

f sjpecilicat ions that rule out, f or examipjlit, all wing se-
tiolls fo r which th lieillici rl ( w , 1t tcui'llnt Is gra 'IIln s' imt.

vlueI, salx' -().()4, or fo r which the imaxilliuimi lift cm t.'fici'ii t
is less than 1.,50. Referring to t~lbtIl.It(-d aiti hirl'ttr-
ist ic's, it is not oh ftit'tlt to su.le'(t t litst. sci I ts illo.'t I h

simlle limits. F'roim tho' list that is so) Stit ' U , ti- iifa

chloice( is nttiiiilk li na' icoil the ilasis of stnri('t ir;ll ('harm.-
ttcrlstl('s, dmrag (ot.'tti(it ()I Stunl( sj t(i1ai 1'(tilI11'(htt

\ o(ml of cmiution is ucccssairv i'tganhing totl -n';t ;i dct'

peontltot onl test daitain nII 11king th liv ct it n. lhc re-
ports ltrcscrting atirfoil (irltrit'slist tilt limits (of

ao't.'tiI'ae\' ini t lit. cest dli ta'[hi.1111 ar nmlo ly~

N-i th11i n 2% r- whent spit(i ('an' is taen. 'l'lio' y i tt h mu'h
gi'oatcr (ItIC to vaitosin nitisirfl(. tinlisl Il air-

flow 'otndith1011 inl the wind ti linel. Ii'llt'lt wrc. tOher

is, so little tliffi-lvrt.'e'1t.t\U tlin'5t' sct oils Iii a seii't'i

grotup that t.l' fina'l clioic(' appea';rs a 11111t~ tel' tit r'tMitvei
minor impt trtinco'. Ini making such1 aI select liii, it Is 11Ugh1\
miii) rtaint to iisc. st ri('ti c'0 mpralo test (~ili fnti' tiI o

same1 wvino t urntl, since ottht.rwis.' aIctlnal diffor'ne ligil
he masked iiv dIifferences dueW tot til inol chlrI '(tc.ist 1('5.

A\t present thec N.A .C.A. \'ariabici.-dlt.'sitv wind tinricl',

usuallyv refcrrm I to as the VDT, is the b est souharce of (-'tIi-

parable data.
The act ual selec'tion may be llase(l on the( i'oia iv vl ie

of a number of factors, those commonly usedI being the
follow~ing:
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i. Maximum lift coefficient, C ......
2. Minimum drag coefficient, CD,.,
3. Ratio CL,...IrCn .,,C

4. Moment coefficient at zero lift, C.1,,
5. Maximum value of ratio LiD

In certain special cases, the comparison may be extended
to include one or more of the following factors:

6. Value of CL for maximum L 'I)

7- Value of C. for minimum profile drag
8. L I) at C. = 0.70 (for climb)
9. Maximum value of C1./'CL (for ceiling)
Io. Type of lift curve peak

It is impossible to find any one factor or combination
of factors that will completely and definitely assign a rating
to an airfoil section. Hlowever, the designer may be
able toI lint a grotuping that will be of some assistance in
any particular design problem. As an example of this
type of analysis, one might take as a measure Iof the general
aerolynamic efficiency

E = (C, ... 'C,,,,) ( L (89)
(A C"% - C.If,,) \ / ..

where AC 4, is assigne( a value that properly allows for the
effects of a low C'~. If increasing Cv, from 0 to -o.1(o

is considered offset by a io% increase in (L'D) ..... then

AC.I = 1.OO. In al)lying any criterion, the group of

sections to be considered is initially restricted to those
meeting obVious requirements such as adequate thickness

for efficient spars or control attachments. A brief in-
spection of the VDT data, previously discussed, will show
certain sections of outstanding general merit. These
are the sections of 1270 thickness. A list limited to ten

sections will include albout all that are worth considering,
except in very special cases. The ten sections selected
on the alasis of data now available are as follows:
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Ratio
CL m,,o

Section C,, ,, CDo mmi (-Do min Cmiy
0012.. .... .... 53 003184 - .002
2212 .. . . . . . . . . . . 1,6o) .0 87 184 -. 029
2,312 ... . . . . . . . . 161 .o89 181 -.0318
2412 ... . . . . . . . . . 1.61 .08,5 189 -044
4412 1.6'5 .0092 179 - .089

2 R,12 ...... 1.53 .0083 184 -. 020
N kAA 2......................1 .60 .1ogg 182 - .038
.N-8o .. . . . ... ... 1.63 .008,3 196 -1)45
('N"1........................1.47 .0086 172 -. 027
230)12. .. ....... 1.63 .oo86 Igo -. 008

Corrections for Aspect Ratio. Basic airfoil (lata are-( usually
given.I for infinite tspect ratio. TO convert the(se datai to
any, finite aispect ratio, t 1w fo)llo wing formuilas are used:

a1
a- 8

+X, IS H ± 24 CL (I+ )(39a)

)/

where T and a are t he corrcct ions for the shape of the
span1 loading curve. For an ililptical wing, or for a well-
roundl~ed tif), bo1 thl r and o- are zero. For a wing with sq nare
tips they vary with aspect rzktio ais shown on Figure 17.

Airfoil Ordinates. A;ir fo il ord ina tes are reaidily ava iIaIde
in the original Jptl)licat ions andl in variotis N....
Technical Report,, giving collected datlta , such as 1'.R.
Nos. 93, 124, 182, 22 1, 233, 244, 286, 3 15, 33 1. 352, an(l 46o.

Table 5 lists for corivellient recfer-ence the ordinates of a
limited num11ber of ouitstanding sections.

Airfoil Section Equivalents. It may lbe of interest to comn-
pare the present N.A.C".A. famiily of related-( sections withI
the sections most frequently used in the p)ast. [able 6
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TABLE 5. AIRFOIL ORDINATES

0012 2212 2412 23012 CVH N-80
STA U L35 35

U L U L U L U L U L

0 0 0 - 0 - 0 - 0 3.50+350 .33 0
1.25 1.894 -1.894 2.44 1-.46 2.15 -1.65 2.67 -1.23 5.45 +1.93 2.02 1.33
2.5 2.615 -2.615 3.35 -1.96 2.99 -2.27 3.61 -1-.71 650 +1.47 2.84 1.83
5.0 3.555 -3.555 4.62 -2-55 4.13 -3.01 4.91 -2.26 7.90 + .93 4.03 2.38
7.5 4.200 -4.200 5.55 -2.89 4.96 -3.46 5.80 -2.61 8.85 + .63 4.94 2.73
10.0 4.683 -4.683 6.27 -3.11 5.63 -3.75 6.43 -2.92 .60 + .42 5.68 2.97
15.0 5.345 -5.345 7.25 -3.44 6.61 -4.10 7.14 -3.50 10.69 + .15 6.78 3.24
20.0 5 7381 -5.738 7.74 -3.74 7.26 -4.23 7.50 -3.07 11.36 .03 7.51 3.37
25.o 5.941 -5.941 7.93 -394 7.67 -4.22 7.60 -4.28 11.70 0 7.92 3.45
30.0 6.002 -6.002 7.97 -4.03 7.88 -4.12 7.55 -4.46 11.40 0 8.07 3.47
40 0 5.8o3 -5.803 7.68 -3.92 7.80 -3.80 7.14 -4.48 10.52 0 7.75 3.25
50.0 5.294 -5.294 7.02 -3.56 7.24 -3.34 6.41 -4. 17 9.15 0 7.09 2.84
60oo 4.563 -4.563 6.07 -3.05 6.36 -2.76 5.47 -3.67 8.30 0 6.13 2.34
70.0 3.664 -3.664 4.80 -2.43 5.18 -2.14 4.36 -3.00 7.41 + .06 4.89 1.78
80.0 2. 23 -2.623 3.52 -1.74 375 -1.50 3.08 -2,V' 5(2 + 38 8.47 1.21
90.0 1.448 -1.448 1.93 - .97 2.08 - .82 1.68 -1.2,3 3.84 +1.02 1.82 .58
95.0 .807 - .807 1.05- .56 1.14- .48 .92 - .70 2.93 +1.40 - -
100.0 0 -0 - 0 - 0 0 2.05 +1.85 0 0
L.E.R. 1.58 1.58 1.58 1.58 1.5

r'..\0l.E (I. N.A.C.A. SYMBOLIC EQUIVALENTS FOR COMMON AIRFOIL

SECTIONS

Maximum Mean
CamberCamber Thickness Nearest

Section C N.A.C.A.. c Location Section

Clark N .................... 3.9 40 11 7 4412
Y-15 ................ 5.2 37 15.0 5415
Y-18 ..... ........ 6.3 37 18.0 6418

\ -15 ................ 4.0 40 15.0 4415
\ I -18 ................ 4.0 40 18.o 4418

( yI I ..................... 3.1 31 11 7 3312

M-6 ...................... 2.4 29 12,0 2312
M-12 ......................... 2.0 30 12 0 2312
N-22 ...... .................... 3.5 36 12 4 4412
('-398 .................... 3 5 36 13 1 4413

SA 27 ......................... 5.6 34 11 o 6311
17 A-351 ................. 4.6 38 11.6 5412
(-72 .......................... 4.0 46 11 7 4512
Hoeing 103 .... .............. 4.2 36 12.7 4413

Boeing m6 ................... 3.5 36 13 1 4413

. .. ._ _ _ _ _ _ _ I-=__ _ - __ -, _ _ _ _ _
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lists a few of the outstanding older sections with the
nearest N.A.C.A. equivalent designation number.

CL Maximum for Biplanes. The theoretical treatment of
the biplane has been confined to that portion of the lift

curve where dC, d is constant. It should be l)ossible
to extend the existing theory and obtain an approxiiahte
solution for C,. mfaximun.

Experimental data 7 indicates that the effect on C1,
maximum varies with wing section and cellule propor-
tions. ('ertain sections, such as the USA-27 and the
G-387, give consistently low C,. maximum in the biplanc
arrangement. Other sections, notably the G- 3 9 8, give

40"

30 .

CCO,

-I0*
I

-20' 1
-0.20 -0.16 -012 -. 00 -0.04 0 +0.04 +0.06

A CL MAX.

Figure 56. l-ffct f Stagger and Calp/(IrdI Ruti,, M-1 hm1 lift f a
Biplane

7 W. I.. C'o .e,, A. G. Gatdd. L. J. Jone t nd S. W. Skan, "Bilplam' t Iig:nin with
RAF 7 .i,,s , rt III Tests at Various Staggtrs and (i, (ht,rd Ran-,, lir,.\.R C.
K. & M. N-. 872 (1923).
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consistently high C1, maximum in the b~iplane arrangement.
Satisfactory test data are available for the RAF-1 5 section
only, and these data do not include the effect of decaLage.

The effect of the biplane arrangement on CL maximum11
may be plotted as in Figure 56. While this plot is based
onl RAF-i15 data, the limited tests available on other
normal sections show reasonable agreement. Four points
for Clark Y biplanes taken from the dlata in N.A.C...
T. R. No. 317 are llottedI as triangles on Figure 56. These
p~oints show very close agreement with the RAP-i 5 data.

The v-alue of A~C, maximium, as plotted on Figure 56,
is giv-en by

A~ C L = 0 -o5) + 0.002 (go

Where (7 is thle gap, c is the mecan chordI a nd s is the( st agger.

Tapered Airfoils. Test data on three, tapered airfoils
are given in N .A.C.A. T. N. No. 4 87.' The m lels had d
2 :1 taper from the 18%" root section at a poin t o.635 lrI
lengths from the center line to a 9%, sec(tionI at the til.
The ro)ot section was 1 .27 C anld thle I) Is*(' t il) sct i(n
o. 635 c. A-ll sections along thle span weire parallel with
the 30c/ upIper surface stat ions in at straight line across thle
span. The tips were rounded.

It mlay be shown that the average geomet rical thicknecss
of such a tapered wing is 14%.fo If allowance is mlade for
variation in loading along the spain, the average aer )( I-
namic thickness is about 157%. The test data are als
follows:

Ratio
C I, -- ,

Sectiton CL CD , -,in CL,. -n CM,
NACA 2218-09.................. (s6 .next r1ho -. ()2(
NACA N\t-6.................... 49 . 0f") 5 15, 7 - o(,
CLark Y... ................... 1 67 o01o2 14 - 071

NACA 2215. ................. 154 .0098 157 -. 0221

R, F. AnIer-n, "Testq on Three Tniperedl Airfoils~ Based on, the NACA- 2200, the NACA
M-0 an t h-t (Ilrk Y Sections," N.. At. A. T .N NI). 48 H)..
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The estimate(] values for untapered 2215 are included
for comparison. The agreement indicates that the char-
acteristics of the mean section may be safely used for
untested tapered wings. Consideration of lateral control
and lateral stability must also enter into the selection of a
tapered wing.

Comparing the three tapered wings, the Clark Y is
slightly superior on maximum lift and C. .,./Cr. -- File
differences are so slight that choice would probably be made
on the basis of moment coefficient.

Cut-outs. The center section cut-out cannot be avoided
in many airplane designs. Properly made, the increase in
profile drag need not be great. In a theoretical study of
the wing cut-out given by Sherman,9 it is shown that the
adverse effects are due to induced interference, and that
extension of the cut-out in a chord direction has a greater
effect than extension along the span. The interferuace is
greatly increased by mutilation or unfairness of the center
sections at the leading edge, although unfairness in plan-
form has little effect. Ackeret's' ° tests show that the
trailing edge may lbe cut off normal to the chord without
seriously affecting the characteristics. Based on the original
arca, the reduction in C. maximum is almost linear from
1.4o withI the original wing to 0.9o when 5o" of the chord
is removedl. There is an increase in profile drag at all lift
coefficients that is ap)roximately Io% of the decrease in
(*; maximum. For example, removal of 30% of the chord
from the trailing edge decreases CL maximum from 1.40
to 1.1o and increases CD, by an average of 0.30 X 0.10
0-030.

The angles of the chords of the center section may be
increased to alb w for the loss of lift due to a (lt -out and

A. Shernm n. "Th,. A,.rdvnamic Eff,'cts f Wing Cut-,rits." N.\ \. T R. N,,. 4go

"I. .\cker ,r . " -. su lngftl in 11 l .en M it A bg sc hm nntteuc r ir terk . . " I ,,t 111llnisse li a d I11.
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almost perfect compensation can be obtained at one angle
of attack. This refinement is probably of less impIortance
than it appears. r[he main care of the designer should be
to avoid distortion of the forward part of the wing at the
center section.

A\n opening through the wing at the center section gives

alarge increase in CD,. The effect is Substantially the
sainie as the reduction in aspect ratio due to a fore-and-aft
slot.

Surface Effects. '[he surface finish of a wing may have
a profound effect on its characteristics. The v~iriable-
lcnsitv tunnel data are obtained on metal modlels buffed1

to ahigh polish. Special tests"' that have been miade
With VariouIs surface finishes indicate that unless this
highly polished surface is used, there is a reduction in
miaximumi lift coefficient and an increase in 1)r(Jtle dIrag
coct-ficient. It is a matter of interest that in the VDLT
tests, a wooden modlel couldl not be given a sufficiently
high poldish to enab le dIup~lication of the mnetal modlel data.
A\ very slight roughening of the surface of the mietal model
wvith emiery cloth reduced the maximum lift about 20%

andl incrcaS(l CI,, ab)out 20(%.

In these tests the greatest effect was found when the
m' P lel surface was sprinkled I with No. 18o carl s rundlurn.
to ) reresenit the finish used on walkways. In this caIse
(', maxvimum was red uced about 50%I~ andl CD, was in-

cre-ased ab1out lo(10%.

Tlests on a wing in the full-s-cale Wind tunnel minicated
that a i o%7 reduction in ('DOcould be obtainedI with a wvaxed
and I )0liSh(dSl urface as compa red to a standard dloped
surface.

Lip-joints give a small but (lefinitc increase in C1~,

TR WA. M -ker. "Tho Aerwldynamio(, l;cr tc f A rf i a AifovCt' bl y "Ill f.....
I TVm~- N..A.A. T.N N- 457i~i
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The practical importance of these findings is obvious.

It is necessary to insure a high degree of surface smooth-
ness if the full advantage of the ultimate wing character-
istics and freedom from any kind of disturbing projection

is especially important near the leading edge and on the
upper surface forward of the maximum thickness.

Protuberances. The effects of protuberances extending
from the surface of an airfoil have been investigated in the
variable-density tunnel." The effect on drag varies with
the size and location. On the forward upper surface the
additional drag is about twice the drag of a flat plate
having the same projected area. On the lower surface,
the drag increase is about that of a flat plate having the

same projected area.
Short protuberances such as fittings have an inter-

ference effect on induced drag that is out of all proportion
to their relative size. This effect varies with the location
along the span and is much greater near the center of the
wing than at the tips. Hence, if the full possibilities of
the wing section are to be realized in an airplane, it is essen-
tial that the upper surface be smooth and free from pro-
jections. Even small projections such as rivet heads are

to be avoided. The tests reported in N.A.C.A. T.N. No.
461 show that a single row of "-inch brazier-head rivets

spaced one inch apart along the span on the upper surface
at 5% of the chord gave ACD0 = 0.0012 or about 13%
increase in profile drag. Nine rows spaced along the chord
on the upper and the lower surfaces gave ACDO = o.oo16
at 120 mph on the 6' x 36' Clark Y wing used in the test.
The slight increase due to the additional rows is explained
by the effect of the disturbance in the boundary layer intro-

duced by the first row. In this connection it should be

12 E. N. Jacbos, "Airfoil Section Characteristics as Affected by Protuberances," N.A c A.
T.R. No. 446 (1932). E. N. Jacobs and A. Sherman, "Wing characteristics as Affected by
Protuberances of Short Span,' N.ACA. T.R. No. 449 (i933).

iAL _
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notedl that the AC1). values given have 1been taken at thet(
highest test speed and are aippreciably lower than the Valc

at 55 nlph uised in the (discussion in T.N. N o- 4()1.()in
to the large scale effect shown, the 55 mnph vaIlues are( C(III-

sidered pessimistic.

Wing-Fuselage Interference. The b asic airfoil chma (41r-

istics may be considerably modified by the e-ffe.cts of wving-
fuselage interference."3 These effects dep~end on fuisclage
shape, wing sect ion, wiglcto wt epc tIfslg

axis, and to a limited extent on the angle of incid ence oif
the wving and its location along the fuselage axis. In the

mo( st uinfavo rab~le cases there maylie a) s MUCh ats 30I'o
reiltct ilin in CL IIlaXinuI~~n and several hund rel Iper (ent
increase in Ciu,- i\lost of the interferen(c effects may lhe
clinlinatedll 1  a~deq nate filtS and( fai rings.

III general, the h1mv-wing arrangeient is ( lin itelv hiamIi-
C, Ilpe Iby inl t erfecec effects, alIthoughI when adchIj tit

fillets are used , it can be madcl to ;tIpproil iuat i the e Ifi1ciencvw

of the more favorable locatii IFs. I'fiiiiit airfo ils (If

small cambeir andI modi era te thickne's are moist suscei t il l
to adlverse interferenc e-ffec(ts. A.Irfi ~Is oIf III d lera t (
Cller lctdSlight]\ lv al ) the cet er-linC (iif t h fuIselaIge
are least affected 1 y interfereneec.

Figuire 57 gives the varia tIin of the ai ddit i n,t p lro-
file (drag cI jefl(iien t with li ing locat ion oit a fuselage (if

circular cross-section, 1;dtrmcIi HtNAC .
tests. AC,,is given for C'1. = o and C:, = I. . The

general effects are qite similar for thec t\\-( ei m lit io ns

except that the increase in AL,, is iure marked 10or CL

i.o. It is oif interest to note that for C1i. = 1.o and Ii =

-0.4 C, the valu-e (if A Ci,, is 0.0380 andl that this is redIuced

to 0.0070 by the Use (If a' large expanding fillet. Th is Lat ter

". r.. N. Jaicohii ind K F. WVar,. 4nefrei Wine , t-hw i f-,., i. T,,!, -f2
,mni nations in the N.A.CA. Varnibie-Dvui,t I unucd, N. V(A . . I R. N, .
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value may be compared with ACD. = o.0o40 "lltid
with the most favorable mid-wing and high-wing t)(sit l,(l s.

The critical conditions for these large changcs in lift
and drag make it necessary for the designcr to apply tlikt

corrections indicated necessary for the arrlngeentit used.
Since it is ilpracticalle to give here ,i sat isfaicty w wkilig
abstract of the N.A.C.A. tests, reference is madc to the
original data for dIesign use.
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NACA 2409-34. The variation shown includes the effect
of increasing both Reynolds Number and the speed ratio.
The point of particular interest is the "compressibility
burble" that occurs at about 0.7 V. Increasing the speed
above this point results in a marked decrease in CL accom-
panied by a tremendous increase in CDo. This effect is
similar for all sections so far tested, but there are enough
differences to justify the expectation that new sections
can be developed with greatly improved characteristics.

For thin sections, the compressibility burble occurs
at higher values of V/V, than for thick sections. Also,
the higher the value of CL, the lower the value of V/VC for
the compressibility burble. For minimum CD., the burble
for one airfoil with a 6% thickness was at V/I 7 - o.88,
and for a 12% thickness it was at V/V, = o.8o.

.. . .. . ., . .. ... .. .. .. .. ... .. .. . . ... . .. -



CHAPTER 6

FLAPS AND HIGH-LIFT DEVICES

General. The possibilities of obtaining a device for
increasing the lift and decreasing the drag of an airplane
wing have attracted many inventors. A large number of
schemes have been proposed and many of them have been
given wind-tunnel and flight tests. Some of the devices
have definite practical value and are now in extensive use,
but many of them merely serve to increase the weight and
structural complication.

In evaluating any of these devices the airplane de-
signer must consider a number of factors and either con-
sciously or unconsciously assign a definite weight to each
item of performance. An answer must be found to the
question "Do the advantages outweigh the disadvantages?"
Let it be emphasized that it is not a simple matter to
answer this question correctly, even when a relative weight
is assigned to each item of performance. The device that
affects only one characteristic does not exist, and it is yet
to be demonstrated that superior all-round performance
cannot be obtained with plain wings.

Many designers consider that the chief purpose of flaps
and related devices is to increase the maximum lift. A
good wing section will give C. -. = i.6o, and this may be
increased to something between i.8o and 2.50, depending
on the device and the design characteristics. The in-
crease in lift may be used either to reduce the stalling speed
or reduce the wing area required for a given stalling speed.
In either case a number of factors must be considered.
The effect of the flap is not confined to increasing CL

141
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Both drag coefficient and moment coefficient are greatly
increased. Fortunately, the downwash on the tail is also
increased so that longitudinal stability and balance may
be maintained in spite of the marked increase in Cml. How-
ever, the increased down load on the tail opposes the wing
lift so that the net CL ,. is appreciably reduced. This re-
duction in CL is approximately

A CL, o, = CM1/(/c) (9')

where Cm is the wing moment coefficient at CL .... I is the
tail length and c is the mean chord. Some types of flaps
give CM values as high as -o.6o at CL ... For 1/c = 3.0,
the corresponding ACL ,a is -o.2o or a reduction of about
8%.

Under normal conditions the enormous increase in wing
drag with fully extended flaps is of considerable value in
landing. It is highly objectionable, however, in the take-
off. The best take-off is usually obtained with a partial
setting that varies, with the type, from 25%10 to 75% of the
full throw. The best setting may be very critical. Under
favorable conditions the best setting gives about 30% re-
duction in take-off run required with the device fully re-
tracted. If the comparison is made with plain wing area
increased to give the same stalling speed, the take-off run
for the wing with flaps is found to be the longer. In other
words, the true effect of a high lift device is not obtained
from comparison of take-off runs at various settings.
These data should be compared with the corresponding
plain-wing area that gives the same stalling speed. This
method of comparison applies to all performance char-
acteristics.

Further discussion of the advantages and disadvantages
of various types of high-lift devices will follow:

Types. There are at present eight distinct methods
availal e for increasing lift coefficients. Six of these
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methods incorl)orating various forms of flas) are shown on
Figure 59. The other two methods, Boundary Layer
Control and the Magnus Effect (()r lettner Rotor), are
in an entirely different Stat uS and will be discussed later in
this chapter.

The six tvps of flips shown on Figure 59 fall into
three groups: the plain or aileron flap which may be used
with or \\itho(ut the !eadi[ILe Vd.g slot, the split or lower

PLAIN FLAP

SLOT AND FLAP

PLAIN SPLIT FLAP

ZAP FLAP "-

AIRFOIL FLAP

VARIABLE AREA
FOWLER FLAP
F~igure 9 T.%p,). (4I Flap,.

surface flap which may have either a fixe'l r a niovalle
hinee axis, and the external aiirfoil flap %%hich (it her may
hc mxaih ;tlbout a fixed axis (,r secure substantiallv the

S'111(' litt io in a retracting-extending ope-ration. t"ach
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of these types has certain advantages and disadvantages
that determine its suitability for any particular set of
design conditions. No one type is inherently superior in
all possible applications.

Flap Theory and Test Data. Glauert and MIunk have de-

rived theoretical solutions f)r the effect of simple trailing
edge flaps. Both solutions are similar but Glauert's'
is more complete and better known. A brief summary
will be given with comparative experimental data.

The effect on lift coefficient due to moving a flap

through the angle 3F to the main surface is given by

CL =a, a.+ a.6F (92)

dCL .
where a, i d,, is the slope of the wing lift, a. is the abso-

lute angle of attack and a2 is the slope of the lift increase
dCL

due to the flap angle or a2 = d C. The ratio (a,.I'a,) is

independent of aspect ratio and the theoretical values

are giveIL ifl 'dlfll 7 (m pigu 15i, and In ,Igurc 00 (fl Oth.

opposite page.
Equation (92) is equivalent to CL = CLo + ACL. A

study of experimental data, Figure 6i, indicates that ACL

is not linear with 6P as the theory would require and fur-

thermore, at high values of CL, the initial slope is about 6o%

of the theoretical value. A comparison of the theoretical

and observed values of aja, is given on Figure 62. The

experimental data are closely represented by

A C, = 5, (a'. - K. -F) (93)

Flap chord

where a', and K are functions of the ratio E - Fing chord

and have the values given on Figure 62. For A = 0.20,

a'la, = 0.34 and K = o.oooi85 when Sh, is in degrees

H. Glauert. "Theoretical Relationships for an Airfoil with Hinged Flap.- Br.A.R.C.
R. & M. No. 1o95 (1927).
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taken positive when trailing edge is lowered. K appears
to vary as sothat

K = o.ooo61 E 7
1 (94)

'[he theoretical effect of the flap on moment coefficient
measured1 ab)out the leading eclge of thle airfoil is given by

CjM Cjt u - 0. 2 5 CjL - 17 y(95)

where in is a coefficient depending only on the ratio E.
Values of rn for 6F' measured in degrees are given in Table
-7 and on Figure 6o.

0.

0
o 0.5

0.4 _

0.I

0
0 .10 20 .30 .40 .50

RTO FLAP CHORD
ATO WING CHORD

Figure o2. Conipari son of Theoreticeal and () sr%-d 1:1, p Ne Rlt ii



Ch. 61 FLAPS AND HIGH-LIFT DEVICES 14 7

-0.40_ , ll

-0.10

0 I F

0 .20 AO ,60 .s0 tO

A CL

Figure 63. Increase in Monent Coefficient Due to Flaps

According to Jacobs and Pinkerton,2 equation (95)
gives reasonable agreement with test data for flap angles
less than I 0', but in other attempts to obtain a comparison
the agreement has not been satisfactory, particularly at
high values of (',,.

According to Munk's theory, the resultant of the lift
due to camber acts at o.5o c and the resultant of the lift
due to angle of attack acts at 0.25 c. Moving the flap
from the neutral position has the effect of changing both
camber and angle of attack, so that the increase in moment
coefficient will be a complex function of E and 6F. It
appears, however, from analysis of test data, that AC.
is a fairly definite function of E and ACL as shown on
Figure 63. For all practical purposes it is sufficiently
accurate to assume AC.riACL = -0.25 where AC(.v and
ACL are taken at any given angle of attack of the main
surface.

E. N. Jacob and R. M. Pinkerton. "Pressure Diqtribution over a Symmetrical Airfoil
Section vith a Trailing Edge Flp, N..C.A. T.R. No. j60 (19 o).
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The hinge moment of a flap is defined by the cqulation

HI - Cii q S, cy (96)

where C11 is the hinge moment coefficient, Sp, is the flap
area, and ch, is the flap chord. Acording to Glaucrt the
value of CUn is given by

CH CHII - (b)C.b6 (97)

The coefficient b and thle ratio b,/'a, are independent
of aspect ratio b~ut they vary with the chord ratio E as
indicated in Table 7 ;nd ( Oin Fgure 6o.

Figure 64 is a plot of hinge mioment coefficients'~ against
flap angle for three v-alues Of E. The initial slope of C,~
is in close agreement with the avecrage theoretical value of
b but there is only a slight decrease in the slope as E
increases, the change being 111tich less than the theoretical
value. For all p~rac'ticail putrp~oses a v-alue of b = 0.oi 10

may be taken for all va;lueQs of E' less than1 0.30.
The same test dlata are plotted in Figure 65, giving C,,

as a function of Ci. and 4F. While there is sonie variation
with C,.. it is not the linear effect req U iredl by equation (97).

The use of large values Of 6,. at Moderate angles of

attack may give as mutch ais a twe*nt v-fold increase in total
wing drag c ief iciet. This increase is (11ie in part to thle

effect (Of indlICUceI dlrag and in part to the increase in profile
drag. Figuire 66 givesA(,, as al function of E and 6P..

At a givecn angle of attack, thle relation between the total
dIrag coeflicient CD for tihe \\-ing with flap neutral and CDF

for the flmp displaced through the angle 8, is

CDI -C_ ± (C,. + A C,) 2 -C1, + A , (8
CDP =CD+ -- r I - - - - C. 98

where CL is the lift coefficienit for the basic wing section at
the given angle of attack, ACL the increase due to the

3 From N.A.(C... Tests.
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flap, and( A ,o is the increment obtained fr(m Figure 66.
n is the effective aspect ratio and in the case 4 part i~ii slimn
tlaps some allowance should be made for the incrlsd
induceed (rag due to distorted span ha( iing. "r tlap

settings below bp, = 6o', the value ()f A_',, is givcn ihseh

-1 CD, = 0.0135 E 6F (99)

where 6, is in degrecs.
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In the precedtig (istsiof, t he comparis on hoet We

t heo)ret ical and experi then tal valucis hais h eni t aken at mn
anigle of attack of about lo' or at a basic C1, of abuloat I .o.
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The Plain Flap. The plain or aileron tviie of tla1 I l3 15 111

sj l l .i1 carI( vilamic aCd Xdfltagvs over other tv' )c5 x('ep
whenl tisc( with 1(8(1ing ed(ge- slots or When Usel in ani

.rrangl('nietit that enal)les thle Ilalps to be (lit1(i ai
lllet'dt(d I for la teral c'ontrol fromii a Ilowerel 1 j,1501 im. 1 ti

su(' an rrageme(nt the flap chord should bc ~ sniall %%it 1 a
\;lil( (If E' less than 0.15. It appears IM ssild to ,h(,Nv11
(-x(-'-len t resullts with Ii 8careflCUII (I g I I c inll

fl~ip. The oe C, n~aiiim with the snuall Ill! I j I, id:,t

tion 14 (I and11 6 , in Figure 67,
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Effect of Leakage Between Wing and Flap. While claims
ha-e been made that a properly formed slot ahead of a flap
increases the lift obtained, there is ample proof that leakage
through a gap between the wing and flap is highly detri-
mental. N.A.C.A. tests show that for the average case,
there is a loss of about 30% in ACL , due to a ga ) measur-
ing 0.0032 c, or about 3 16" on a 5-foot chord. The
effect varies with flap angle as shown on Figure 68, which
is based on tests with a 20% full-span plain flap on a Clark
\ wing.

The loss in efficiency lue to leakage may have a serious
effect in reducing the effectiveness of flaps or controls.
It may explain why many installations of plain flaps have
failed to give expected increases in C..

Slotted Flaps. An increase of about 0.20 in AC ,_
has been claimed for a shI t located just ahead of an aileron
or a plain flap. This claim is not substantiated byv existing
data, which indicate erratic results with no consistent
imlprovement.

N.A.C.A. tests4 show that when the upper surface of
the wing is given a rearward extension projecting over the
flap, a value CL .... = 1.98 is obtained. Without this

extension CL -- = 1.77. This difference is lrobably the
basis of the claims for the slotted fla), but tile same tests
show that the plain unslotted flap gave C:. . = 1.95.
Hence, any gain due to the use of a slotted ilap appears
to be a nullification of the adverse effects of leakage. In
view of these adverse effects, a slotted flap should not be
used without the rearward projection recommended in
T.R. No. 427. This form is shown in Figure 77 which is
a reproduction of Table III of that report.

Split Flaps. The Wright-Jacobs split flap is formed by
splitting the trailing edge of the wing andl hinging the

F, F. WNeick and J A. ShOrl~d. "Thw Effect of Multi p le Fizx'd Slis and a Trailing Edge
-la, on the Lift and Drag of a Ci.lrk "* Airoil.- N.ACA. T R. No. 417 (1V321.
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lower p)ort ion to r( tate 1)o1.t ian axis wit hini the wing.
'Ihlis a1xis forms the leading edge of the flap. The upper
surface of the wing is intact, andI when rct ractedi, the flap
is flush with the lower SUrface.

The Split 11,ap has deftinite ad\l;anttgcs and disadxvantuges.
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ivIluri. 7() 1ncrua,c mn 1'Itn D~rag C(clicci Lihc to Full-S pam S pt:- Flai,

The i ncrc;is( iii prIjic dLI rag cottilicit du ie to a full-

span split flap is givenl mn Figure 70. ACiL, is clo'sely

~ijpprIxiniatedl hvI the emp jirical equiation

A Cl = (.01,5 E bloo10)

whecre 5v is in de(gree(s. ('m onparing this value, ()f 'J

wvithi that for a plain flap, e(lation (oj), it is seeni that the

increcase in po Ii d( rag coeflicient is abmi dt 1 oo% gr(a ter for

the split flap. The dIiffereneec in corresp Intling total drag

ocefficents is. in general, somewhat less than 10,r.
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The hinge moments for a split flap are ailmost identical
with the hinge moments for a plain flap and Figire 65
may be used for either type.

The ratio of ACMI/ACL for split flaps appears to vary
with E and AC in a manner almost identical with that
found for plain flaps, Figure 63, except that the values for
the split flaps are more negative by an average value of
about "io%, For all practical purposes, it is sufficiently
accurate to assume ACtfrACL = -o.28.

Split Flaps on Tapered Wings. The effect of split flaps on
tapered wings has been measured at Langley Field. 5

Four models having 5:1 taper were fitted with flaps thus:

i. Flap tapered with wing to give constant ratio E = o.15
2. Flap tapered with wing to give constant ratio E = 0.25

3. Flap of constant chord to give E o.15 at mean chord
4. Flap of constant chord to give E = 0. 25 at mean chord

The values of ACL.. for the tapered flaps agree closely
with the corresponding values for the same E on rectangular
wings, but the ACL -. values for the constant chord flaps
are appreciably lower than the corresponding values on
rectangular wings. The difference is due to the non-linear
relation between A CL ... and E. The effect of a split
flap on a tapered wing must be obtained as follows:

I. Divide the semi-span into fore-and-aft strips uniformly
spaced.

2. Find mean value of E for each strip.
3. Find value of ACL .,. for corresponding E (,n a rec-

tangular wing.
4. Find area of each strip AS.
5. Take products -S X AC".
6. Find 2(AS • ACL.. ) by trapezoidal rule or planimeter.
7. Divide £(AS.CL ... ....) by area of the semi-span to

get ACt.
6C. J. Wenzinger. "The Effect ,f Full-Span and Partial-lpean Spijit Flatp the Art-

dynamic Characteritics of a Tapered Wing," N.A.C.A. T.N. N. 505 (1934).
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For the 15% constant chord flap of T.N. NO. 505, the

"llUe "I 1ACL,- calculatedl ly this method is o.66 as
compared with an observed value of 0.67. For comparison,
the value for uniform E = 0.15 is 0.78 bv Figure 69,
While the observed value in Figure 2 of T.N. No. 505 is 0.80.

AC, and A( v may be found by the ACL values
w.eighted for area.

1. 00

4 X RECTAN ULAR WING
Z W ( TAPEREP WING
igz M

U.

.4

<1 .20 __

0 .20 .40 .60 A)Z 1.00

RTO FLAP SPAN
RTO WING SPAN

Figurv 71r. Partial Span Split-Flaps

Partial-Span Split Flaps. Partial-span flaps have been
investigated at Langley Ficld.6 The effect on ACL.
depends on the location of the flap as shown on Figure 71.
It is of considerable interest to note that when data are
plotted in a non-dimensional form, thore is no appreciable
difference between rectangular anfi tapered wings.

5SC. J. W~enzinge .. ... fe Effect of Partial-Span Split Flapsin the Aerodynamic Chara, -
teristicsi of a Clark V Wing," N.A.CA. T.N. No. 472 (10331. C. J. Wenzinger, "The Effects~,f Full-span andI Partial -Spa n Split Flaps (in the :xerodlynaoliC Chlaracteristics of a Tapered
Wing." N.A.CA. T.N. No. S5 09 14).
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The relations between (DCandl C, will b e thbe same
for a partial-sjpan flap as for a full-span flap) if the data are
weighted for area affected.

Zap Flap. The Zap flap is a form of the split flap in
which the hinge axis moves aft along the chord as tile 11lap
is lowered. The trailing edge of the split flap describes
an arc passing through the trailing edge of the wing.

IO

6CC 7OC

LOAIN41 HNEAI

1 i00- - I- raeinC aiiuiIn t u -~n /i Tj

Th riigegeo h a la oe g tr 0

edge r of .the (s wing '[h Mactmual motion dc!-1peii on a

pairticular linkage used.
The ad vantages of the Zap flap o ver th s pl it i;ip are

reduced hinge moments and increased C0. Thcse are
offset somewhat by the structural compllicat ion.
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The N.A.C.A. tests' Cover all practicable motions of the
hinge axis. Mleasurements were made with the hinge axis
at ilo% intervals along the chord. Figure 72 gives
ACL in terms of E and hinge axis location.

The effect of a 45' flap setting on Cm~ is approximated
by Figure 73, in which AC.i1 is plotted against E and hinge
alxis location. AG1 is an increment to be added to the
b)asic Wing C.

- 0.60O

1-00

N - 0.40

L..

o - 0 .20 -- -- _ _ __ 
_ _ _ _ _

-0.10___

0
OSO0C 0.70 C 0.0C 0190C 1.0C

LOCATION OF FLAP HINGE AXIS

Fig-re 73. Effect of Foil-Span Zap Flaps oil Wing Moment Coefficient

Variable Area. A. number of schemes have been proposed
for varying the Wing area in flight. In some of these
sclhiies the area and span are to be changed simultaneously
with a telescoping arrangement. In others the area

7F. E \VWeick Zlnd T. A, HIardi%. "The Aerodynamic Characteriltics of .a Model Wing
]having a, SPlit 111q, De~cted Downward and Moved to the Rear," N.AC.A. T.N. NO. 422



i6o ENGINEERING AERODYNAMICS [h1 0.

change is achieved by a chordwise extension operating on
tracks or levers. While variable-span wings have been
constructed and flo-wn, the advantages appear to be in-
sufficient to justify the structural complications involved.
On the other hand, the extending chord devices may be
considered equivalent to a retracting flap that approxi-
mates the best aerodynamic arrangement for all conditions.
In this connection it should be noted that in the extended
position the best arrangement for a retracting flap type of
variable-area wing is practically identical with the best
arrangement for an external airfoil flap. This best loca-
tion is very critical and appears to vary slightly with the
basic sections of wing and flap. For a Clark Y flap with
a Clark Y main wing, the center of the leading edge radius
of the flap should be located about 2.5% of the main wing
chord directly below the trailing edge.

The best known form of the retracting-flap type of vari-
able-area wing is the Fowler flap investigated by N.A.C.A
Like the external airfoil flap, this type obtains high values
of CL without excessive increase in CD,, so that a large
increase in lift coefficient may be utilized efficiently in the
take-off. The available test data indicate that the in-
crease in profile drag for the Fowler flap is almost identical
with that for a plain flap if compared at the same values
of E and 6F with a corresponding reduction in CD,. In
this connection it should be noted that the comparisons
are made on the basis of equivalent plan-forms in the
extended position, since there is a change in induced drag
due to th2 reduction in aspect ratio.

Figure 74 gives the variation of CL ,. with the ratio
E for a Clark Y Fowler flap on a Clark Y basic wing. In
comparing these data with other flap data, it is advisable
to use the values of CL based on actual area since this is

8 F. E. Weick and R. C. Platt. "Wind-Tunnel Tests of the Fowler Variable-Area Wing,"

N.ACA. T.N. No. 419 (1932). See also T.R. No. 534 (1935).

AILmm m l mm I m mm
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the design condition for stalling speed. A specific com-
parison should he made on the basis of the actual lift
developed CLS and not on CL alone.

This type of wing gives what appears to be excessive
diving moments, but fortunately the downwash is directly

3.60

3.20 -- T--

2.8C -____- ___ ___

2.40

2-

.801
0 .08 .16 .24 .32 .40 .48

E = FLAP CHORD

BASIC WING CHORD

Figure 74. Maximum lift Coefficient Obtained with Fowler Variable-Ar~a
W/ing

proportional to CL so that in an airplane having ample
tail surface area there is a more or less complete counter-
action of the diving moment by the increased download
on the tail. The moment coefficient about the quarter-
chord point of the actual total chord of the extended
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Fowler wing is obtained to a ch(1se alpproximation in Ithe

normal flight range by

A C.J = o.55 A('. (IOI)

Due to the concentrated load on the "owlr flap, this
increment in moment is about twice th. incrnmcnt for a
plain flap.

The Slotted Wing. Two types of leading cdge, slots haxe
been used. In the Leigh type, the aiuxiliary airfoil thtt
forms the slot is fixed in the position giving the I cst ci4111-

promise performance. In the secondI t.Vpt (lichmiiann-
Handley Page) the auxiliary airfoil is mv\; 1lh, ln it trick
or linkage device so that the slot is open only at high atngles
of attack. The high negative pressures omcr the leaiiing
edge are sometimes employed to give automniatic opening
and closing of the slot. The load on the auxiliary airfoil
is sufficient to operate the trailing edge flap that is required
for utilization of the full slot effectiveness.

As a means of increasing lift and reducing stalling Slie.vl,
the slot is very effective, although somewhtt disa1 pllnint ing
in that the full-scale net gain is much less than might I Wr
expected from wind-tunnel tests on airfoil moidels with a
slot across the entire span. The loss may be ascrilbecl to.
two causes. In most practical applications, it is not feasi-
ble to extend the slot across the entire span or to kep the
slot clear of obstructions, and any interruption to the slot,
or to the flow through it, causes a very inarkI rIc(luct)in
in lift. The second cause for failure to olhtain the full
benefit of the slot is found in the very high angles iof attack
required for CL The slot merely extends the lift
curve against angle of attack without ppirecialbly changing
the slope and CL,., is at an angle of attack 1 etWeen 23'
and 29'. Maximum lift at these angks cannot be utilized
in either take-off or landing unless the airplane is specially
designed for this purpose.
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of attack of about 250. Consequently, the use of the fixed
leading-edge airfoil is restricted to extending the lift curve
beyond the usual burble angle. The N.A.C.A. tests9 show

Slot combination CL... . CO.. Co.- aCL.-

1.291 0.0152 85.0 15

1.772 .0240 73.8 24

1.596 .0199 80.3 21

1.548 .0188 82.3 19

1.440 .0154 87.8 17

1. 902 .0278 68. 3 24

1. 881 .0270 69. 7 24

1.813 .0243 74.6 23

1.930 .0340 56. & 25

1. 88 .0319 59.2 24

a77Cc~.. 1. 885 . 036 51.9 25

1.850 . 0298 62. 1 24

1. 692 .0226 74.2 22

1.672 .0214 78.2 22

1. 510 .0208 72. 6 19

1.662 025 6 4 22

Figure 76. Aerodynamic Characteristics of a Clark Y Wing with Multiple
Fixed Slots

that the ratio CL m../CD .. may be increased about 40%
by the use of the fixed auxiliary airfoil. It is impracticable
to reduce wing area to take advantage of this apparent
improvement, owing to the high angles of attack involved.

9 F. E. Weick and M. J. Bamber, "Wind-Tunnel Tests of a Clark V Wing with a Narrow
Auxiliary Airfoil in Different Positions," N.A.C.A. T.R. No. 428 (1932). F. E. Weick and R.
Sanders. "Wind-Tunnel Tests on Combinations of a Wing with Fixed Auxiliary Airfoils having
Various Chord- and Profiles," N.A.C.A. T.R. No. 472 (1933).
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In general, the efficient use of a slot always requires a
flap, if for no other reason than to bring high lifts into a
reasonable angular range. It is of interest to note that a

Slot combination CL... CoD.i. CL... C

1.950 0.0152 128.2 12

2.182 .0240 91.0 19

2.235 .0278 60.3 20

2.200 .0340 6C 67 21

2.210 .0270 81.8 20

1.980 .0164 120.5 12

1.770 .0164 108.0 14

2.442 .0208 117.5 16

2.100 .0258 96.8 18

2.185 .0214 102.0 18

2.261 .0243 93.2 19

2.320 .0319 72.7 20

7-- 2.535 .0363 69.8 20

2.000 .0298 87.3 20

2.035 .0298 68.3 21

Co.i. with flap neutral.
Figure 77. Aerodynamic Characteristics of a Clark Y Wing with Multiple

Fixed Slots and a Slotted Flap Down 45'

staggered biplane has inherently some of the character-
istics of a slotted wing, and slots are fully effective only on
the upper wing in such arrangements.

A most useful summary of slot and flap data is given
by Weick and Shortal in Tables II and III of N.A.C.A.
T.R. No. 427. These tables are reproduced in Figure 76
and Figure 77.
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The External-Airfoil Flap. A small autxiiairy wNing nohint(,(l
be~low the trailing edlge of the main wving is very (f(t\
ais aI 1alp andI shows considerabI le p~romiise~ of pro vid ing a
satisf act ory lateral control dlevie. N .A.C.A. tests" ifld i-
catc that the location of the flap is highly critical an I] varies
withI the airfoil sect ion u~ tsed. For a 2312 sect ion, thei
center of the leadIing edIge radius should Ibe al )otit 2"

of thle main wving chord below the trailing edlge. For
the 23021I section, the best location is 0.0125 C I elokw the

cho(rd.

'Ihlis type of fla p has several marked aidvantagcs. In
addi it ion to the possil iit ics in latcral cont rol, it sho~ws uip
remarkably wvell in take-off and at high speed. A. high-
speedl flip-setting of about -5) gives a low mlinimlum drag
co ci-ficient. CL - is olbtained with a mnoderate Va1 LI ieOf

'I ndl a Com1parat ivelv low va IC ieof C,,. WVit h a cam-
bered flap, it is p~ossib~le to obtaiin at value of C1, greatcr
than 2.4. BY a suit;il lechCI ( )ic *4 c igeIxis. the( hin
muoment co cfficicnts may lib edc ce to in dci Ilsircd I]wIti.
InI this rcslxect , the(. aitfOil t~tp is pr~ial~y supci lr to al
(it hecr t vIis

The I i Idvan tages are mostly structural. It is In at
vulnerali peOsit in foir di aage in handling, cilicr )nl It
lani planle o1r Oi a se:ipllane. When uIsed as aI lateral ci -
tro1 device. thle ro ll ing im mnirts are high, bUt theC Vawing

nvimienits are relatively higher. H owever, an (xi ernal air-
fouil Hapii has Ibeen used very stICCe'sfllyN for lift and lateral
cont ril on some of the I unker airp~lanes.'

InI tfie high-li ft Ipositioi n, the jutnkers "ioilo-\\ing.-
[lhe \\ragg flap, and the Fowler flap are almost identical
front an aer(odylnamic viewlpoint.

R, W. N,- "Windi-Tum,,i Tests of a Wing \,ith a Trailing-FJig.. .\iiiliav .\if ii
1a i ',. N.A...\ I N. N-~ 524 (1Q35). I;. F. ri- and R. W. N,,,, A m -t

lie ,,r (..lt.,rin5 r (X-ntr.l D)viC-' RI'ticulariv at igh Angi- ,l t.k.
N i i i tv At-ik I -d a > (-ri. N.A . R. N-. Io d- T R.

I- . Hi. Frad,ii H ni W. F, \V-)..!. "Windi-Tu,I T. a1 -iJnket Tv 1 ,p, \,ier-i
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Rotor Wings. Considerable Windl-tL11C uneIrsarhhs
becen directed towards obtaining a practical application of
the M~agnus Effec-t employedl in the Ict ncr Rotor.' In
most of the investigatii )fl along these lines, a rotating
cylindler formed the leadling edige and its, fairing f irmflt the
main bodly of the wing. It is piossib le to obi tain \altues (if

CL in1 eXCess of 2.0 With this arrangement, bu1t the (Irag is
very high andl there apphears to bie lit tle pro mise of sufiicit
impilrovement to make the schemei proct mc l4le.

Boundary Layer Control. There appear to be grecat possi-
bl t ics (if imp)roving airfoil characteristics t hrouigh con tir'
if the 1 n nary laver. The p~reliminriyN..(.. tests.
indlica te that stilct ii n slots are moi re chicient thdn

wsre'slo ts amnd thait the 1 )eSt IOCalt in is onl the( u P1 ic'r
surlface A altI~t 50(% iif the ehor-d. Tlhe i)O\N(rI req Ili irid

tomaintamn a suitable redluctmin in preTss1.re aIt a Suet110in

slo t is ( iiiratixly smiall. lIn the tests so i fr repoi-tidl

hwever. very high lifts h~aVe enCan I)C-1O~ll(( inlv With
,,e(r\ t hick sectmions at angles iif at tack (if the ordler if 40'.
The sho(wings made with thiinneri amd Imore iract ica I le
s(-ctioins have b~eenl somnewhalt d~isatppointing.

Effect of Flaps on Performlance. The mlaji effects if Ia

(In pctrforimanc are as follows:

1. InrTealse ill maximum1.11 lift coefficient, g m a rI I c(1't i' I

in stalling spieed and in take-otT im.
2. Increase iii drag coefficienit, gvh~seprgiio

angles andl reduced landingm, i i eilec

increase lie take-off rill]

3. Increase in lift coefficient at at iven iilldle (iA at iack.
This effect is very iimportan t in take-i it, part iculv
wvith seaplanes.

P~ . RidI, "T1 ,,f R'.:,ing ('vl -r N i V T N 2-
.1 . litllr V. W ndi- inne r-st AT m rr,.,I ii I. , -, !1'- IMIt. a littk

N- N A I K. N-. 8: S .if
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Owing to the marked increase in drag due to flaps, the
improvement in take-off run is a complex function of the
power loading, wing loading, and flap setting. For all
practical purposes, however, the theoretical reduction in
distance required to take-off and climb 5o feet with the
best flap setting, in a calm, is a function of wing loading

1200W

ZO
100

0
-- 6o00

0

2 16 20 24 28 32 36

Figure 78. Effect of Flaps onl Take-Off and Climb over an Obstacle

only as shown by Figure 78. This theoretical reduction
is almost twice as much with the external airfoil types
(Fowler, Wragg, etc.) as with the trailing edge types
(plain, split, Zap, etc.). Flight tests seem to indicate less
difference between the various types ol flaps than would
be expectd from the theoretical analysis. This is perhaps
due to the highly critical "best setting" that is found with
the high-d t-ag types.

Compal ing the conditions of flaps neutral with flaps in
best settini, there is a reduction in ground run between
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20% and 40/. This, however, should not be considered

the true effect of the flaps, since it is due almost entirely
to the reduction in stalling speed, an(d an even greater

reduction in ground run could be obtained with a plain
wing increased in area to give the same reduction in stall-
ing speed.

The exact increase in gliding angle is not ordinarily a
matter of interest, but in some cases it is necessary to ca!-
culate the attitude of the airplane in a glide or in horizontal
flight with flaps down. The attitude in horizontal flight
may be obtained by subtracting from the total CL the
ACL due to the flaps, thus finding the CL, of the basic wing.

The absolute angle of attack corresponding to this basic CL
may then be found from the slope of the lift curve for the
effective aspect ratio of the wing combination. In a glide,
the inclination of the flight path below the horizontal is
found from

0 = tan-' (CD /CL) (102)

where CD is the total airplane drag coefficient. The

attitude of the airplane with respect to the glide path
may be assumed the same as in horizontal flight.

The reduction in distance required to land from a

given elevation depends largely on the effect of flap drag
in steepening the gliding angle. Hence, the high drag
flaps give a greater reduction in distance than the low drag

types. For a high speed transport, the external airfoil
type of flaps will give about 30% to 35% reduction in
distance and the high drag types about 5o0 reduction
in the distance required to come to rest from an altitude
of 200 feet.

In the case of a seaplane or flying boat, the efficient
use of flaps is restricted during take-off by the requirement
that the sum of the air (frag plus water drag must be re-
duced. This means that the ratio of ,CL/ICD must be
greater than the A/R of the hull. The maximum reduc-
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tion in ruin is ordIinarily obtained wvith a modlerate ni tiil
setting that is rapidlly increased to a full throw just as t he
take-of sp ~ eed is atta;infedl [or this rcasi n, the I mlance I
01r part iallIy b alIanfced types eq uippedI foir (uick-acting
miechanical op)eration ap~pear most promfising for use ofl
flying boai~ts.

Additional Comment on Flaps. The application of flaps to

an airpilane requtires careful1 stu-( ly of lateral stab ilit y an I(
lateral control. Since the forces andl moments vary as
the square of the speed, a 5(/" reduction in speed means a

oo% redluction in the available control. Ioi this reasionf,
the Use Of filp devices in airplanes of relatively short span
has given unsatisfactory results. The dlesigner must not
Cii se rolling momjents audI( rolling-mioment co efficients.

Another factor of co nsidlerab~le importance is the ve(rticall
loeatio n of the center of grav ity. O wing to the inclinatioin
of the result;iu t force vector, zi high-wing m )noplaiie has a
imarked aidvanitage over a low-wing nionoJplane in the
mtter of longit udinal 1balance chan1ge d ieI to tlp.

Anoither faictoir to lie considered is the Sudden('1 stall thalt
al)lw)ars to be inherent with any of the high-lift devices.
This is particularlyv noticeable wvith many low-wing nmoni -

llauls. where there is a markcd tendency to (Irop the
noise witho ut l)ITNI)tis warning of the appi roaching stall.
An imp rovement can he obtained in this respect l\- us1e Of
,wa shout amnd thinner sections at the wving tips. All air-

I)L~IM1'S With Ii laps shold be p~rovidIed with amiple. long it 1-
(lmnal control.



CHAPTER 7

STATIC STABILITY AND CONTROl,

Stability. An airplane is statically stable if any displace-
.nent from a given attitude sets up forces and moments
tending to restore the original attitude. It is dynamically
stable if the resulting motion is stable, that is, if any oscilla-
tions due to static stability are quickly damped. Static
stability may be easily measured by wind-tunnel tests on
an airplane model; it is directly proportional to the slope
of the moment curve. Dynamic stability, on the other
hand, must be laboriously calculated from rather extensive
wind-tunnel tests, using assumptions which are question-
able. It is not surprising, therefore, to find that practically
all aeronautical engineers have ignored dynamic stability
as a design factor in the past.

In pitch, a fair degree of static stability with normal
design proportions is usually accompanied by dynamic
stability. Stability in pitch is called "longitudinal sta-
bility." Stability in roll and stability in yaw are not
easily separated. They are always treated in combination
as "lateral stability." Static stability in both roll and
yaw does not insure dynamic lateral stability and, in fact,
lateral instability may easily result from too mu, ch direc-
tional stability. In this connection, the use of moderate
dihedral is probably desirable in all seaplanes and in most
iandplanes. The prejudice of many pilots against the use
of dihedral in pursuit type airplanes is not substantiated
by full-scale rolling and turning data.

The study of dynamic stability is of greater value to the
aeronautical engineer than is generally realized. It is an

171
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excellent method of analyzing the effects of changes in
design proportions and will be used more extensively for
this purpose in the future when the demands for more
refinement in design methods make it necessary. A brief
treatment of dynamic stability is given in Chapter 8.

One of the most important problems in airplane design
is to determine the sizes and proportions of the control
surfaces so as to obtain a satisfactory degree of control
and static stability under all conditions of flight. The
remainder of this chapter is devoted to the general ques-
tions of control surface design.

Control Surface Design. Satisfactory control surface de-
sign requires:

1. A reasonable margin of static stability about the three
axes in all flight attitudes and loading conditions.

2. Ample control over the attitude and motion of the
airplane.

3. Moderate forces so that the controls can be operated
without undue effort or fatigue by the average pilot.

4. Provision for control over trim. This is very important
in types designed for extended flights or requiring
divided attention on the part of the pilot.

5. Provisions to avoid flutter.

These requirements can usually be met by careful atten-
tion to certain general relations such as c.g. location, size
and outline of the control surfaces, as will be indicated
later.

Center-of-Gravity Location. The definite location of the
center of gravity with respect to the wing or mean chord
requires two coordinates. Consistent results cannot be
obtained unless these coordinates are independent of wing
section and wing incidence. The only satisfactory method
by which the c.g. location can be definitely specified is
with respect to its distance above or below the zero-lift
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line and its fore-and-aft location along the projection of
the wing chord on this line.

For this purpose the zero-lift line should be drawn
through the mean camber of the aerodynamic center or
quarter chord point as in Figure 79. The coordinates of

--- CENTER OF GRAVITY

,--AERODYNAMIC CENTER

/ ON MEAN CAMBER

, ZERO UFT LINE -
WIND DIRECTION FOR
ZERO LIFT

Figure 79. Coordinates for Center of Gravity

the c.g. are x (positive aft of the leading edge) and h
(positive above the zero-lift line) as shown.

Effect of C.G. Location on Moment Curves. The different
types of wing moment curves obtained with various c.g.
locations with the N.A.C.A.-2412 section are shown on
Figures 80, 8i, and 82. Figure 8o corresponds to a high-
wing monoplane. The low c.g. location increases stability
at high-lift coefficients and decreases it at low-lift coeffici-
ents. When the c.g. is on the chord line, the moment
curves are straight lines, as shown on Figure 81. When
the c.g. is above the chord line as in a low-wing monoplane,
the stability is better at high speeds than at low speeds,
as shown on Figure 82. The effect of fore-and-aft c.g.
location is shown for each vertical location.
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With a low c.g., the stability is better at high angles of
attack (low speed) than at small angles of attack. High
c.g. gives better stability at small angles of attack than at
high angles of attack. The effect of change in fore-and-aft
location is independent of the vertical location.

+.04

I-

0Z J

- .16 -

- .20
- 0 0 2°  40 g* gO g0 120

ANGLE: OF ATTACK -

Figure 8o. Moment Curves for c.g. Below \Ving Chord

These effects may be summarized with mathematical
symbols as follows:

c.g. location Low On chord tligh

Stability at high speed ...................- o +
Stability at 1(ow speed ................... + o -
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L.25

0 h0=4

W-.00 _
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-2o 00 +20 40 so 9 1O Ito

ANGLE OF ATTACK - aS
Figure 8i. Moment Curves for c.g. on Wing Chord

A plus sign means an increase, a minus sign a decrease, and
a zero means no change in the longitudinal stability.

Moment Coefficient About Any Point. The pitching mo-
ment coefficient about any point may be calculated by
equation (49),

Cm = C.V, - (a - x) CL + o. 15i h Ci (49)

where a is the aerodynamic center, x is the fore-and-aft
c.g. location, and h is the distance from the c.g. to the
wing chord, as in Figure 79. h is positive when the c.g.
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is above the chord. In the absence of exact data on the
aerodynamic center, Figure 52 on page 123 may be used to
determine a.

In the case of a biplane, the value of CM is calculated

.12

U

W .o

-0

-2 0 " 4

ANGLE OF ATTACK -Gw
Figure 82. Moment Curves for c.g. Above Wing Chord

by equations (56) and (57), using the method described
on pages 70 to 72. This method is perhaps best illus-
trated by a simple example. The following arrangement
has been tested by N.A.C.A.
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Section Clark Y a = 0.25 Cm- = -0070
B~oth wings 30" x 5", Su/S =SL/S = 0.5

Stagger o.5o c

Gap = Chord

Moments will be taken about the mid-point of the line
joining the leading edges. This point has the following
coordinates:

XU= 0.25 XL = -0.25

(a - xu) = 0 (a - XL) = +0.50

hu= -0.50 hL =+0.50

Since the wings are of equal span and chord, equations
(56) and (57) become

S.vu = I -o.07 - 0.075 CLUZ

A CMIL = 12 1-007 - 0.50 CLL + 0.075 CLL 21

TABLE 8. EXAMPLE OF CALCULATION FOR BIPLANE CM

CLB"= Biplane CL---------------------------------- .20 .6o
CLU = Upper wing CL -------------------------------. 235 .69o
CLL = Lower wing CL -------------------------------. 165 .510
C~ivo for Clark Y---------------------------------- -. 070 - .070
Sucu/SC------------------------------------------- .5 .5
SLCL/SC------------------------------------------- .5 -5

-(a-xu) CLU-------------------------------------- 0 0
-0-075 C

2
Lu---------------------------------------004 -. 036

Cmfu------------------- -------------------------- -. 074 -. io6

ACMB =CMU (SU CU/S'C)-------------------------- -. 037 -. 053

-(a-XL) CLL------------------------------------ -. 082 -. 255
+0.075 CLL -------------------------------------- +.002 +.020
CML----------------------------------------------. ISO -. 305
ACMB =CML (SLCL/SC)---------------------------- -. 075 -. 152

CMB Calculated ------------------------------- -. 112 -. 205
CMB From tests ---------------------------- ------. 111 -. 201
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The calculations in Table 8 give CmB = -0.112 at
CL = 0.20 and CMB = - 0.205 at CL = o.6o. The cor-
responding experimental values (determined from the
vector diagram in Figure 30 of T.R. No. 317) are -0.113
and -0.201.

Mean Chord of a Biplane. While the moment coefficient
determined by equation (49) supplies sufficient information
for tail surface design, the well-established use of the mean
aerodynamic chord or "M.A.C." cannot be ignored.

The location bf the mean aerodynamic chord is readily
calculated from the three-term moment equation

CMB = C.1o - XCL + YCL' (103)

obtained from equations (56) and (57). Let it first be
assumed that it is desired to find the location of a mono-
plane wing having the same moment coefficient as the
biplane arrangement with respect to the actual c.g.
Second, let it be assumed that this monoplane chord has
the weighted mean chord determined by

W.M.C= c'. SU + CL • SL
SU + SL (104)

If CuB is calculated for two values of CL, substitution in
equation (io3) gives two simultaneous equations in X
and V. On solution of these, the fore-and-aft location of
the mean chord is found from

X = (a - x) or x = a - X

and the vertical location from

Y = o.i5 h or h = Y/o.1 5

As an example, take the biplane considered in the pre-
ceding section, for which in Table 8 it was found that
C,$f = -0.112 for CL = 0.20, and Cm - -0.205 for CL =

o.6o. These values give

-0.112 = -0.070 - o.20X + o.o4Y

-0.205 = -0-070 - o.6oX + o.36Y
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from which X = 0.202 and Y = -0.0375. Since a =
0.25, the reference point at the middle of the line joining
the leading edges is at

x = a - X V 0.25 - 0.202 = +o.o48 c

or 4.8% aft of the leading edge of the M.A.C. This
reference point is at

h = -0.0375/0.15 = -0.25

or 25% of the chord below the M.A.C. Otherwise stated,
the M.A.C. by calculation is located 25% c above the
mid-line with its leading edge 20.2% c aft of the leading
edge of the upper wing. The location determined experi-
mentally by the method given later is x = +0.05 c, h -
-0.30 c.

Virtual Mean Chord. The mean chord desired for design
purposes is a "virtual" mean chord. Its location with
respect to the wings of a biplane cellule may be determined
from the vector diagram obtained in a wind-tunnel test
by finding the position for monoplane and biplane vector
coincidence. This position may be easily located by the
use of a superimposed vector diagram drawn on trans-
parent paper to represent the monoplane vectors for the
geometrical mean chord (equation 104), which is moved
to obtain vector coincidence.

The location of the virtual mean chord has been ob-
tained by this method, using test data from N.A.C.A.
Technical Report No. 317, and from unpublished Wash-
ington Navy Yard tests. The experimentally determined
values have also been supplemented by values calculated
from the lift distribution. The vertical location of the
virtual mean chord is given on Figure 83 as a function of
the ratio (stagger/geometrical mean chord); other ratios
were tried but this gives reasonable agreement and is
easier to use. The vertical location is given in terms of
the geometrical mean chord. (h,- h,) is the vertical
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distance between the virtual and the geometrical mean
chords. The deviation from the mean curve is due to a
combination of experimental error and extreme conditions.
The average deviation may be expected to be less than i o%.

.60

S AO - ,, o_ __. _

So . _ _0 "0

0

o .

-.20 _ _ _ _

M N.A.C.A T.R. NO. 317
x W.N.Y. TESTS

-.40 0 0 CALCULATED VALUES

>
I-

-40 -. 20 a t0 Ao .60 .0 1.00 1.20 1.40

STAGGER S
GEOMETRICAL MEAN CHORD 6 M C

Figure 8.3. Vertical Location of Virtual Mean Chord with Respect to
Geometrical Mcan Chord

Further study will be required to improve the accuracy.
In general, the virtual mean chord cl' lies ahead of the

geometrical mean chord c,. The fore-and-aft separation
appears to depend on stagger and on the ratio of lower wing
chord to upper wing chord, as shown on Figure 84.

According to the limited data in Technical Report No.
317, the vertical shift of the virtual mean chord due to
decalage is

W.M.C. = +o.133 6° (105)

• . ° = =,==~W . . ... li , 1 n
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where 6 is the angle of decalage measured positive when the
chord lines intersect forward of the wings. Practical use
may be made of this relation by introducing sufficient
decalage to cause the virtual mean chord to pass through
the c.g. In any event the vertical and fore-and-aft loca-

-.tO

or

-.09

.0 -

U.

5
4 0g

0

RTO STAGGER .S
ATOGEOMETRICAL MEAM CHORO &R'C

Figure 84. 1-,;rizclntal iLocation of Virtual Mean Ch~ord with Respect to
Geometrical Mean Chord

tion of the virtual mean chord must be considered in
locating the wings and the center of gravity to obtain a
desired type of pitching moment curve.

Locus of C.G. for Constant Stability. A common design
problem is to balance combined vertical and fore-and-aft
shifts in c.g. to maintain constant stability. Obviously,
as the c.g. moves aft, it should also move down or vice
verwa. The angle between the c.g. path and the normal

mm m N IIl~um m, m -- nn unm m -- - i -- -
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to the chord depends on the value of CL to be considered.
The tangent of this angle is obtained equating the change
in the last two terms on the right-hand side of equation
(49), or

d (a - x) CL 0. 15 dh CL'

From which

dx/dh = -0.15 CL (io6)

Hence at CL = I.O, the stability will be unaffected by a
shift of the c.g. along a line inclined upward and forward
at an angle of about 80 30' to the normal to the zero-lift
line.

Cases are on record where a vertical shift of a few
inches in the c.g. was sufficient to change the stability
characteristics. This condition can occur only with mar-
ginal stability.

Horizontal Tail Area. The horizontal tail area required
to give static longitudinal stability may be obtained from
the equation for the slope of the curve of pitching moment
about the c.g. The basic equation in coefficient form is

dC.R _ dC.*tr dCmfr- + -~L(1o7)
dCL =dCL +d1' 17

Where Cmr, and C.T are the pitching moments for the
wing and the tail and Cm,,? is the resultant moment coeffici-
ent. It has been shown' that the desired slope of the
resultant moment curve is of the form

dMR/da = KqlVc (xo8)

Wnere TV is the gross weight and K a constant proportional
to the stability required. Equation (1o8) may be written
in coefficient form as

dC, K"w,
dCL (dCjLda)(09

IWalter 5. Diehi. "Two Practical Methods for the Calculation of the Horizontal Tail
Area Necessary fr a Statically Stable Airplane," N.A.C.A. T.R. No. 293 (r9281.
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The pitching moment due to the tail is

MT = - CLT • qSTI (i1o)

where ST is the tail area, I the distance between the c.g.
and the point of application of the tail lift. For all prac-
tical purposes, I may be taken as the distance between the
c.g. and the elevator hinge axis. From equation (i io) in
coefficient form

dC.%,, d C, 1./ ST- I\
dC,, dC, r(Sr C)

Now

dCLT daT r(dC7.T/daT) d F,
C-1 = dc (dC. da) -= da 1 ,

where F, and F4 are the slopes of the lift curves for the
tail and the wings, respectively. 7 r i: an efficiency factor
that allows for the reduction in tail lift due to body inter-
ference and will be discussed later.

Since the angle of attack of the tail is a,,, = aw + 3 -

where 0 is the tail setting and t the (hownwash angle

(dar 'da) = - (dc.'da) (113)

and from equation (411))

dc- 52 F 4F,
dor n

substituting these in equation ( I i) gives

dCA 52, F,1'SC "(

F, is a factor that gives the downwash correction for tail
location.
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The wing pitching moment 'about the c.g. is given by
equation (49) from which by differentiation

(dC.,w/dCL) = -(a - x) + 0.3ohCL (I'5)

The complete slope equation is obtained by substitution
of equations (Io9), (14), and (115) into equation (107)

rK - -(a -x) + o.3ohCL- - 1)17

and solving to obtain

ST I = -(a - x) + 0.3ohCL - Kw. 'F
SW c(116 5 '4])

in which for convenience the meanings of the symbols are

as follows:

ST = Tail area
Sw = Wing area

I = Tail length
c = Mean chord
a = Aerodynamic center in terms of c
x = c.g. location along chord in terms of c
h = c.g. location normal to chord in terms of c

K = Resultant slope coefficient
w. = Wing loading
F, = Slope of tail lift curve
F, = Downwash correction factor
F4 = Slope of wing lift curve
n = Effective aspect ratio of wings

1r = Tail efficiency factor

K and 'IT will be discussed below. All other factors are
either known or readily determined from design data.
The slopes of the lift curves F. and F, may be determined

from Figure 85
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Figure 85. Slope of Lift Curve F and F, for Tail Surface Equations

Longitudinal Stability Coefficient K. The shape of the
curve of pitching moments against either lift coefficient or
angle of attack depends on the h coordinate of the center
of gravity. For c.g. locations above the chord (positive
values of h), the stability is gr2ater at low lift coefficients
than at high lift coefficients. For c.g. locations below the
chord, the stability is greatest at high lift coefficients and
for c.g. location on the zero-lift chord, the stability is
constant at all lift coefficients.

The desired degree of longitudinal stability depends
primarily on the type of airplane, although a number of
other factors must be considered. The basic conditions
are that the stability must be positive at all lift coefficients,
and that it must not be too great for satisfactory control.
For h = o a single solution with the desired value of K
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will be sufficient, but for positive or negative values of h,
two or more solutions may be necessary, the first to deter-
mine the area coefficient at the critical condition, the
second to determine whether or not the stability with this
area is too great at the other extreme. For very large
positive or negative values of h, it may be necessary to
accept a low value of K at the critical condition, in order
to avoid excessive stability at the other extreme. This
is particularly true for negative values of It, as in high-wing
monoplanes, where it is desire(] to employ a fixed stabilizer.

The desired values of K in the normal flight range or at
CL = o.5 are:

Type K at CL = 0.5
fighly maneuverable or with fixed stabilizer, h positive. -. 0003 to - .(05

Moderate maneuverability normal stability. h small or
zero ........ .............-- .0005 to -. 0007

Very staible. It negative.............. .............. - .00o7 to - (y) I(

It is probably undesirable to use a negative slope
greater than -o.oo o at C1. = 0.5, unless a lower value
produces instability at zero lift.

Tail Efficiency Factor 7.7 Owing to the effect of inter-
ference from the vings, fuselage, and nacelles, the slope
of the lift curve actually obtained on the horizontal tail
surfaces is less than the theoretical value. The ratio of

the actual to the theoretical slope is the tail efficiency
factor 77,, which depends chiefly on the plan-form and ver-
tical location of the horizontal tail. Average values from
wind-tunnel tests are:

7T
Triangular plan-form:

O n fuselage center-line .................................. ..... ..70
On top of fuselage.......................................... 7
A bove fuselage (on fin) .............................. ........ . .8o

Elliptical plan-form:
O n fuselage center-line ........................................ .75
On tot of fuselage .......................................... .85
Above fuselage (on fin) ....................................... 95

Rectangular or shaped-tip plan-form:
On fuselage center-line .... ................................... .80
On top of fuselage....................... ................ .90
Above fuselage (on, fin)................... _ . . .......... . i.oo
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Any marked obstruction such as a nacelle ahead of the
tail surfaces reduces the above values as much as io% or
even 20%, depending on the disturbance to the air flow.

The values of 77T are prol)ably somewhat higher than
indicated by most published data owing to the incorrect
practice of calculating the aspect ratio of the tail from its
actual area and span instead of using the effective area
which includes the area intercepted by the fuselage. This
partially explains the very low efficiency of a tail surface
located on the fuselage center-line as reported by some
observers. The low efficiency of the triangular shapes is
due to the use of the actual span instead of the effective
span. The effective span of a wing with sharply-raked
tips is very close to the average span. Hence, the effective
span of a triangular tail surface must be appreciably less
than the actual extreme span.

In the absence of necessary information to estimate r
from the data given above, it is advisable to assume T =
0.80.

A discussion of tail-plane efficiency with test data may
be found in R. & M. No. 761 of the British Aeronautical
Research Committee, "Experimental Determination of
Tailplane Characteristics," by G.lauert and Peatfield.

Downwash Factor F2. With the exception of a narrow,
highly turbulent wake, the downwash field behind a simple
airfoil is fairly definite, but owing to the complex inter-
ference relations the local downwash at the tail surface
of an airplane is subject to marked deviations and irregu-
larities. It is easily seen how these disturbances are pro-
duced by the slipstream, center-section cut-outs, wind-
shields, etc., but it is impracticable to calculate the exact
downwash. Fortunately, the average downwash is of the
same order of magnitude as the theoretical value so that
there is no serious objection to the use of the theoretical
variation in tail surface calculations.
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Figure 86. Downwash Correction Factor for Horizontal Tail Surface
Equations
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Figure 86 gives the downwash factor F. as a function
of the coordinates of the tail surface. The coordinate y
is the vertical distance of the tail above or below the zero-
lift line drawn through the trailing edge of the wing.
An average value of y may be used.

Relative Effect of Variables. The change in horizontal
tail area due to change in any given variable is readily
obtained from equation (ii6) by holding the remaining
variables and coefficients constant. The results are best
given in the forms of curves showing the relative tail area
required for constant static stability.
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EFFECTIVE ASPECT RATIO OF WINGS
Figure 87. Effect of Wing Aspect Ratio on Horizontal Tail Area

Reqtlired for Constant Static Stability
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Figure 87 shows the effect of change in wing aspect
ratio only. For aspect ratios in common use, this variable
is of secondary importance. Figure 88 shows the effect
of changing tail aspect ratio only. This effect is very
marked if the tail aspect ratio is below 3.....

1.40 -

L20

1.10 ZC
N
0

I.00 W ___ ____

-j
W

.g0

EFFECTIVE ASPECT RATIO OF
HORIZONTAL TAIL SURFACES

I a 3 4 S 6
Figure 88. Effect of Tail Aspect Ratio on Tail Area Required for Constant

Static Stability

Figure 89 shows the effect of changing tail length (l/c).
Since the area varies inversely as (l1'c), this accounts for
most of the change shown. There is, however, an appre-
ciable contribution from the downwash factor F, at low
aspect ratios and low values of (/c).
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Figure 90 shows the effect of fore-,ad-aft c.g. location.
For constant static stability, the area of the horizontal tail
surfaces continues to decrease as the c.g. is moved forward,
but in order to provide balance and maintain control, this

3.4
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0

W
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N
M
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1A -

1.0j 9-

I 2.. IAIL LENGTH
o.6 -C MEAN WING CHORD

1.0 2.0 3.0 4.0

Figure 89. Effect of Tail Length on Tail Area Required for Constant Static
Stability. Pt Effective Aspect Ratio of Wings

decrease cannot be utilized. Experience indicates that
control and stability requirements combine to give a mini-
mum area for a c.g. location at about 30% of the mean
chord. This effect would be approximated by the dotted
line on Figure 90.



192 ENGINEERING AERODYNAMICS [Ch. 7

0

1.80 -

wg

IAO A

-j
40

W 1 CFORE AND AFT C0. LOCATION

.20 1___ C
.207 24 28 .32 .36 .40 4 ,

Figure 90. Effect of c.g. Location on Tail Area Required for Constant
Static Stability

Turbulent Wake. In addition to the general downwash
field behind a lifting wing, there is a narrow wake of highly
turbulent flow and fairly low resultant velocity that per-
sists many chord lengths down-stream. The effective
velocity is reduced more than io% for a thickness about
equal 6o the wing depth in the region where a horizontal
tail surface would be located. At the angles of attack
where the horizontal tail surfaces lie within the wake,
there will be an appreciable reduction in tail lift, usually
apparent in the form of an inflection in the pitching-
moment curves.

For all practical purposes, the center of the wake lies
along a line drawn with the direction of the relative wind
through the trailing edge of the wing. Consequently, if
the tail surfaces are located below the wing chord line, the
stability will be adversely affected at high speed, and if
they are well above the chord line, the adverse effect will
be at low speeds. Flight test data on monoplanes appear
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to favor the low tail location with a relative freedom from
buffeting and with improved control at the stall.

Figure 91 shows the relative size and intensity of this
wake according to N.A.C.A. tests.2

Stabilizer Setting for Trim. Trim at any speed requires
that the pitching moment due to the tail surfaces be equal
to the pitching moments due to the wings and the thrust.
If the distance from the c.g. to the thrust axis is d and
positive when the thrust axis is above the c.g., the thrust
moment is - Td and the thrust moment coefficient is

CME = - Td/qSc (117)

Equating moments
CMT CMW + CME

or

- CL( S. I = C - (a - x) CL +o .15h CL' - CME

The tail lift coeficient is

CLT = or (dCLT/daT) = aT . F. • 17

Hence, the angle of attack of the tail surface is

FCo - (a - x) CL, + o.i5hCL' - CME1 (- 8= -L F.. 7 - -Cs (z. 8)

Since aT = aw + 3 - e, where 3 is the absolute angle of
attack of the stabilizer when the wing is at zero lift, it
follows that

= CMo - (a - x) (L + o. 5hCL' - CME1 C,+ 52CLF,

= - L (SW C)

It is a matter of some interest and considerable impor-
tance that the change in stabilizer angle of attack, as repre-

2
Rudolf Wallace, 'Investigation of Full-Scale Split Trailirng-Edge Wing Flaps with

Various Chords and Hinge Locations," N.A.C.A. T.R. No. 539 (935).
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sented by the last two terms on the right-hand side of

equation (i 19), is practically independent of aspect ratio.

The increased aw required with low aspect ratio is com-

pensated by increased downwash. (aw - e) at CL = I.O
varies from about 70 for n = 4 to 90 for -n = 15. If the

moment coefficient due to wings and thrust, as represented

by the numerator of the term within brackets, is constant,

the change of stabilizer setting between any two lift

coefficients is aw - E. A small range in required stabili-

zer setting is secured when the c.g. coordinates x and h

are such that the term within the brackets becomes more

positive with increasing CL. If the stabilizer adjustment

is to be satisfactorily replaced by servo-flap control on the

elevators do3/dCL must be small. Since

dO -(a - x) + o.3ohCL _ I + 52 F.

dCnL F. 7T -S . F n (120)

Substituting average values gives, at CL = 1.0

d,3/dCL = - 40 (0.24 - x) + 0.30 It - 8

Solution of this equation for assumed values of do/dCL

gives the average required range in stabilizer adjustment

as plotted on Figure 92.

Servo-Controlled Elevators: Tabs. An inset adjustable
portion of a movable control surface is known as a "tab."

When deflected in one direction, the force due to the tab

tends to move the main control in the opposite direction.
Tabs are used for control of trim, for example, to replace

an adjustable stabilizer, or as a balancing device. Five

distinct types of tabs are in use. These are as follows:

i. Fixed trimming tab: Adjustable on ground only. Some-
times used on ailerons or rudder.

2. Controllable trimming tab: Adjustable in air. This is
the usual type.
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3. Balancing tab: In this type the tab is moved by fixed
linkage in a direction opposite to control motion.

4. Balancing and controllable trimming tab: In this type
an adjustment of the linkage of balancing tab pro-
vides a trim control.

5. Servo-control tab: In this type the control wires are
attached to the tab only, and there is no direct con-
nection with the main movable control.

If the stabilizer adjustment is to be satisfactorily
replaced by a trim tab, certain conditions must be met as
follows:

i. The required range in stabilizer adjustment must be
small or moderate, preferably not more than 6'.

2. The fixed surface must be set at an angle that allows
ample landing control.

3. In the larger sizes, the elevators should be provided
with some form of aerodynamic balance.

Condition I can be met only by proper adjustment of

the fore-and-aft and vertical c.g. location, as shown on
Figure 92. Tabs are usually more effective on low-wing
designs than on high-wing designs.

The curves of Figure 93 should be considered in tab

design. These curves give the elevator angular movement
which is equivalent to a given required stabilizer adjust-

ment, as a function of the ratio of the elevator area to total
horizontal area. It will be seen that there is little to be
gained, in the form of additional control, from increasing
the elevator area above about 45% of the total. Since
the hinge moment of a movable surface increases more
rapidly than its chord, it is probably undesirable to use
elevators greater than about 50% of the total horizontal
area, while experience indicates that the ratio should not
be less than about 40%.
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When tabs are used, it is very important that the
stabilizer setting be correctly chosen. The limiting con-
dition is obviously one in which full-up elevator just gives
sufficient control for landing with forward c.g. In this
connection the tab opposes the elevator control and
reduces the control force by an amount roughly equivalent
to about 6' to io' elevator throw. Furthermore, the tab

20*
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Figure 93. Effect of Elevator Area on Elevator A\ngle FEquivalent to,
Given Stabilizer Angle

effectiveness falls off rapidly as the control is mo ved from
its neutral position. Hence, it is necessary, not only to
adopt a stabilizer setting that gives trimi with neutral
elevator at a fairly low speed, but also to prov'idle the
additional upthrow on the elevator required to co)mpensate
for the loss in effectiveness dueI to the tab. It is also
desirable that the tab operating device be irreversib~le or
self-locking at the elevator hinge axis to avoid any tendency
for flutter.

m m - I m- m m m' ' 1 
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Very narrow tabs extending over a considerable length
of the elevator trailing edge have been reported less desir-
able than a deeper, shorter-span tab. The short-span tab
is less critical in its setting, and it is effective over a greater
range in elevator angle. Very satisfactory control over
trim has been obtained with a tab area between 5% and
8% of the elevator area, a tab chord between 2o% and 25%

of the elevator chord, and a tab span between 20% and
40% of the elevator span.

Plan-Form of Horizontal Tail Surfaces. Figure 94 gives the
most frequently used plan-forms for horizontal tail sur-
faces. Form A is approximately rectangular with a
modified elliptical tip. Form B has a circular or elliptical
tip with raked, but straight, leading and trailing edges.
Form C is elliptical, and Form D is approximately para-
bolical or triangular in shape. Form D is generally con-

FB B

Figure 94. Tail Surface Plan-Formre
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sidered undesirable. Habner3 states that, "Elevators
excessively tapered in plan produced absolutely inadequate
effects." Either form B or form C is satisfactory.

Tail Surface Sections. If the tail surfaces are to give
maximum stabilizing and control effects, the section must
be carefully chosen with regard to thickness and aerody-
namic effects. For reasons not always fully understood,
unsatisfactory results have been obtained in many air-
planes where the thickness ratio of the tail surface section
exceeded io%. In one case reported by Carroll,4 the
objectionable action was eliminated by a thickening of the
rudder with a plausible explanation that the original thin
rudder had been shielded by the thick fin and that it was
necessary to move the trailing edge to the outer boundary
of the detached turbulent flow before any rudder action
was evident. A similar thickening of the rudder has been
beneficial in a number of cases, although wind-tunnel
tests have failed to show any "dead center" effect in the
normal force coefficient.

It is advisable to use a section with a thickness ratio
not greater than io%, but in some cantilever types this
will be too thin. If it is necessary to exceed io% thick-
ness ratio, the area of the control surfaces, both fixed and
movable, should be made larger than normal to counteract
the loss in effectiveness.

The NACA-oo sections described in Technical Note
No. 385 are considered especially desirable for tail sur-
faces. There is very little advantage in selecting a section
on the basis of minimum drag coefficient since the differ-
ences are negligible for the normal condition with dis-
placed controls. Also, a low value of CL maximum on a

i W. Hilbrier. "Erfahrungen bei Flugeigenschaftsprilfungen im Jahre 1927-192
8
.' ZFM.

April 29, 1929. pages 189-9s.
4 T. Carroll, "The Elimination of Dead Center in the Controls of Airplanes with Thick

Sections," N.A C.A. T.N. No. 119 (1922).
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basic section is of no particular significance owing to the
pronounced change due to the introduction of effective
camber with a displaced control.

Effect of Flaps on Horizontal Tail Area. The horizontal
tail-surface area required to balance and stabilize a wing
fitted with a high-lift device must be checked against its
ability to counteract the excessive diving moment. As-
suming that the tail surface is developing full lift, the
equation of equilibrium is

CLT qSTI - Cx.na qSwc
or

Sr l C M w

SK'c CLT

where CMW is the maximum negative wing moment with
full-flap deflection. CiW is referred to the airplane c.g.
by the use of equation (49).

Various wind-tunnel tests on tail surfaces with full-up
(levators' are in reasonable agreement and show a mnaxi-
mum value for CT of the order of - i.o. -lence, with
flaps or other high-lift devices, the horizontal tail area
must not be less than required by the relation

ST I CA1R- (121)
,-C

It may require as much as ioo% increase in horizontal
tail area to satisfy this condition, which insures that the
tail does not stall in the attempt to provide the necessary
balancing moment.

The adverse effects of high-lift devices on static hongi-
tudlinal stability appear to be confined chiefly to tru itdels
arising from stalhed tail surfaces.

R. It. qrniti. "Lift. Drag and Elevalr Ifinge Mornentsf Handley l'ae S'm r'I Sur.
lacvs.' N .C.A. 1.R No. J78 197l.
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Vertical Tail Area. The area of the vertical tail surfaces
required to insure adequate directional stability detpends
on the gross weight, the wing area, the span, the moment
arm or tail length, and also on the projected side area of
the major unstable components such as fuselage, hull,
floats, nacelles, etc.

The unstable moment due to fuselages has been calcu-
lated from the test data on the series for which drag lata

are given in Chapter 9. As might be expected, there are
large variations in cross-wind force and in the center of

pressure, but these variations are found to give reasonably
constant moment coefficients lhasel on the side area and
overall length. Various methods of presenting these data
are available, but the most useful form appears to be that
presented in Figure 95, in which t-he stabilizing area
coefficient is plotted against fore-and-aft yawing axis
location. The stabilizing area coefficient is

K1. = s, dC, (122)
sB-L d# 4, )

where Sr is the vertical tail area necessary to stabilize the
fuselage. Sj is the projected side area of the fuselage, 1 is
the distance from the c.g. to the center of vertical tail area,
or the "tail length," L is the total overall length of the
fuselage, dCLpF d4/ is the slope of the lift curve for the

vertical tail surface and 17 is the tail efticiency.
Figure 96 gives a plot of data on se.iplane floats. The

average slope is practically identical with that found for
fuselages in ligure 95, bult there is a marked vertical
shift in the value of Kt. The explanation of this difference
is to be found in the theoretical moment on a streamline
bodly. According to Munk,' there should be a couple of
t he magnitude

N = q (volume) (k. - k,) sin 2 (123)

" x M .Munk. "Flndamertals of Fluid Dynamics fr Aircraft Designers,- Ronald
P'rt "ti rrlpa;try I IQI2 J.
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STABILIZING AREA COEFFICIENT Kv
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Since the projected side area SR varies as LD, and the
volume varies as LD', the moment coefficient and hence
the value of Kv should be given by

Kvoc (k - k,)(L/D) (124)

where (k2 - k,) is the difference in the coefficients of
additional mass. From this equation, it is obvious that
the value of Kr decreases as the ratio of length to diameter
increases. The relative values of Kv have been calculated
from equation (124) and are plotted on Figure 97. For
the fuselages in Figure 95 the average value of LID was
about 5.6. For the floats in Figure 96, the average value
of L'D was about io. If it be assumed that the theoretical
variation in Kv is correct for an axis location at the center
of volume (about 45% L) then the test data agree almost
exactly with the theoretical ratio. While the theory calls
for a couple and, hence, a moment independent of the
axis location, the test data for definite angles of yaw show
the variation indicated by Figures 95 and 96. It is logical
therefore, in applying these data to use tie slope indicated
by the tests and to determine the moment about the center
of volume from the theoretical variation in Figure 97.
Such a plot is given in Figure 98 and it may be used for
fuselages, floats, hulls, nacelles, and struts.

Analysis of numerous wind-tunnel tests for slopes of the
curves of yawing moment indicates that the desirable slope
is given by

dN d4, = -0.0()050 qfb
or

dN d = -o.ooooso(W S) qSb (125)

where IT' is the gross weight in pounds, S the wing area in
square feet, and b the span in feet.

The restoring moment due to the vertical fin surface is

dNF/d = - (dCLF,/d) 17F qSVl (126)
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where dCLF/d4' is the slope of the lift curve for the vertical
tail, flp is the efficiency of the vertical tail surface, Sv is
the vertical tail area, and I is the tail length.

The desired directional stability is obtained when the
vertical tail area is sufficient to counteract the unstable
moment of fuselage, hull, floats, or nacelles, and to provide
the additional stabilizing moment required by equation
(125). The vertical area may be considered in two com-
ponents: ASv, required to neutralize the unstable moments
produced by fuselage, hull, or other parts of the airplane,
and ASv required to provide the desired directional
stability. With this consideration, ASv, is obtained by
summation of the ASv, values for each major unstable
part. Each ASv, value is obtained by solution of equa-
tion (122),

A Sv, - Kt L SB
A (dCLP/dk) 7F (127)

The value of ASv2 is obtained by solution of equations
(125) and (126) giving

A Sv = 0.00005 (WIS) Sb
(dCL F'dP) nF l (128)

The required vertical fin area is

SV = 2 (A S11) + A SV, (129)

The value of the slope of the fin lift curve depends on
several indeterminate factors that affect the tail efficiency,
but the average effective slope is given by Figure 99 which
is based on tests of low aspect ratio airfoils and fin surfaces.

For preliminary layouts, the designer may desire to
estimate the side area of a fuselage or float rather than go
to the trouble of calculating the area. For all of the
shapes likely to be used

SB= KLD (130)

in which L is the overall length and D the maximum depth.
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K varies from about 0.70 for a true streamline form with
pointed stern to about 0.80 for a deep, full fuselage with a

vertical stern post.
As an example of calculation of vertical fin area, con-

sider an airplane having the following characteristics:

W = 2,660 lb Sw = 243 sq ft
W/S = 10.95 1b/sq ft
Span b = 30.1 ft
Tail let.gth I = [5.4 ft
Fuselage length L = 21.0 ft

depth D = 4.0 ft
yawing axis, x = 5.8 ft aft of nose
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Fuselage yawing axis, x/L = 0.28
" ratio L/D = 5.2
It K = 0.0023

Tail aspect ratio i.4  (d-T) 77F = 0.037

Fuselage side area Su = 0.775 X 21 X 4 = 65 sq ft

ASv, = 0.0023 X65X - X 1 5.52sqft
15.4 0.037

ASv = 0.00005 X 1o95 X 243 X 30.0
0.037 X 15.4

Total area Sv 12.54 sq ft

Wind-tunnel tests on a model of this airplane with
Sv = 9.80 sq ft gave a negative yawing moment slope
of -0.0000327. Of the 9.8 sq ft on the model, 5.52

were required to counteract the fuselage moment. The
difference, 9.80 - 5.52 = 4.28 sq ft was available for
stabilizing the airplane. Hence, the slope with 9.80 sq
ft should have been

428 X (- 0.000050) = -- 0000305

7.02

which checks with the observed value of -0.0000327.

Rudder Area. Experience has shown that satisfactory
directional control is obtained when the rudder can
neutralize the effect of a yaw angle approximately equal
to the rudder throw. For example, a 1o0 rudder angle
(, = IO) should hold about io angle of yaw. This
condition is obtained when the normal force on the vertical
tail surfaces at + Io' yaw and with - io rudder angle is
equal to the normal force at +io yaw on that part of the
fin area AS , required to stabilize the fuselage and other
unstable components. In general, this condition requires
that the rudder area be somewhat less than ASv,. The
ratio of rudder area to total vertical area as a function of
the ratio of stabilizirig fin area Sv, to total fin area has
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been calculated from Munk's tests7 and is given in Figure
IOO. Points are given on this figure as circles, for four
airplanes for which wind-tunnel and flight test data indicate
normal rudder control.

1.00x
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4 .60 .4

0 .40 1,,_
I-
0

.20 _'

0

0 .20 .40 .60 .80 1.00

RATIO S v.
Sv

Figure ioo. Ratio of Rudder Area to Total Vertical Fin Area

Effects of Dihedral. In a wing having dihedral, the tips
are raised with respect to inboard sections to form a flat
transverse "Vee." The effect of dihedral o)n lateral
stability is very powerful. This effect is sometimes
erroneously ascribed to the difference in the projected
area of the two sides, but the change in prjc, ct,(l areli is
obviously negligible for the angles actually used. The
correct explanation of the effect of dihedral is found in the
equal and opposite changes in angle of attzick on the right
and left wings. This change in angle of attack is shown in
the sketch, Figure 101, to be in radians

Aa = 4, " y (130)

I Max M. Munk, Systematische Versuche an Leitwerkmodellen." Techniscie Bcrichte
1-5. page 168.
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where ' is the angle of yaw and -y is the angle of dihedral.
The corresponding change in lift coefficient is

-AC,. = 4"y (dCL/da) (x32)

The change in lift on each side of the center-line is AL =
ACL q S/2 and the average moment arm is b14. Hence,
the rolling moment due to dihedral is

L = .y (d q-Sb'4 (133)

Measured rolling moments for airfoils with dihedral
show good agreement with the values calculated by this

f I

WIND DIRECTION €X

Figure im. Effect ,f Diictrad in a Side Slip

equation. For airplane models, the agreement is less
satisfactory owing to the disturbing effects of vertical fin
surfaces. In many cases the dihedral is confined to the
outboard portion of the wing. For such cases S should
be the actual area in the portion having dihedral, and
instead of b/ 4 the actual arm to the center of the area
3hould be used. The angles and slopes in equation (133)
are measured in radians.

The yawing moment due to dihedral may be calculated
from the change in induced drag. Since the induced drag
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coefficient varies as CL, or as (C. + CL), the change in
induced drag varies as 2 CL . ACL or

ACDi = 2CL • ACL/lrn

substituting the value of ACL from equation (132) gives
ACD = 2CL dCL (134)

on each side the change in drag is

AD = A CD qS/2

producing a yawing moment of

N = 2 . AD .b4

-2CL (dCa)'Y qS -  (135)
7r n 4

Yawing moments calculated from this equation are in
good agreement with test data except at small values of a
and -y where other effects appear to predominate.

Dihedral Required. The proper amount of dihedral de-
pends, in a complex relation, on various factors such as fin
surface, rudder and aileron effectiveness, fuselage shape,
wing location on the fuselage, wing span, and plan-form.
It seems definitely proved that the best results were ob-
tained with not less than 30 dihedral on a high-wing mono-
plane for which 60 appeared a little too much with the
aileron control provided. There is considerable evidence
to show that more dihedral should be used on low-wing
than on high-wing monoplanes, more on tapered wings
than on rectangular wings, more with seaplanes than with
landplanes. 6' or more will not be too much for low-wing
monoplanes with appreciable taper. Additional dihedral
should be used when there is considerable fin area below
the c.g.

The tremendous influence of dihedral can perhaps best
be illustrated by quoting verbatim a section of the excellent
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report by Weick, Soul6, and G(oughl on a series of tests
on a high-wing monoplane.

"With o dihedral, the airplane was definitel; unstable
laterally. When deliberately caused to sideslip in either

direction, it would turn in the direction of the initial slip
and spiral indefinitely, whether the controls were freed or
returned to neutral. By an increase of the dihedral to
3', the stability characteristics were somewhat improved.
In this condition, the airplane was unstable only with the
controls freed. Vith the controls neutralized, the airplane
wo1h! recover to straight flight after a few oscillations.
With 6' dihedral, the airplane was stable, both with free
controls and with the controls returne( to neutral.

"The ,airplane exhibited instability of a different type
with o- dihedral and controls free. When sideslip was
staLrted to the right, for example, and the controls freed,
the airplane would turn directly to the left away from the
initial sileslip (whereas with o° d ihedral, it had turned

into the sideslip) and would commence it left nose-down
spiral accompanied by a rapidly increasing airspeed.
When the controls were returned to neutral during a side-
slip, the airplane returned to straight flight with no
apparent oscillation.* * *

-With the wing set at o dihedral, the rudder gave
almost inlependent directional control, the banking due
to the yaw produced being very slight when the ailerons
were held in neutral. Turns could be made without the
ailerons, but they were characterized by skidding during
entry and sideslipping during recovery, the amount de-
pending on the abruptness with which the rudder was
used.* * * The increased banking effect obtained with 3'
dihedral eliminated all tendency of the forward wing to

I . F. Weick. 11. A. ,oul{c and M. N. Gough. "A Flight Investigatim of the Latera
('orttrol (haracteristics of Short Wide Ailerons and Various Spoilers with Different Amounts
ci Dihedral, N.A.C.A. T.R. No. 494 (1934).
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dig in and made sideslips easier to perform. The effect
was noticeable also when rudder turns were made. 'Fight,
or steeply banked, rudder turns, however, were difficult to
enter as the airplane would nose down during the time
taken to roll to the desired angle of bank. If an attempt
was then made to bring up the nose with the rudder, the
airplane would start sideslipping and would roll out of the
bank. The airplane always banked in the direction of the
turn set up by the rudder, whether the ailerons were set in
neutral or freed. With 60 dihedral, the rudder had a
powerful banking effect and it was difficult, with full aileron
deflection, to hold the wings level for any but small amounts
of sideslip. The roll that could be generated by the rudder
at 90 dihedral was so great that the rudder had to be
handled with discretion, and sideslipping was practically
impossible. With 60 and 90 dihedral, the airplane showed
a progressively greater tendency than at 30 to nose down
and roll out of rudder turns."

Ailerons. An outstanding result of the National Ad-
visory Committee for Aeronautics research on lateral con-
trol at low speeds appears to be a ,-indication of the

aileron as ai lateral control device. When the lateral
control is unsatisfactory, the ailerons take the full blame
although there may be a number of contributing factors.
It is a highly significant fact that there are a few airplanes
fitted with simple ailerons that show excellent control up
to the stall.

Lateral control is inseparably coupled with directional
control in normal flight and good lateral control, therefore,
means good directional control also. The effect of dihedral
on apparent lateral control is very powerful. An airplane
having sutfficient dihedral to insure lateral stability may
appear to have very much better lateral control than it
actually has. This has been discussed under dihedral.
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Good lateral control requires that the rolling moment
available from the ailerons be sufficient to give desired
angular accelerations and to overcome adverse moments.
The rolling moment coefficient is defined as

C', = rolling moment,'qbS (36)

where b is the wing span. Since it is a moment and not a
moment coefficient that moves the airplane, the desirable
value of C't will depend on both q and b. In other words,
it is easy to get good lateral control when q and b are large,
that is, for moderate or high stalling speeds with a com-
paratively large span. Conversely, it is difficult to get
good. lateral control with very low stalling speed and a
comparatively short span. This reduction in lateral
control is sometimes very marked where there is a large
reduction in stalling speed with high-lift devices. The
amount of aileron area required, therefore, varies in some
inverse ratio of stalling speed and span.

The most effective aileron has a span about 60% of
the wing semi-span and a chord about 20C% of the wing
chord. Very effective ailerons have been made with a
chord ratio as low as I5% or as high as 25%, but these
ratios should not be exceeded without good reason. Values
of the chord ratio below 18% should be accompanied by
provision for increased throw of the ailerons. This is
particularly important on narrow, tapered ailerons. If
possible, the aileron should extend to the tip of the wing.
Thinning the tip of the wing and incorporating washout
appear to give a definite improvement in lateral control.

On a biplane, it is desirable to use ailerons on both
wings. The argument that the upper wing stalls first is
probably correct, but ailerons on the lower wing only have
not been entirely satisfactory. For one thing, the cur-a-
ture they produce in the flow over the upper wing opposes
the desired roll.



Ch. 71 STATIC STABILITY AND CONTROL 217

The mechanical details of the aileron control system
are highly important in affecting the pilot's impressions of
lateral control. Particular attention must be taken to
avoid binding at the hinges due to aileron and wing flexure.
Another source of trouble is found in short bellcrank arms
that cause high loads on bearings with local structural
distortion and high control forces.

Aileron Area Required. The effectiveness of an aileron,
as measured by the rolling moment due to a given setting,
varies with the aileron span and chord. It may be shown"
from test data that the variation of efficiency with chord
is given by

77z, = 1.50 - 2.00 (t/c) (137)

where t is the aileron chord and c the total wing chord,
including the aileron chord. In a similar manner the
variation of efficiency with span is

,7,12. = 1.20 - o.6o (lib) (137a)

where I is the aileron span and b the wing span.
Assuming that satisfactory control is given by an aile-

ron of the proportions t/c = 0.25 and ib = 0.40, it is
possible to calculate the proportions of all other ailerons
having the same effectiveness in producing rolling moments.
The assumed aileron has S,/Sw = o.Io, v here S, is the
aileron area and Sw the wing area. The relative efficiencies
are 77/7o = I.OO and q,,'77 = 0.96, and the "effective
area" is the product of these efficiencies by the actual
area, or

S, = O.1O X i.oo X 0.96 = .096

The proportions of all ailerons having this effective area
are given by

f 1.5o - 2.oo( -)] • [1.20 - 0.60 = o.o96 bc (138)

9NV. S. Diehl, "Notes on tie Design of Ailerons," N.A.C A. Technical Note No,. 144 (1923).
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Figure 102. Aileron Proportions. Relative Span and Chord

If the satisfactory aileron proportions be assumed as t1 c -

0.20 and l1b = 0.40, the proportions of equivalent ailerons
are given by

II.50 - 2.(0(-. )] "1 [1.20 - o.6() 0.0843 bc (138a)

Figure 102 is a plot of I/b against t/c and Figure 103 is a

plot of S,,i"S,- against tic as calculated from the two
equations. These are not the extreme limits for satis-

factory ailerons, but the best results have been obtained
from approximately the proportions given.'

An aileron when displaced from the neutral position
affects the lift distribution over the whole wing, but chietv
over that part of which it forms the trailing edge. If the
total wing area thus affected is S, with the center of this
area at a distance d/2 outboard from the fore-and-aft axis
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of the airplane, then a convenient measure of control
effectiveness is given by

K d S,K = b Sw

where b is the span and Sw the total wing area. S. is the
total area, including the aileron area, in the way of the
ailerons.

Figure 104 is a plot of K . against E = tIc showing the
variation of K,, for constant control effectiveness corre-
sponding to three ailerons as follows:

1. 1/b = .40 t/c = .25
II. i/b = .40 1/c = .20

III. /b = .40 t1/c = .15

'I
z7

c z

0

o.0-

Fgure r WING C IORD C.Oz 16 .20 .=24 .29 32 36

Figujre zojl -\lertnm Propu~rtions. Relative Area and C'hord
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Values of Ka for various airplanes are spotted on Figure 104
with a circle for normal control, a triangle for excellent

control, and a square for unsatisfactory control. All air-
planes having a value of K. equal to or better than that
required for Case 11 have been reported good or excellent.

X X EXC :LLEN1 10

"X X ['1UNSATSFAC RY

.32
d

.94

.0 .II J4 is 'is .10 .22I .14 .29I .18I 30ORATIO AILERON CHORD - t
WING CHORD C

Figiire 104. Aileron Coefifcictt K .

It is significant that most of the unsatisfactory cases apl)per

deficient in area.

Aileron Types. Figure Io5 illustrates eight types of wing
tips and ailerons. Types A and B are simple ailerons on
elliptical tips. These are very satisfactory types and
should be used whenever practicable on all high-speed air-
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planes. Types C and D are simple ailerons on modified
elliptical tips. These forms are in extensive use and are
entirely satisfactory. The inset type of aileron, formed
from the inner portion of Type D, may be used with slow-
speed airplanes having unusual flexibility in the wing tip.

DESIRABLE FORMS

A a

UNDESIRABLE FORMS

E F

Figure 1o5. Aileron Types

In such airplanes the aileron action may be opposed by the
wing twist accompanying the use of an aileron extending
to the tip.

Types E, F, G, and H are undesirable for various
reasons. All of these tend to be heavy on control owing
to the peak in loading at the tip. Types G and H should
never be used on high-speed designs owing to probability
of flutter.



222 ENGINEERING AERODYNAMICS f Ch.,

Balanced Controls. Elevators, rudders, and ailerons are
often ''balanced"' in order to reduce control forces. F~or
small or moderate-sized airp~lanes the chief reason for
balancing is to improve maneuverability, but for large
airplanes it is necessary in order that the control forces (1o

not exceed the pilot's strength. The most desirable type
of balance varies with the use and size of the control suir-

face. For example, what is probably the most satisfactory
type of balance for a rudlder is Unsuited for ain aileron on a
high-speed airplane.

In general, no type of aileron balance shouldI be con-
sidered satisfactory unless it allows the use- of ain efficient
wing tip, and tends to b~riflg the aileron c.g. near to thle

hinge axis. Like-wise, no type o)f rudder balance can be
considlerecl satisfactory if it redluces t he Ma Xi lfni ur idl( r
coJntrol, or in any way reduces the rudder controlI. Ele-

vator balance requirements are similar to those for ruI(l(lers.

Types of Balanced Controls. Figure i o6 shows, six t ypes ()f

balances. Types A and] B were formerly used( I n all
contro ls, but they are now emlI(yd Ve i l\ Mn rt, b lers iand

elevators. There is little cho)ice b et ween them. hlit
Type B is the more conlm in at p~resenlt. Neit her A noir B

should be used on ailerons ow\\ing to thle poo)(r wing tip and
to the high peak loadings on the h alainccd jr irt mmii.T lpe
C is lile to )verlbalance and 11 tter. 'T~l m D has no

advantages and is rarely uised. Typmes E and F hav beeni

uised to a limited extent, b ut haVe ii o1 h ~t um I in ml-

vantage.
Figure 107 shows three widlely uised fonifls (4 I m a ts.

Type I is usually called the ''adeI~mI kima lnce. It
is satisfactory for control surfaces thm.it nlecd ml (it he mlvi

thr( ugh large angles. With a norma l ai rfm ml 51vt im Ii, tlie

leading edge of the control ernergcs friom the wi k id lie

fixed Isu rface at a control angle i)f al-l mit 1 5- .li- this

critical angle no appreciabile incrcei, e in, (-r( i imli i mbtdinied.
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ED i

IFigurc Iite,. Balanced t'aitrds

For best results, the hinge axis should be located at ap-
lpr xi11;MtelY 2 5 (,' of control chord from its leading edge.

, I is the tamiliar "paddle" balance. Full balance
cannot c;silN, be secured with this type, but it has been
fairlv sati.afctory on all surfaces. The auxiliary surface
shotld be of large aspect ratio, and as far forward as
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practicable. The area should be generous for good bal-
ance. A symmetrical section is generally used, and on
ailerons it is set at an angle of +30 to +50 to the wing
chord. On rudders and elevators, the auxiliary surf ace
would be set between o' and C0 to the main surface axis.
The amount of balance is readily calculated.

Fi'r to 7. Bali anced (.ont1r '



(h. 7] STATIC STABILIT", AND CONTROL 225

Type I II is the Frise balance. This is the most satis-
factory form of balance now available for ailerons. Xhen
the aileron is up, the leading edge projects below the wing
and thus adds a drag which tends to counteract the yawing
moment due to the drag of the down aileron. The hinge
axis is preferably located lelow the aileron center-line and
at ai)out 20% to 22% 9 of the aileron chord. The hinge axis
should not be further aft than 25% of the aileron chord.

The effective area of a balanced-control surface of the
Handley Page or the Frise type is Measured between the
hinge axis and the trailing edge. That part of the surface
forward of the hinge axis does not contribute to the
control effect.

Calculation for Simple Balances. For a long time naval
architects have balanced rudders by assuming: (I) uniform
loading. (2) that the center of pressure on a flat plate is at
0.20 C, (3) that the center of pressure on a movable surface
of chord c, which trails a fixed surface is at o.33 c,. \ith
these assul)tions, the average center of pressure may be
calculated I and the axis placed fo)rward of this point at a
distance sifficient to avoid overbalance as determined by
accumulated experience. This methiO( is applicable to air
as well as water, and it gives excellent results.

As applied to a rudder balance, fo)r example, consider
Figure io8. The rudder is divided into a number of stri)s
A, B, C, D, etc., spaced as necessary in order to secure
accuracy. The center of pressure of each strip is located
as indicated by the circles, assuming C, at 0.20 C for all of
the overhanging strips and at 0.33 C, for all of the trailing
strips. The area of each strip is then multiplied by the

distance of its C, from the axis, considering distances
forward as negative. The algebraic sum of these moments
divided by the total area is the average distance of the C,
from the axis. This distance should be between 4 and 6
inches for satisfactory balance, the distance decreasing
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slightly with the size of the airplane. Four and one-half
inches to five inches is probably the best location for any
airplane having a gross weight between 2,500 and i0.000
lb. If the first calculation shows the center of IprcSSL1re

F -

Figure io8. Illu.strating ( alctilaliTm fhr lN11ldl~r 1alaicc

outsidle of the desired range, balance is added,( or subtracted
as required, and additional calculationts ni;ide titil the(

desi red location is olbta ined .

Leakage at Hinge joiats. Leakage between mnovable arid
fixed control surfaces is v'ery detrimental to e n etc-
tiveness. Precautions should 1 t, takeni by the Jsh,,iner
reduce the loss from this source.
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In some airplanes the horizontal tail surfaces are at-
tached to the fuselage with a fore-and-aft slot or gap
between the stabilizer and the fuselage. This arrange-
nieit reduces the effective aspect ratio of the tail surface
andi may have a pronounced effect in reducing stability.

Effect of Balance Emergence. For small control deflec-
tions, the internal balance types, such as Handley Page or
F'rise, give values of AC.v and control effectiveness that
are identical with those for a plain flap control having the
same hinge axis location. At some control setting, de-
pending on the hinge axis location and the thickness of the
tixe(d surface, the leading edge emerges from its shielded
position behind the fixed surface. This angle is normally
about 20'. No additional increase in AC. can be obtained
with greater control displacements. In fact, the effect of
lakage at the Joint may begin to reduce the control

effectiveness at values of 6 y well below the angle of emerg-
ence. The result may be a reduction of 50% or more in
cont rol effectiveness.

Figure io9 based on Smith's tests, " shows loss in
effectiveness for a common type of balance. Some de-
signers attempt to reduce this loss by using either a leading
edge that is skewed to run diagonally from top to bottom,
or by using a staggered frise balance. With the skewed
leading edge, the emergence begins at the initial deflection
and is not complete until the throw is 30 or more. With
the staiggered Frise type, half of the leading edge is out
for all control settings above a small range on either side
of neutral.

In the event that an internal balance must be used on
horizontal tail surfaces, it is desirable to make provision
for the large lownloadl required in the landing condition.

R. in. Smith, "Lift. I)rag and Elevator H1inge Moments of Handley Page Contro Sur
N .N. A.'... . ..278 '?Q17).
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Figure io9. Loss of Control Effectiveness Due to Emergence of Lcading

Edge of Balanced Portion

One niethod is to raise the leading edge of the elevator
balance so that it does not emerge with full-up elevator.

Static Balance. If the center of gravity of a control
surface lies behind the hinge axis, any acceleration not in
the plane of the surface will set up a hinge moment that
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tends to make the movable control surface lag behind the
motion of the fixed surface. This lag has a tendency to
increase the existing motion. The result is an instability
leading to a dangerous type of oscillation known as
"flutter" when the amplitude becomes appreciable.

Probably 9o0 of all tendency to flutter within the range
of flight speeds can be eliminated by simple static balancing
to bring the center of gravity of the movable surfaces up
to the hinge line, but in addition to static balance, it is
essential that the control mechanism have no appreciable
play.

Static balance may be attained by adding weight ahead
of the hinge axis. It is obviously desirable to limit the
amount of weight that must be added. Careful design of
the surface with concentrated weights near the hinge axis
is indicated. In general, the use of metal-covered control
surfaces makes it difficult to secure static balance. Metal-
covered control surfaces should not be used on high-speed
airplanes unless the designer is willing to add the necessary
static-balance weight.

Complete static balance does not insure freedom from
flutter unless the product of inertia about the longitudinal
axis is also zero. This may be seen by study of Figure I 1o

showing an aileron. In pitch (or torsion) a simple static
balance insures that the aileron acts in unison with the
remainder of the wing. In roll or flexure, however, a
particle dw is acted on by an accelerating force proportional
to the distance from the longitudinal axis and this force
has a moment arm x about the aileron hinge axis so that
the effective moment is

dh = dw . x • y

the integral of this quantity over the whole surface is

h =f dw. x • y



230 I(IEIN AJ:Nc)IYNAMICS [101. 7

hi is the prodlUCt Of inertia andl unless it is zero~ or negat ixc,
there will b~e a tendency to flexural flutter. Static b~alance
weights should be added to rieduce the product of inertia.
This means that they should beC placed near the tip on
ailerons and elevators and at the top of a rudd(er.

x

- AILERON HINGE____
AXIS -___

F~igure I in. MIass flalanec -f an Aileroni

Rii h lrs ;im ailcrons must b e dynamicailly balanced to
zero o)r negative produ~cts of inertia. With elevatorws, the
dirct -ci mnc -t ed torqute tubI e anl smnall sp)an are, ( f somiie
assistancc in preve-(nting flutter, but with Lirg(--spaln
cantilever tail surfaces the elevators should also i hve zen)
o)r ncgtio- peod)uct of inertia. The currkent requirement
of the I )elxrtnienl of Commerce" is that

1 dw x 'v o- 8(19

where dw xy is the p~roduct o)f inertiat. 1' is ti-
weight o)f thle lmval le control sllrface andl S~ i , fti

Flutter. lUtter is an oscillation o)f apprii lie .uiiiiI-

t ude invi dying thet wings or tail surfacs (,f mi, I

B111tn7A et~ o ()
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It is Usually, but not always, associated1 with aerody3namic
and] mass forces that form an unstab~le cycle of cause andl
effect in which a movable surface lags behind the motion
of a fixed surface. Flutter usually begins sudd(enlly at the
critical speedi anld tunless the speedI is recltce1 inflmediately,

there is great danger of the structure disintegrating. The
tremendous kinetic energy in a high-speed airp~lane Sli)l)ieS
what amounts to an inexhaustible source of powver for
continuing and increasing the amplitude of a destructive
oscillation.

It is imperative that the designer of modern high-speed
airlplanles take every precaution to avoid all conditioos
known to lead to flutter at the speedls attainable in flight.

The theory of flutter has been treatedl by F~razer and
Duncan," and by Theodorsen .' Experimental data coin-
firm the theoretical relations and enable a brief summary
of the precautions necessary to avoid flutter depending on
control surfaces.

Flutter Prevention. Design recommendationis for the
avoidance of flutter are listed and explained with great
clarity by Frazer and IDuncan" in a report that is by fitr
the best available source of practical infornmt n. The
recomnmendlations for prevent ion of wving 1lnt ter ~r

1. All elastic stiffiesses as large as possile.
2. Irreversibility of aileroni control. If 2 11(1i~ pno \icld

then:
3. Center of gravity of aileroni slight ly ahead of 1611. e.
4. Moinew of inertia of aileroni sinll
5. An appreciable p~art, preferabily rather tini-c thani

onie-hialf of the aileroni, sli til lie juol oif thle

[Z . Frazer an-I NV. J. Dtitean. "Tile Flutter of Airplari n g BIt...R.C R. & M.

I ~. in',irien ' heo-iT1 ry ot .\t~rodynallIc I litstaliit\ .,11 if)ti \icituin1 of
Flit,-r' N....A. T.R. No, 490 11J.35).

' it.- A Fraiz~r ,i- nd W . Ditn~ , "Tile Flutter a Mon,ipa nes, Rld it H, i Tl Iii il
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center-line of the attachments of the outermost inter-
plane struts.

6. Aileron heavily damped, e.g., artificially.
7. Aileron definitely underbalanced aerodynamically.
8. Inter-aileron strut not outboard of the inter-plane

struts. (Only of secondary importance if for any
reason r.commendation 3 is not adopted.)

9. Aileron controls to operate in the same section as the
aileron strut.

The notes accompanying these recommendations are as
follows:

Recommendation i. A proportionate increase of all elastic
stiffnesses raises the critical speeds. In the case of
biplanes, the stiffness of the staying is naturally of great
importance.

Recommendation 2. A properly designed irreversible con-
trol completely eliminates flutter involving the ailerons.
All other recommendations relative to the ailerons can
then be ignored.

Recommendation 3. This recommendation is of greatest
importance, and should be interpreted strictly, since
partial mass balance may be of no benefit. Allowance
must be made for the mass of the inter-aileron strut and
other appendages of the aileron. Interconnection of
the ailerons by a wire instead of a strut may be of assis-
tance here on account of the smaller mass of the wire.

Recommendation 4. All parts of the control system which
move with the ailerons contribute effectively to the
moment of inertia of the aileron. All such parts should,
therefore, be as light as possible.

Recommendation 5. This measure assists to minimize some
of the aileron couplings, but it must not be considered
as an effective alternative to recommendation 3.

Recommendation 6. An artificial damping device, if em-
ployed, should be of the fluid friction or electrical type.
The use of solid friction is viewed as objectionable.
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Recommendation 7. Very close approach to the condition
of aerodynamical balance is considered dangerous.
However, experiments show that an aileron hinged at
about o.2 of the chord from its leading edge may be quite
satisfactory.

Recommendation S. This recommendation is of particular
importance when one of the overhangs is long and the
other short, and the ailerons are mass-balanced.

Recommendation 9. This measure results in the elimina-
tion of certain couplings, and is also clearly mechanically
sound.

The design recommendations for preventing tail flutter
are divided into four groups as follows:

I. General:

(a) Tailplane and fin very stiff, both in flexure and
torsion.

(b) Rigidity of elevator planes and rudder.
(c) Irreversibility of elevator and rudder controls.

II. Elevators:
(d) Interconnection of elevators by tube very stiff in

torsion.
(e) Product of inertia of each elevator zero.
(f) Moment of inertia of elevator about hinge axis

small.
(g) Elevators definitely underbalanced aerodynam-

ically.
(11) Elevators heavily damped.

III. Rudder:

(i) Projection of part of rudder below fuselage.
Optimum condition is rudder symmetrically
bisected by center-line of fuselage.

(j) Product of inertia of rudder zero.
(k) Moment of inertia of rudder about hinge axis

small.
(I) Rudder definitely underbalanced aerodynamically.
(m) Rudder heavily damped.
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IV. Tailplanes [if (a) is not fulfilled]:
(nt) B~alance of masses of each half of t ai Iplanie (in-

(ludling elevator ), about its flexural axis.
(o) Flexural axis close to axis of Indlep~endenice.

When, the items of groupl I are all observed, the remiain-
Ing groups can lbe ignored. When thle requiremnents (aI)
and J)) are mect buitt (c) is no( t met, a judicious ol servance
of grotups [1 and IfII is necessary. WVheni (il y ci itioin
(b) is satisfied . groupil I V will also reqluire attention. 'I'he
Ci (it i n oif irreversil ility is miet if the cont ri mainta;ins
a given setting uintil purposely movedl by the pilot.

If the( tatilplane is extremielY stiff, andl if (d) is oblservedl,
hen.I It ems (ce) and ( f) may he ignored.

Apparent Instability. M anyvsymptois of violenit instaduilit v
my lhe introdutcedl by extraneous aerodlvnamlc or tmlss

forCcs. \Most of these troubles are found inl lateral or
(Iired ii(ml stal ility vA striking exampille is t he I ichilan
('tect . first explained by MIr. E. WV. I ichmian. This
e.ffec(t is found in hiiplanecs having ailerons ontiupper and
liiwer- wings when the aileron connecting strtits are at-
taich e Iihind thle hinge axis andI inclined upwa~rdI and

utward. I side slip the lift oni the inclined strut rdiisCS
the tvrailing edge o)f thle aIilerl-os oni the advancing wing and
Ic ii s toi ail increcasing slip, giving thle pilot anl imlprecssionl
()f ver lhi te instability. Since inl the at tainment oif
mniss hI ilancc the struts will be attached forwvard of thle
hinge Nxis, they! shlId then be inclined out ward to avi ud
his OI hct

\it app1 iarenit instail ity has beinen very dein i tely oh-
Cine inl several airplanes having the ailerons actuliited

Iyv a single long tube within the wing. Unless the ilni
Ci ii il t ii ns are p~rop~erly\ madeI to avoid it, the g ravityv or
the ;iucleration effect o)n thle tube is stfifcient toi operaite

thec a ilern ns inl the wrong direct io n.
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A similar effect has been observed in pitch where, with
balanced elevators, the weight of the control column or
stick was sufficient to cause a dive or a stall.

Indications of lateral instability are sometimes found
in airplanes hoving rudders well al)ove the fuseLIge center-
line. In such cases the rudder gives a rolling moment
that is in the wrong direction for the yawing monnt.
\dditional dihedral should be used when it is necessary to

locate the rudder well above the fuselage.
The effect of thrust axis location with respect to the

center of graity is well known. When the thrust axis is
Lelow the c.g., the increase in thrust with reducing air
speed tends to stall the airplane, or the decrease in thrust
with increasing air speed tends to dive the airplane.
This effect may be very pronounced if the stability is

marginal.
Another type of instability is found with the thrust-

line located well above the c.g. In this case the alllica-
tion of power gives an appreciable diving moiment. ,anl
if the airplane is balanced power-on, it may stall when

the throttle is closed. These effects can b e nCutralize~l
by tilting the thrust axis to direct the slipstream on the
horizontal tail surfaces, or by providing sufficient h ngi t u-
dinal stability to reduce the thrust effect to ncgligil Ic

proportions.
Apparent longitudinal instability may be lro('uced 1 v

free liquid surface in fuel tanks. A free liquid surface
acts as a pendulum of length

I = bn - iv (140)

where i is the moment of inertia of the free surface and v
is the volume of the liquid. The effect is cquiivalhnt to a
vertical shift in the c.g.



CHAPTER 8

DYNAMIC STABILITY

Dynamic Stability. The mathematical treatment of the
motion of an airplane considered as a rigid lbody was first
given in a complete form by B~ryan,' who showed that the
motion could be separated into two components, a "sym-
metrical" motion in pitch and an -unsymmetrical"
motion in roll and yaw. Bryan's treatment is from the
standpoint of the physicist and the resulting complexity
is very confusing to the engineer.

The first p~ractical application of B~ryan's method to an
actual airplane was made by Bairstow,2 Jones, and Thomp-
son who showed very clearly how the various dlerivatives
were obtained and how it was possible to factor the
stability biquadratic to obtain a very satisfactory approxi-
mate solution. Hunsaker3 in two papers pulblishled about
two years litter gaw~ additional information regarding the
-itability derivatives and dIrew dlefinite practical conclu-
sions from the studly. Hunsaker's Smithsonian p~aper is
perhaps the clearest presentation of the subject available
at this time. Numerous papers were Published subse-
quently by various authors, but very few designers had
the mathematical training or the time to make the calcula-
tions as a part of routine design p~rocedlure, anol it must be
conceded that the formidable array of three moments of

G. H. Bryan. "Stability in Avia tion.- Macmillan & C.,.. Ltd., London (r Ii
L. Bairstow. B. N1. Jo~nes and A.. WV. H-. Thorops., "Investigation ino tie Stability

of an Aeroplane with an Exami nation in to the ('ondit ion N-cessary in ( )rdtr that t he Sy m-
metric and Asymmetric Oscillation, can be Considered Independently,- lit..\. R, 8z M.
No. 77 (1013).

33J. C. Hutnsaker, 'Experimental Antalysis of Inherent I.,ngit udinal Stalbility 1,r a Tvpecal
flhplane.'' N.A-C.A .R. N. r, Part I (19 S , and Mini tat~a ~dri ares(' I
Vol. 62. No. s (19ib1.

236
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inertia, one prodluct of inertia, and 18 dlerivatives was
ample reason. U~nder these Circumnstances, the calcuilation
of dynamic stability remainedl for many years an aicadlemic
exercise involving a tremendous amnount of drutdgery.
Several attempts were made to reduce the labor involved,
mostly by providing graphical Soluitions for the lbiquIdratic
equations, but no appreciable progress was 1made Until
Glauert' developed a simplified form of the stability
equation referred to wind axes and emiployinig coefficienit
type. The adoption of wind axes results in a considerable
saving in wNork since lift and drag data become dircctly
applicable. Glauert also assumed that the produicts of
inertia and certain minor derivatives are negligible. The
simplified method, while frankly an approximation, has
been shown by Gates' to give surprisingly goodl agreement
with flight test dlata.

Zimimermian6 has also p~repared a set of charts covering
aI wide range of condijtions for which lonlgitt~lilnal St.al ility
is of interest. In any practical inve-stigation of stability
these charts are ad(leq ua te andl indlisI)enisalle.

Before giving the simp~lifiedl stabI ili ty eluations, it
a ppcars dlesirale to indlica te in a very b rief mnannter the
stelis einlo yecl in deriving the classical forms. The onily
pumrpose in (Io ing this is to provid e the eqiv-alen-t )f at
nnmber oif (letinitions that are otherwise very (lificlilt.
For a complete derivation, reference is mnade to the papers
previouis1  listed and to the following books:

WV. L. C wleOY, anld If. Lev, 'Aeroriautics in '[henry a(id
F-xperlinent," Longmnats, (;reeni & Cou. (m ii).

F. 13. \Visoni, "Aeroniau tics,'' john Wiley & SonIS (m Q20).

L. IBairstow, "'Applied Aerodynamiics,'' Lunginaiis, G;reen
& Co., Lonid n (1920).

4 If. ,I .,% Non ' rimni.nal Form of the stility- Equt~aions ofmAeroplan~,,
Btr. R(C. R6. & M. N-. 101) (12)

S. it, *A .\ ur%,-v 4 1,.'nv~tidinaI Stability ht,AV 11W Situt with t n .-\I~tract ijr
D'g~ers I s, ' Br.A. R(. R6. & \i. No.. iti (twv{

6(. If. /.inirnwr an. "An .'na.iyi 4a Longitudinal mr~Ir P-vlas r-O)ff FlIght %%ith
{ Irts t"TU It i tsign,- NA.A. T.R. N- 521
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Stability Equation: General Considerations. For all prac-
tical purposes the airplane may be considlered its a rigid
body. Six equations are required tot defie its motion;
one force eq1uationl a11( onlC monien t eq 118tin for each of

the three coordinate axes. These eq nlat ions M1 st imCILUIC
force and mimeit components (IlIC to IKAth aerOd'naniC

and mnass reactions. fly assuming that the devitios
from the initial steady condition arc rest ricted to comipara-
tively small changes in angles or veh 'i ties, the sec'ondI

order prod uILctS May be neglect ed aw OWd theeqIlations
simpllifiedl to a degree that permits a soluitionIf.

The general steIls leading to the (lerivath it11of the
stability biqluadratic may he as follow-s: Let4 three i111id~iily

lverliula axes Qe fixed in the airplane nith the orgin
at the eqg. and the X axis in the direct iton 4~ tile icitive
mind. If the airplane is asstnmed to We in htriiorial Hlight,
the Z or normal aixis is vertical an(d the Y t tr latcrd axis is
horizotntalI. Thet positive (1ir_ ctims are OX ftrwyard' C)

(directed tonwar1 the right wing tip and OZ do wo ward .
Let the total aerodynamic force o)r the sumn of the atiixly-
nam11ie force cmn mpt trits acting almitg thle t. a xes bc X, V,

80n(1 Z. Let the total tcrodynamiic momlent o)r the iiimi t't

the aerodyni.imic moment et tol(mnOs al Itnt each 4 these,
axes be L, .11, and X. Linea r veli tci t increments it tog

the axes, ave it, v, am!1 inal t.he fttwAt I \ctt1 tAt the
airillane is L, = '. Thw anguilar xco tit ics around these

aIMs are 1), y, aind r. ThenO the X fotrce, for exaIlIIijll, is

X ito, 7- , p. q, r)

where the form (If the fUnet ion f is 1()t~ knm-n. I Twvr
fotr smnall oscillatitons 1he functioIn may hte expnd~ited bty

\Licliurin's thttr,ru nleglectinig 5ot'o it orltrcrins, t')

VX + ±iv +X, +- zN,. . + PA" + qNX,, +j- rN, ( 141)
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XU, X1., etc., arc pairtiilj ilerivit ives of X with respect to
it, v, etc. .X is the rate of change of X with it, or

X = d X '(')I

E'xactly anlaloigou eU (xpansionsfl are mladle for Y', Z, L, M!,

and( N. 1here. art-e a ti t~l a f 36 aerodl varnic for(-(- (eriva-
tives, 1but fo rt unattely the. symmeitry of the airplane about
the XL planec Causes iS8of the(se toxvanish; the changes being
small, v, P, aui( r do I(nol t a ffect A, Z, o r .11, while it, wz, and1 q
(1o ni t affect Y, L, o r X. The remaining (derivatives are

(A', Z, M1) X (it, -z, q)

( F, L, X) XK (v, P, r)

'Ihel first group enters ill the motion in the XZ plane andI
let erinens the lonigitud inal st ahliity\. The secondl group

lecterinc 111cS tholl ing anrd ya winlg mnotion in lateral

Thtse aensdimianic st ibilitv (eriv~ities inav now be
sl stit ut NeI ith tillie mass tforces intoi t he six equations of
Illotion fo'r aj rigidI I)()]\ idv hving ill dc-n lees if freedom.
The fi rst grolup gives three simultaneious- linearll (ifterential
uli)oii with clis talit ('lcelicients in it, Ind 0. The

sCon( I grouip gives a similair set of three equiti( ns in v,

', awld ' whe11re ; is thet angle of h ank aini I s the angle
of yaw, dc (it = p. dt (It = r). 'I'he( motion ca;n he assumed
to be (f the t vpe where each va ri dile is soinie function of
C. Ealch gn Mup of t11 ln aoncnthn1icimined
into a 1iMiquadrat iC equationl of thet f rii

AXI + 1X; + ('X2 + /)X +j F1= 0 (142)

whenc thli cocettcicn ts .1, 13, (C, 1). am ni 1<ian functions of

thet stabilityv derivatives aind X i he iinpii, coe'I i it
in the exponecnt of the integraling factor c".

'[he s0 liiiion of tIChe biquadril iC giVeS fouir roots, X,,
X ", anrd X " and the longitudinal motion in 0, for example,

WOtil( be
0 (", + C'a'+ 4-- ( i ( f (143)
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where the constants C,, C,, C, and C4 depend on initial
values of 0. There will be a corresponding solution for u

with constants C, to C, depending on the initial conditions
for u, and a corresponding solution for w with constants
C, to C,,, depending on the initial conditions for w. The
solutions for v, p, and r in the lateral motion are in the
same form, but with four new values of X and 12 new
constants depending on the initial conditions in z', p,
and r.

The four roots of the stability biquadratic may be all
real, all complex, or two real and two complex. The type
of motion involved will require at least one pair of com-
plex roots of the form X = a + bV- 1, or X, = a + bi
and X. = a - bi. These two roots may be combined by
means of the relation

e -1-i° = Cos 0 h i sin 0

and substituted in equation (143) which becomes, for
example,

0 = ea (C,' cos bt + C/ sin hi) + Cex,' + C4cX" (144)

The term in the parenthesis is periodic and the motion
will be damped, that is, it will decrease in amplitude if
the exponent at is negative.

It has been necessary to indicate the physical signifi-
cance of the stability biquadratic in some detail, but fortu-
nately it is unnecessary to obtain the complete solution
as outlined. The condition for longitudinal stability is
simply that u, w, and 0 diminish as t increases. Since this
condition is met only when the exponent of e' is negative,
it follows that each of the four roots of equation (142)

must be negat;- , if the root is real, or must have negative
real parts if the root is complex.

The condition of negative real roots or negative real
parts of complex roots is obtained when each of the coeffi-
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cients A, B, C, D, and E is positive in equation (142),
and when Routh's Discriminant

R = BCD - AD2 - B2E (145)

is also positive. There are occasional unimportant excep-
tions in lateral stability. The change from a motion
originally stable to one that becomes unstable (by a gradual

change in one or more of the stability derivatives) is first
evident by a change in sign of E or R. When E becomes
negative, the oscillations diverge instead of subsiding, and
when R becomes negative, the damping is insufficient to
prevent unstable oscillation.

The condition for lateral stability is that v, r, and 4'
diminish as t increases, and this requires that the lateral
stability equation also have all negative roots, hence all
positive coefficients and positive Routh's Discriminant.
The general form of the longitudinal and lateral stability
equations are identical, but the two sets of coefficients
A, B, C, D, and E naturally depend on different sets of
derivatives as will be indicated later.

"Wind" Axes. It is necessary to dwell at some length
on the conventions regarding axes in order to avoid the
confusion that has arisen in the literature on airplane
stability owing to changes in the systems used.

In studying the motion of an airplane, there are several
systems of axes that may be used. If the principal inertia
axes are tIse(l, there is a considerable simplification in the
exact mathematical analysis. If, on the other hand, we
are chiefly concerned with a practical and a simple solution,
and are willing to sacrifice some accuracy to obtain direct
results, then "wind" axes are highly desirable.

In the discussion that follows, all forces and moments
will be referred to orthogonal "wind" axes fixed-in and

moving with the airplane, with the origin at the c.g.
The positive directions will be forward for X, toward the
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right-wing tip for Y, and downward for Z. The X axis
will lie in tile direction of the relative wind for the initial
undisturbed motion, and as the airplane pitches, rolls, or
yaws, it carries these axes with it. Positive angles and

moments are measured by rotation of positive X towards
positive Y, positive Y towards positive Z, and positive Z
towards positive X.

These axes are right-handed in that to an observer at
the origin, the positive directions are simulated by the
rotation and translation of a right-hand screw. It may b
of assistance in' visualizing the system to remember that
positive pitch, roll, and yaw are obtained in aI right-hand
climbing turn.

The question is often asked, why use these axes which
are (Iiametrically opposed to the common left-hand wind-
tunnel axes? The answer is that this is a consistent sys-
tem, right-handed throughout and in well-established
usage in Dynamics, and that with it, V and g are positive.
As a matter of fact, it makes very little difference what
system is used, pi-';, ided there is no ambiguity.

Non-Dimensional Stability Derivatives. The non-dinmnn-
sional force derivatives are obtained by dividing the total
force derivatives by p5V. For example,

X = mX//pSV

where mX, is the derivative of the total X force with
respect to u. This distinction between x, and mx, is
important to avoid confusion, since it has been customary
to consider X. as the derivative per unit mass.

The unit of time in the non-dimensional system is r

seconds where
r = n/pS V (146)

and the unit of velocity is 1/r or Vi4A where

A = nI/pSI (147)



('h D] I)YNAMIC STABILITY 243

1 is any convenient length in the airplane, but by general
agreement, I is always taken as the distance from the c.g.
to the elevator hinge axis. p is the relative density of
the airplane. It is physically the ratio of the mass of the
airplane to the mass of air contained in the volume .51.

The non-dimensional moment derivatives are formed by
dividing each moment derivative by kpSVI for linear
velocity derivatives or by kpSV for angular velocity
derivatives where k is $, r7, or " depending on the axis
involved. a, i/, and " are defined by the equations:

A = m1k' = ml2

B = ' -- nml"
C nk = l n'

The moment derivatives then take the forms

1. = L, pSV l
I, = L,,,'p S VP
1, = LIp S 17 1

n,, = 11,. 'p .5 V177

, = N./1p S 1VI r
= ,,' S1 2 77

n,, A' / ~p S I"

11, = N/p S VP

Glanert gives all of the non-dimensional coefficients nega-
tive signs on the grounds that practically all of the stability
derivatives are inherently negative and that it is desirable
to think in terms of positive factors. This argument is
soluifi, but the result app ears likely to be confusing, and
there is already too much confusion. Having adopted the
sindard stability axes and conventions regarding signs,
these will lie used throughout.

Longitudinal Stability. U sing non-dimensional stabilit)v

derivatives with the stability wind axes, w, = o and U. =
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V, and the second order derivatives x, andl z, may be
neglected to give the biquaciratic

X 4 + BXI3 + C.VI + DX1 + E, = o (148)

where
B, = -m. - (xu + zjv)
C, = "I, (xU + z".) - (x,,Zu - xuz,v) - M

D,= rnq (x~vzu - xuz,,1 ) + Amurn (21CL -x.)

± AM,, (.ICL tan 0, ± x.)

Er = ji-L mw (zu - -vu tan Oo) - A 1 nz, (z,, - x tan 6.)
2 2

0. is the angle of climb in the original undisturbed
motion.

Trhe longitudinal motion will hc stable if each of the
coefficients Bi, C1, D,, and E, and1 Routh's Discriminant
R (B C., - D2- B,7F1) is positive.

Bairstow has shown that owing to the relative normal
magnitud1es' of tile coefficients ill CeqLation (148) one pair
of roots is given approximately hw

x" + R1X, + C. = o 19

ad( hence the other pair by

X1,+Q X, + 0 (150)

The motion relpre-sfnt e(l by the first pair is a short-perio I
heavily-damiped oscillation that is of little interest. The
motion relprcsente b Iy the sccondl pair is the long-period,
lightly-damiped oscillation generally known as the ''phu~-

goi(1."' The roots from t Iiis factorization )i rc

r - [I) -~ BEi] \ lc,

and the periodl is app)roximately
- - 2 7r 711

t1= 2r 7 P--.s f 1 F (152)

Thte a pprolxii ti-i is sufficientlIY accurate if Bi is less thlanl ,, >is IV- ht I C2 ), anld
if 1). is less thall li,' ,2o



{h DYNAMIC ST.ABILITY 245

The time for an oscillation to damp to one-half of its

initial value is taken as i measure )f the damping. The

time in seconds to halve an ,implit td(e is

- ( I 'a) lo, 2 (153)

whe-re T is the unit of time (T = 1 pSV) and a is the
"h()garithmic (decrement" or real part of X, in equation
(15o). Hence

1 .38

1-38 X (r53a)

Longitudinal Stability: Force Derivatives. The force de-
rivat ives entering into the lo.ngitudinal stalbility equation
may be calculated from the following relations:

.= m.' p5V = - CD

= ~. ~ - dCp C)

z p = Z,, p" = - C1
,, ni , SV"I d , + l1 dC,,

zw m,,PS' = - .,L, + Cl,] = - I
I da drx

In these relations C,, and C,, are the absolute lift and
drag coeficients for the entire airplane at the initial angle of
attack corresponding to 0,. The slopes are absolute values
based on radians instead of degrees.

x . may be determined directly from the relation giver,

above or by further calculation. Since

CD = CDP + CZ), = CDP + (CL'/In)

dC/dda = 2CL(dCLda),' rfl

hence

x,,... CL(o.5 - [(dC1./d) = [xn] KC (154)



tvhere K depends chietly on aspect ratio, with values ati
follows:

Aspect ratio n =4 5 6 8 i0
K = .15 .20 .24 .29 .33

These values may' be used in the event that wjfld-tuinnel
test (lata are iina vailal ). It should b e noted that X,,.
ik the Only l)OSitive'J'Orcc olerivative.

-,. may Ihe ( letrinine( from the sh ()If thec lift curve
only, since aral vsis of Avino-t unrel test dlatal shoiws that
although the value of dL(/C mu1LSt be zero aIt IMIiaiInhlin

c L, the cD term is negl igile hllow ahIm it 98%" of C,
m1aximum11. The ave-rage value- of dUL da is about 4.0.
Hience, the aveCrage vaIlue of z,, is about 2.0.

Longitudinal Stability: Moment Derivatives. The ino menmt
derivatives enitering in to the lon1gitudinal stability (1 ua ic i
are

;1" .11u 'PS Vh
17 = .11,." p.s ViTi

Where q = 13 'V
AI,, is t he cha nge in pmitching 1110o ment due to change in

forward veli wit y and in has the value

;= C.If n~(/ ') (155)

in. will be zero in gliding flight without p~owe-r. since the

pitching niouienit due to the wvings is ne(utralized by the

tail when there is no change in angle of attack.
ln will not h e zero in full powcer ilight owving to thrust

momntt andl to slipstreamn effects on thle horiz in t.1 tail

surfaces.
M1u" is the change in pitchliing ionien t oIltie to \,em-i %ic

velocity. A\ po sit ive vertical -ve, civWc 111ind s \-cc-

torially withI the forward velocity I' to lwnducc a positive
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change in angl, of attack of 0 = u, V, from which do 'd-,,
/ V. The monlent acting on the airplane is

i = C.I*S r-"

1 lunce

.M. d .11 = dMi dO dC, p SVc
(dw- di dw d ) 2

m,. 1 d(156)

(d(l (0) shotulo1 Iii J)lIWiin(l fromn \vindi-tu inel t i datia.
The slipc is in ra(lians. .\11 alpjrximnate value ,f I(I , (10

may he ol)taincI fr lin .quations (1 17), (1 14), <l(l 115,).

.11,, is the (almpling (lt to anlgullar velocity in pitlch.
In general, allout ,oo 'j Of A.L, is dic to til' tail anl 11f,

relaind(l to the \wings and ti lar jats O)t tihe airlline.

The valC of M, is LlSll11v lltaken as

It' - 2 G1,',;,11 ) \ d(ho '/I7

whure k, is the ra(lius Of g yration in pfitch, ?71 is the tail
efficiency factor, I the tail hn.th, ain] K a fl'tnir .Ill\in,
Ar wing (/imn)ing aml haxing a \,tlI, Id Ail ulI .25.

The (lesirale rangc I dI('w, (10) in ralians is I etw,,n
-0.20 andI -0.4o. 1 77 \-alic, 11(,tcen 5 adll 20). 1l'll'Ce,

M,, sholhl !e between - 0.30 and - O.-6o. BY silila-
reason ing, the valuo of in., will iroiab lv Ie1 letwcen

- i. and -6.o.

Estimating Radii of Gyration. Analysis (If N..\.(..\. (lata.

in iontlts Of incrtia inlicates thlit ihc ralii f glraItin

can lb estimate(I with fair aCCUracy f-I1111 the siin b and
overall length L.

If. A. S fll and \ M ler, xp' p.rin, '11A Dofml i r i-1, 4 , . l,"1n 'nt1 of
Inertin ,1 Airl,Iv N.A I \. "f I. N, I 

.
N-. 5
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The radiuIs Of gyration in pitch, kli, is required in
longitudinal stability calculation. It may be obitained
from

kR? = CB L (158)

where L is the overall length of the airplane "between
PCrp)id(ijeUlars. [1Th coctticient C/ has an average 'dl tLic
of 0.20. It is inercatsed il to ai maximumi Of d ioit (0.22

for very shl r t-conldd aiirplane, (or for ext rctie for-;c-I lIft
weight scprid t i n . It is rell tcc( to a mininium v't1 uc- Of

about Il. iS for very long fuJselage!s With COMIXICt weight
groinhg.

The radius (If gvr. it ii n in roll k., is obtinedl froiii

k4= C. b) (159)

wvhere b is the maximum wving span. The coeftjiicflt C..,

has an average vaIlue Of abo ht 0.125 which m1,1 vbc ill-
creasedI to a maximum vaIlue Of ab)Out 0.150O for *ilm-s
with very heavy wings wit hout tapeIr. C( Itnix h c dt-

creasedI to a minimumn valueC of ill)(lit Oo 1 fur airplanes
with very light wings with consideraible taipcr.

The radius of gyration inl yaw k,. is obI ta;ined fro m

kc= Cc - 1 (16o)

where b is the ruaxinitin span. The coettietent C, l. has Mn
average value (If o.18M.

'Ihese cipIirical equat ions ar, baisedI~ ll I V1 tps- 'cI I It

sealknes and I lying boats. There aillpear toi 1o n(i)
Consistent dlifferences betweven~ niin11 j ll is, sesqutiildiiles

andI biplanes, but the add(it ion Of a ny he, vy weig ht well
outboarId req Uires an apIpropriate alliowanc'e in C., and C,..

The radii of gyrat ion indv 1be colnvertedm to the non-
dimensional (oefilients by the rela tionts
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A = mkA' = mCA2b = m 2

or
= CA' (b/l) (i61)

B mkR2 = maC/L' =7 m1,
or

7= Cj,& (L/l)' (62)

C = akc2 = mCc' b' = mP
or

= Cez (b,/i) (63)

I is the tail length, L the overall length, and b the span.
It should be noted that W12 = kA', il ' ku2, and i1' =
ke2 . Average values are: ,= I'12, 1 = Il/Io, and

= i/8.

Notes on Longitudinal Stability. flunsaker, in his Smith-
sonian paper, concludes that any airplane is likely to show
mild dynamic instability at, and just above, stalling speeds
and that (lynamic stabilit y is improved by decreasing
wing loading, moment of inertia, and moment coefficient,
and by increasing tail area, speed, and drag. Gates, in
R. & A. No. I its, lists a number of very practical conclu-
sions substantially as follws:

I. Instability may arise as a divergence or as an increasing
oscillation.

2. Static tal,ilityv or negative (dCor/do) and negative
mis a rigid safeguard against divergence in the
gliding coindition. (d(C1 'dO) is ma,4, more negative
by moving c.g. forward and by increasing tail area,
but it is preferable to keep the tail area reasonably
large. If a stable slope is obtained by a forward
c.g. location in combination with a small tail, mq is
reduced and there is risk of increasing oscillations at
low speeds.

3. The effect of slipstream on the tail is such that there
is risk of divergence with engine on, even with static
stability. This danger is characteristic of high
speed, especially with wings having large (',. On
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the other hand, the slip-treamn effect tends to increase
the darnger of anl tundampedC oscillation at low speeds
whenl Cu,,, is small.

4. A large angle i)f climbi reducies danmping.
5. T'he raiige of speeds fir stability i., less fo r pi wer-on

liali1 fior lower-off, and it h ccornes less as the poiwer
is incireasedi.

6. A large no nt (of inertia is, nmolesiralhIC.

7 At im slerate and low speed. it is generally true that
thle (lan11illi (e ieficient ieleera'es as, winig loading and
aIltit tide are increa.sed, all other p~aramleters remaining
conlstalilt.

Thle desirnild I ciiit iiin in I rligititn lial stai lityv is a
heavily-(lantlm pedlg per~ml. [his is liest liil with
large in,aimd smiall o)r nioderite In . Tlle ailililiq inti1st
I l statii lv st abde, that is, III, nitst lbe neg;Itive fir

Longitudinal Stability: Power-on. '['l.eff(lts of thrust
ainid sli I st ilii ilv Sit c 1iiilex t halt t he' (%lili.t ii s fi ir

Iingitiidin;ll stJiIilit v with Ii li ir-(I il vd lii it \cr I nIi'I Ic.
It is lih 5icI, lii iw cie tio t rare Ilwe (tb-It t i s(iIne if the

xI r iabtk1) c.V X11 ill ()I)\ iitily 1 i vif icdi to

-X,, - -CI) + (1di V) lb N (164)

butt tilt- megat% j(- l (47 d V) tiW L-. ti) )i laice tilt redtieetl

l(llt-le irig illud the llct (lillgi is pimihahily iiugligilile.
w\ill lie nii sitied to thek extelt t hut thle shilit ream1

' r1(ts Ill lilt. Thiis Im; lie ii sii etd-h ill mliil ti-eniginet
tili ilne. whecre the nie 11e liii ilmtd ilimig thet lceaditng

,i tgi, wlhicre tilt. result may lie ap Iin ximii tel by a limei

p(Incclit'it age mn.I-ese kist'se(l the( pIevI~lt;igc of helt wing
rtin the slip~streami anii asstimiing ciiistaflt slipstream il

iii city. I lenc
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x,, and z. will Ne affected to sulstantially tile same

degree as Z, or x, = K(I + .S5. ,; ., and z, -

- 1 (I + ,s ,Si.r) (dC1 . da).
The greatest effect of power will 1Ie 1hr ugh In. and the

correspnlding modiiti oni(f of tlie ( ctficici1t F.,. In. is

influenced directly b y the thrust mu(rint arnd inlirectIy

by the sil)stream on the tail. If h is tliu (istance fronm

the c.g. to the thrust line, positive if the e.g. is alhovc, then
the thrust moment is

I I = + Th

Neglhecting, slilpstram (ffect , and itssunlinlg that the

thrust horsepowcr is conltalt A Ih IV an(d
d7' dl = -K • hlip I". whcre K will have an average

valie of 550 X o.S) = 44o. Fromi this

(, (lit __ 440 h NIhp
(dt d IV I"'

alfl(l

220 I (06)
1- ( ihp) ,1 (66)

This effect (leserves Ilio re c(,nsidcrat iin than it has receive(d
in tile ast. If the c.g. is [hh1w the t hrust line (h ega-

tive). the increasing thrust with (lccrea sing spcct has a
staliilizing effect. If the e.g. is albove the thrust lirne there

is a dlinteitv (estil ilizing tendency. \Vhile tihe slipstrca in

on wings and tail enters into the value of ?,n, it d( cs nioit

appear practicalhle to calculate this effect, the maj ir part
of which is probdly (file to a varying vehcity over tile
wings and a substantially constant slipstream velocity

over the tail instead of the same velocity over both wings
and tail.

Lateral Stability. The asymmetrical motion in side slip
roll O. ;nd yaw ' is treatcd un r the hc,iling of litcral
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stability. This motion is rcpresented by a biqUadratic,
idientical in form with the equation for motion in the XZ

Plane

Xj± +B 2 X2+C, X,2+D X, + E, =o (167)

where, omitting the negligib~le derivatives y~, and y~,

B, = 1, - n,-

C, (1,n, - 1,n,) + y, (1, + n,) + A n

D, Y (1, n, - 1,n,) - 4 in (Ii. tan 0,, +±1 ±+ (n, - K' )
E lf, 1,n,-l + (1,n, - 1,n,) tan 0.1

2

The condiition for stability is that ',. yr, andi ' (lefreaise
with timec. This condition is ohtaiine I when each of t he
coefficients B,, C, D-, and11is, is positive anti ROUth's
[Discriminant,

R = B, C, D. - D,, - B,2 E,

1s alsoi positive. since tillis insures thait the real ri iots arld
the reali part of compl;~ex ro ots ire ihyai le.

The a ppr xinlat e factoriza ti n used xvith equa tii n

148) calnnot lie used on equa 'tion (1(67). hLtlt fortunaitely
another type of app roxilflialii i is a vai lii le, sinlce apIpr( xi-
mately twii roots are given by

= ii,(x68)
andi

X, E s, D, (169)

Extracting these two factors from equation (167) leaves an
oscillato ry qutadrat ic that can be solv ed withouit diffiltyv.
The rolling motdio n represented lby eq nat non (Ws68 is
strongly diampeoi as long as 1, is negative. It is of little
interest or imp~ortaince below the stall. The motion
representedi by equat1(ion (1 69) is t hr "spira1l" staiilit v.
In level flight this motion will be stable if

nfl - 1, nl, > 0) (170)
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This relation determines the vertical fin area that can ho
used with a given dihedral, but it is not highly critical
since n,. and nr are both affected by change in the vertical
fin area.

In most cases the period and the damping of th,
lateral oscillatory motion are given to a reasonable approxi-
mation by

and
T = 2 T log, 2/(C,!B,) (172)

but these approximations are not always valid, and it is
advisable to obtain a solution of equation (167) using the
approximations of equations (168) and (169).

Discussion of Lateral Stability. The condition for spiral
stability is that

1,nr - ln, > 0 (170)

1, is derived from the rolling moment due to side slip,
which is due almost entirely to dihedral, although vertical
fin surface above and below the c.g. ma& become impoJr-
tant. n, is due to the damping in yaw; it depends on the
fin surface and on the square of the distance of this surface
from the c.g. 1, is derived from the rolling moment due
to yawing, and is due chiefly to the difference in linear
velocity along the wing span in a turn. The only control
over 1, is found in taper or reduced span. :., is derived
from the yawing moment due to side slip and is directly
proportional to the slope of the usual yawing moment
curve obtained in a wind-tunnel test. There is little
that the designer can do to control n, and 4, but bcth 1.
and n, may be changed at will, the former by varying
dihedral and the latter by varying the vertical tail surface.
Since physically 1, and n, are negative, and 1, and n1. are

h . Il, ..
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positive (with the present system of axes), it follows that
the positive product 1,. n, should be greater than the posi-
tive product 1, n,.. Hence, insufficient diheldral or too
much vertical fin surface tend to cause spiral instability.

The requirements for stability in the lateral oscillation
are dependent on the type of motion desired. A small
value of n, and a large value of n, will tend to give a long
period heavily damped. \ large value of n, and a small
value of n, will tend to give a short period oscillation.
Ample fuselage length with c(onsiderable equivalent fin
surface ahead of the center of gravity appears desirable.

In general, increasing 1. reduces the damping and
shortens the period, increasing n,, increases the damping
and shortens the period, and increasing n, increases the
damping without affecting the period.

Calculation of Lateral Stability Derivatives. The only force
coefficient entering into lateral stability is y,. = m Y,. 'p5 V.
mY. is the total side or cross-wind force due to yaw. It
is determined from the slope of the curve of cross-wind
force coefficient against yaw as obtained in a wind-tunnel
test. The lateral velocity v compounds with the forward
velocity V to produce an effective yaw angle 4, = -v 'V,

hence, d4, = -dv/V and since mY, -1 = d (C qS)
dv dv

n =d -Y 'd4,W pSV03
_ de," dv = -d1PJ2

Hence, y, - [dCc/dj (174)

where the slope is taken in radians. The total cross-wind
force should be a function of the span b and the overall
length L of the airphne, or

(dY/dik) = kqbL (175)
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FromN wind-tunnel tests, k has an average value of about
o.io for landplanes and about 0.14 for seaplanes an(l flying
boats. Hence, .v, can be approximated by

3" = - o.o6bL S (176)

1, is best obtained from a wind-tunnel test for rolling
moments at various angles of yaw. Since 1, = L,,/pSVI

and L = C pbS 1" 2

dL (lip _ dC! p bSVSL . = dv J/& - d1/ 2

and
' l .. . U \ k ](177)

where b is the span, / is the tail length, and = (k,, 1)'.
The slope of the rolling moment coefficient (d', d#) is

measured in ra(lians.
In the average airplane, 1,. is due chietly to dihedral,

althougih the vertical location of the tin surface or effective
tin surface is important. The rolling moment (fie to
dihedral may be calculated from equation (133) from which

dL (dC1
-- = ky --f) q S,,b

and ( d C , k d u S ,

where -' is the dihedral angle in radians, dCL da is the slope
of the wing lift curve in radians, ,, is that part of the wing
having the lihedral, and k is a c enstant to allow for the
moment arm (in terms of the span) of the area S, having
dihedral. If Sa = Si on a wing of rectangular plan-forin,
then k = 0.25. Hence, approximately

- kby 1 dC,.'\ / (178)
nV1 d nnn -- / Vol)
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An excessive area of equivalent fin surface well below the
e.g., as in a flying boat, may reduce 1,. The approximate
reduction is Al. = + y,(h/b) where h is the vertical
distance between the c.g. of the airplane and the center
of the effective area. h is negative when the area is
below the c.g.

n is obtained from the slope of the common yawing
moment curve of a wind-tunnel test, using the same
method employed to determine 1,. Since n, = A-,,'pSvl

and N = C,.Sb1'
2

N =dN d4, IdCN\ p b= d = - V2
and

b (dC~
n - d-) (179)

where " = (kc1l)', I is the tail length and b is the span.
(dC.v./d4) is the slope of the yawing moment coefficient in
radians:

(dCN/de) = (dN/d')/qSb

The only accurate method available for obtaining n,
is by use of wind-tunnel test data. A fair approximation
is possible, however, by use of the vertical tail surface
design data in Chapter 7. If the vertical surfaces are
normal, then from the data used to determine equation
(125)

dC
- d = + 57.3 X 0.00050 = + 0.030

Hence
0.015 b

n= (18o)

1, is obtained from the rolling moment due to rolling.
This is the damping in roll. It may be measured in a wind-
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tunnel test with a continuous rotation balance, but it may
also be calculated with reasonable accuracy from the
change in lift due to the change in angle of attack along
the span. The calculated value is

L, = - i PSV. dCL b2

-da 12

for a rectangular wing of span b and area S.
L, will be slightly reduced by taper. The value of 1, is

I, = I, SVI 2  
= - (dl) b12/24F2 (182)

n, is obtained from the yawing moment due to rolling.
This effect is due almost entirely to the yawing moment
resulting from the change in lift direction and induced
drag along the span. Np may be obtained from wind-
tunnel tests or from calculations. This quantity is difficult
to measure in wind-tunnel tests so that calculated values
are preferable. An integration of the moment of the lift
component and the induced drag change along the span
gives

N, CLSVb' i(dWi \
12 Linda) 2]

Hence,
CLI 2 [(L )  (183)n= I21P Linn da / (I

where n is the effective aspect ratio and " = (kc/l)'.
1, is easily calculated from the rolling moment due to

yawing, since it depends almost entirely on the change in
velocity along the span. Integration of the moment due
to this change in velocity along the span gives

L, = CLpSVb'!12
from which

1,= b'CL/12 t P (184)

1, will be reduced somewhat by tapering the wings.
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N, is derivedl fromn thle ya~ving moment (tile to yawing.
This is tile dlamping in yawx uisually olbtainled \vith an
oscillator dlevice in at \ind t unnel. It iiuiy b~c calcutidl
-tvith fitir accuracy fo)r the %vings aind for thle tald surfaces
For the wvings, the in tegration along thle span of the
yawing momflenlt dI n to chanige in I rag fi-n m ha nge in
1ocal) \Clocity gives

or
12 1 D~ 2 (185)

Ani angular velocity of r radi ans per secondl changes t he
angle of attack of the vertical tail SUrfaces by A '= h v,
fromn which, it may be showni that

or

fld= --7 (186)

Hence, by addition, thle total nI

nl,=t' -12 --- dC4' . S; (187)

Collected Lateral Stability Formulas. It is convenient to

have in tabular formi thle ajppro\iniatiofl formulas for
lateral stability (leriatives. These are given in Tale 9
with typJical va1lues, to serve as it checck on calculatedl
vluies.

The dlerivatives X", 1, andl 1, (10 not vary greatly,
with thle attitude of the airl),ancl, but the others dto, andl
for tiiese derivatives the typ~ical values are simply average
Values.
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CHAPTER 9

PARASITE DRAG DATA

Drag Coefficients. Drag data may be given in four forms:

I. Absolute drag coefficients defined by CD = D/qS where
q is the dynamic pressure pV/2 and S is the total
surface area.

2. Absolute drag coefficients defined by CDA = D/qA
where A is the maximum cross-sectional area.

3. Engineering drag coefficients defined by K = D/A I,
where o is the relative air density, a = p/,p and V
is in nph.

4. As actual drag in lb'sq ft at 100 mph in air of standard
density. Denoted by symbol D,...

No one of these four forms is universally desirable.
Where practicable, the absolute drag coefficient CDA-, will
be used, but it is frequently convenient to use K or D,,...
It should be noted that K is the drag in lb/sq ft at I mph,
and that D,,o = K X iol = 25.58 CD.

Square Flat Plates. Eiffel' investigated the drag of square,
flat plates over a limited range in Reynolds Number.
These results were originally reported as the effect of area
on the drag of square plates as shown on Figure III.
These data have been converted and for a test speed of

o m/sec they are as follows:

Length of Side Reynolds
cm CD K Number

10.0 1 .040 .00266 68.00o0
15.0 1.055 .00270 T02, 0)
25.0 1 072 .00274 170, 0Ox
37.5 1.140 .00292 255,000
50.0 1.193 .00305 340,000
70.7 1.234 .00316 482,000

100.0 1.263 .00323 680,ooo

I "The Resistance of the Air and Aviation," Ch. If.

z6o
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Eiffel sta ZecS tha)t for a Very large p~late CI, approaches
the Value Of 1.28, or K = 0.00328. This value is generally
uIsed in calculating the dIrag at very high Reynolds Numi-
ber, and in calcLaLting the e(lUivalent flat-plate area of
parasite drag.

L20 Z ____ ___ ___

0

____________ AREA- 50 T

11 guE ffCet f I )rt 1 .uf li t r [I iC 11it I'Iatcs-

Rectangular Flat Plates Normal to Wind. The (liag coeffi-
(ient of rectangular flat p~lates increases as the aspect
ratio is increased. Eiffel's test;2 arc w,\ell known. Vo)pl
mnade some similar tests at Gittingen.' ELiffel's and
Joplils data (10 not agree very well probail )l on account
of the (differences in Revrnolds Numnbers. \Vieselsberger'
has mnade some tests which appear more consistent ; his
data are p~otte(I on Figure 112. He also tested a nUmber
of annUlar discs, the (data for which are llottedl on the
same figure. It is interesting to note that the dlrag coeff-
cient for ir finite aspect ratio is CD = 2.00, or K =0.005 12.

2 Chapter IT. "The Resistance of the Air and Aviation.-
-Reported in the "Jahrhtich der Motiiriiltschiitf-Sttidiengeselkliaift, julius Springer

Berlin (i00- 1,911).
4 _; it t i jgert Ergebtiisse It, R. I ldenbouirg, Nitinclien (t92,1).
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lests t Langicy Fieldl reportcd in anl appendix to T.R.
Nci. 3 17 Cive L bi .4() for at flat l)liltC Of 4aspect ratio 6
at o)1 ai1Ll I)f Ittawk.

10

L

0

RATOS AT NNER DIAMETER

RAIO LENG9TH ANDJiIER DIAMETER

Circular Discs. Thc rsimfce I if circu'tir I ics hasI)Ii
1U(lst , M I N \rni s wirndI tminels, andl 1 th results art In

C*XC',Il ), Llnvnwnt . lFjfll fmir 111t 1 > 1 .099, ;Ind 1 .1 )s
f~I ,ii9e lk II mdi~s req 'ecti Iev ihi ese ta

sp--d (,f1( 11 -kv. \Vcc1 Ih rLV1_ ttiSte( fol d'11 Iie 3 6
I~~~ r "," 3,I 6, ) . '.\~I~5

1,5.1 a ndl -to emI in dIianw Al r Over it wide rainge in ieN 1 Is
Numdr ohtaining x alues )f CL, varying from 1.07 to 1.13,
with an itvcraite \ alue oIf iibout 1.11.

AI9-mdis(' teste(I it- the N.A.C.A. varialble-(knsitv
W ifld tiilTI'- att Reynolds Nulmbers ranging from 210,000

to 4,440,000) 9aVe vide oIS(f C q betwen 1.077 to 1.139
with an ;tvvr;1ge \a1 11c( of abomut 1.11.

S. r 1" .- it .t n .lfli~lrl1 \riii-h-AIIst., Zii G(5 i ngvn 1, pj) 28 .12,

-~ w (if a. 1..ie-C nie rDs, NA(A
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In 1)0th the Gittingen andl the N.A.('.A. tests there was
no definite change of CDf with Reynolds Number, although
there is a little evidlence of the existece1C Of the critical
ReyNoldI(s NUmIber which is found for cylindlers andl
Sp~heres. For any ordinary size of dIisc or wvind speed, the
average value CD = i.11 may lbe used1. 1:()r Reynolds
Nunmb ers above 6,ooo,ooo, the coefficient is unknown.

so A-j1 ~ -
30

10

04

04

0.1 L I IC00 0 0 0 10 0

varia tion (If Czu with Reynolds Nume tkci (m (11jenI Figure

1 13 is b asedi (n a comp~ilationl of test d it' Llmi \Ji( 1115

soutrel,, is ade at the \Vashington Navy Y ard hy~ I )r. A. F~.
Zahim7 ain( Mr. F. A, Louden. Additional data on sphere
drag are, given oil pag.e 87.

Spheroids and Ellipsoids. D rag coel-ficients (If two( ellip-
soids5 are compared with those for a splicere' in 1:igureC Ii .

7A. I. ZahmII. "Fo ind1 Dragl Fllrmnlal for Simnple Qit VC V,~ \AC (1: d
p.lr t Nl.125 I 1,)2611.
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070 - I I
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0 ' Z0 1XO 3X10' 4XI10 SX10' 6X10' 7AW

IiLgtMc 1 14. D rag Coeffbcicnts for Sidier ,id. andi Flii

Hemispheres; Parachutes. Eiffel tested a hem isphei-ica i
cuI) and~ found Ci';= 0.33 when the convex side Nvas pflc-
sented to the windl and C,) = 1.33 when the conlcave sitdc

was l1resente1 to the wvind. Tests mnade hy N..\.C..\.' in
an eXtenlsive StudlV of the Robinson-type cup) anemlomleter1
indicate Values Of CD = 0.28 andI Ci = 1-38. Thesc
values (10 not appear to depend to any alplreciahle extent
on the Reynolds Numbher or the formn Of the (-upI.

The value Ci) 1 .33 is often used for p~arac'hutes on the
basis of the projectedI area when In flat ed. The formi of an
infla ted parachute is approximately that of the surface,
of an ellipsoid and the p~rojecte I area IS ab)OUt 55/% of thle
surface area. The limiting velocity of a parachUte is
therefore given by

VL= 2 11 (188)

where TV is the total weight of the parachute plIus its load,
S is the total surface area and p is the air dlensity. F"or
TV' in poundIs, S in sqjuare feet, the vaIlue Of 1 L inl ft/seCC
in air of standard density is

34 V W/T S (189)
M. J. Brevoort and U. T. Jo 'tier. "ExperimentIn oxcigation of the Rhinson-T, 1,

Cu~p Anemometer," N.A.C.A. T.R. No. 513 (1935'.
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Cylinder with Axis Normal to Wind. The drag of cylinders
normal to the wind has been thoroughly investigated.
Figure 1 13 gives the variation of ('D with Reynolds Num-
b~er, both for a section of an infinite cyIinde(.r and for a
section 5 diameters in length. These curves are based on
test data obltained at the WVashington Navy Yard and
other laboratories, as comipiled lby Dr. A. F. Zahm '" and
Mr. F. A. LOu~den.

Cylinder with Axis Parallel to Wind. F-iffel tested two
series of cylinders with the axes parallel to the wind. In

OW4

-. 11 -r RAI LNT/DAM TER

io- 2 .3 4 A 6 7

]igttU 15. Iraii C(diiciclit.s fir Patkr~1ralld t, tl., Wind1

one series the (liam( ter waUs 3o cm andl in the other 15 clu.
Lengths from a thir. disc Up to 7.0 diameters were tested
at a wind speed1 of io i/1 sec. Trhe ratio (of the drag of the
cylinders to the drag of the discs are plotted against length/

diameter ratio in Figure 1 15.
I 5S(-e N.A.C.A. Technical Report No. 253.
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Subsequent tests on the cylinder with length/diameter 
= 7.0 showed the value of CD to be reduced from 0.94 to 

o. 19 by fittin£; he1i!isphcrical ends. 

Skin Friction. The .~kin friction resistance of a very 
smooth surface such as glass, varnished wood, or doped 
fabric, is given by 

(190) 

where p is the air density, S the total area or "wetted 
surface," V the air speed, and CDP the frictional drag 

:··--~--;._ ' ' ' ' 
IJ.. '?7.~ r--0 

.006 

.005 u --- - -
~ --r-r--t-REYNOLDS NUMBER X IO?L 

.0031 1.5 2 3 4 5 6 e JO 
Figure II6. Skin Friction Drag Coefficient CDP 

coefficient given on Figure II6. CDF is also given by the 
relation 

hence 

CDF 
(

p VL\-O.IS 
0.0375 --;;-) 

0.0375 (RN)-o.ts 

D P = 0.0375 (RN)- o.xs qS (192) 

The frictional drag coefficient of a surface which is 
not very smooth, such as unvarnished wood, undoped 
cloth, etc, varies with the roughness of the surface between 
o.oos and o.oro and is substantially constant for all Rey
nolds Numbers over a wide range, including the common 
f ull-scalc values. 
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Some doubt exists as to the correct form of equation
(192) on the basis that breadth should enter directly, so
that the frictional coefficient varies as a function of length
and Reynolds Number. There is also some doubt as to
the validity of the equation for short lengths, but this
doubt probably arises from the difficulty which some
experimenters have had in separating form resistance from
frictional resistance. The total "profile drag" of a thin
section may be less than the skin friction. Equation
(192) is certainly sufficiently accurate for most engineering
purposes.

For L = io.o ft and V = 1oo mph at sea-level, RN =

9,350,000 and CDF = 0.0033. Hence, the skin friction
per unit area of wetted surface is D/S C .q = o.o84

lb/sq ft.
Values of CDF are as follows:

Reynolds Number CDF
100,000 .oo67
500,000 .0052

1 ooo, oo .0047
2,000,000 .0042
5,000,000 .0037

10,000,000 .0033
20,000,000 .0030
50,000,000 .0026

Wing Profile Drag. The minimum wing profile drag is
primarily a function of camber and thickness ratio, as
indicated by Figure 45. It is also a function of surface
finish and smoothness. For wings having a very smooth
surface in good condition, the value of CD, minimum will
be about io% greater than the variable-density wind-
tunnel values. Average values of D/S at oo mph for
2% mean camber are given on Figure I 17.

It is of considerable interest to note that the values of
CD, minimum for the thinner sections are approximately
equal to the skin friction coefficient doubled. Hence, in
the better wing sections, the minimum profile drag is
entirely frictional in its origin.
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Figure 117. Airfoil Drag as a Function of Thickness Ratio

Wing Surface Finish. The wing surface finish is an im-
portant factor in determining the profile drag. Tests in
the variable-density wind tunnel" show marked effects
on lift and drag due to surface finish as follows:

R. W. Hooker, "The Aerodynamic Characteristics of Airfoils as Affected by Surface

Roughness," N.ACA. T.N. No. 457 (1033).
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Metal airfoil, polished ........... CL = 0.20 ................. CDo = .0080
W ooden airfoil, 2 coats shellac .............................. CDO .0o95

W ooden airfoil, highly polished ............................. CDo = .0085
Metal, i8o carborundum on upper surface ................... CDo = .6o

The first three finishes are not greatly different. The
last is, of course, noticeably rough and simulates a walkway.
The effect of simulated lap-joints was small but not neg-
ligible.

Tests in the N.A.C.A. Full-Scale Wind Tunnel" show
that the minimum CD is reduced by o.oolo when a wing
surface with standard commercial finish is treated with
12 additional coats of clear lacquer and 3 coats of wax,
thoroughly polished between each coat. This is about a
io% reduction in wing drag, but the required treatment is
impracticable, and the chief value of the test is to show
one reason why the variable-density tunnel drag data
cannot be used without correction.

Rivets. The drag increase due to exposed rivet heads
on an airplane wing has been measured in the full-scale
wind tunnel at Langley Field."

The rivet heads were simulated by lead stampings 5/16
inch in diameter by 1/16 inch in thickness, spaced i inch
apart. The results are as follows:

CD CD %

at 55 mph at 120 mph Increase
Plain wing ...................... . 0094 .0o90 0
i Row on L. E ................... . oo96 .0092 2.0

i Row at 5 % C ................... 0112 .0102 13.0
i Row at 15 , C ................. ..0lO9 .0100 11.0
I Row at 30% C ................. . .0103 .oo96 7.0
9 Rows on top surface ............. .0114 .0103 14.0
9 Rows on each surface ........... .0120 .oio6 18.o

Protuberances on Wing. Wing lift and profile drag may be
profoundly affected by small protuberances,'4 especially if

" S. J. DeFrance. "Effect of the Surface Condition of a Wing on the Aerodynamic Char-
acteristics of an Airplane,' N.A.C.A. T.N. No. 495 (1934).c. H. Dearborn. "The Effect of Rivet Heads on the Characteristics of a 6 by 36-foot
Clark V Metal Airfoil,' N.A.C.A. T.N. No. 46! (1933).

14 E. N. Jacobs, "Airfoil Section Characteristics as Affected by Protuberances, N.A.C.A.
T.R. No. 446 (Io,32). also E. N. Jacobs and A. Sherman, "Wing ('haracteristics as Affected
by Protuberances of Short Span," N.A.C.A. T.R. No. 449.
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these are on the Lipper surface near the leading edge.
The variation of effect with protuberance height, and
location, is rather complex but as a general rule, the addi-
tional drag is obtained with reasonable accuracy by con-
sidering the frontal area as a flat plate. This holds forall reasonable heights and locations on the lower surface
and for heights less than o.ooi c on the upper surface.
For heights greater than 0.002 c and locations between0.o5 c and 0.65 c, the drag added will be approximately
twice the flat-plate drag of the protuberance frontal area.
This additional drag is very large in comparison with the
airfoil drag, at CL = 0.2 a protuberance 0.002 c, or o.i in.
on a 5o-in. chord increases the wing CD from 0.0085 to
about 0.0120. A protuberance of short span has more
effect on lift than.on drag.

The references listed should be given careful study by
the designers, since it is shown that most of the bad
effects can be eliminated by simple fairing.

Corrugated Metal Wings. Tests on 2 x 12-ft wing models"
at a Reynolds Number of 2,000,000 gave minimum profile
drag coefficients as follows:

CDa o Increase
Plain Clark .......................... 0o86
('orrugated A... .. ............. 0 oi 37.0Corrugated B .......................... .0104 21 .0

The corrugations had a depth of 0.0052 c and a pitch
of o.oi65 c. In corrugation A the bottomn of the corruga-
tions formed the Clark Y section. while in corrugation B,
the top of the corrugations formed the (lark Y section.

An average increase of about 30% in (_, should be
allowed for corrugated metal wing covering.

Gas Tank on Wing. A local unsymmetrical increase in
wing thickness to provide volume for a fuel tank has a

D. if. Wood, "Test.; of Large Airfoils in the Propeller Research Tunnel, including Twowith Corrugated Surfivci" N.A C.A. T.R. No, j36 (929).
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marked effect on both lift and drag. 6  Doubling the thick-
ness of the Clark Y section over 15th of the span at the
center gives approximately

CL max CDo

Plain Clark Y ............... ......... . . 90 ._50 95
Increased above .......................... .41 .0120
Increased below .......................... .38 .0140

Any necessary local increase of the wing thickness should
be symmetrical with respect to the mean camber line,
which will not give any appreciable effect on either lift or
drag.

Tail Surfaces. The normal drag of the tail surfaces is,
in general, about twice the drag of the basic undistorted

.56 -

.40

0/

ci
0 .36

.04 .06 .08 .10 .12 .14 .16 's .20

THICKNESS RATIO
"Figure jiS~. Tail Surface Drag as a Function (4 Thiicknc~s Ratil.

I u EV . N. Jacobs, -Eff'i~ct 4f Protruding Gasoline Tanksq upon thw Chiaracteristics ,4fan \Jr-

foli.- N.A.C.A, T.N. N-I. 1t49.
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section, or a1out 0.40 lb per sq ft at 100 mph. This

figure may be increased to as much as o.5o lb per sq ft
for very thick sections, or reduced to 0.30 11) per sq ft for
very thin sections. The curve of Figure 1 8 gives the
variation of unit drag with thickness ratio.

The drag of the tail surfaces is appreciably affected
by the stabilizer setting and elevator angle for trim.
Where speed is of prime importance, the bet stabilizer
setting must be carefully determined, since the profile drag
coefficient may easily be (loubledl by a low tail lift obtained
with a large elevator angle.

TABLF 1O. OFFSETS FOR NAVAY STRUT AN) C-CLASS AIRSHIP

'7% D r; 1)

% L Navy C-Class e L Navv C-Class
N . I Air- No. I Air-
Strut ship Strut ship

0 00
1.25 26 0 20.0 35.00 100.0 9I.9
2.50 37. I 33.5 40.00 99.5 99.0
5.0 52 5 52.6 50. 9()50 95 0
7 50 63 6 65 8 6o.oo 6.i 88.5

10 00 72 ( 75.8 70. 00 73 2 79.0
12 50 7K 5 83 ,5 80.00 56.2 66.5
I.00 83.6 88 7 90 00 33.8 49.3
20o0 91 1 94.7 95.() 19.0 36.2
25. 0) 9, g 982 98. 00 7.8 22.5

30.00 9S. 8 99 8 100.00 0 0

Struts. Figure i I9 shows the drag coefficients obtained
on Navy No. i struts in tests at the \Vashington Navy
Yard and at Langley Field. The Navy No. i appears to
have the lowest drag yet recorded for a strut section.
The offsets are given in Table io.

In Figure I i9, CD is plotted against VD instead of
Reynolds Number. V is the air speed in ft,'sec and D
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is the width of the strut. Reynolds Number = VD X
6378. For values of VD greater than IO, CD is given by

CD = 0.12 (VD)-*.. (193)

Drag in lb per ft at IOO mph in standard air for a
strut of fineness ratio 3, is plotted against strut thickness
in Figure 120. Rounding the trailing edge does not
appear likely to give large increase in drag, providing the
radius is small. Cutting off about 15% from the rear of
a strut does not affect the drag at all, according to Munk's
tests reported in the Technische Berichte.

The change in drag with fineness ratio is shown on
Figure 121. This is a composite curve based on British,
German, and American tests, which differ very little.

Streamline Bodies. The drag of streamline bodies at o
pitch and yaw is not only very difficult to measure accu-
rately, but it is also greatly affected by surface irregularities,
disturbance, or turbulence in the air flow, and by change
in Reynolds Number. The form having the least drag

per unit of cross-section area does not necessarily have the
least drag per unit of volume, and the form which shows
up best at one Reynolds Number may be comparatively
poor at some other Reynolds Number.

The C-Ciass airship is a form which has a very low drag
under all conditions. This shape has been thoroughly
tested at the Washington Navy Yard for the effect of
inserting parallel middle body'" and for the effect of vary-
ing the spacing between stations. The drag may be
written in the form

D = K IO](94)

where D is the drag in lb, V the air speed in ft per sec, and
d the diameter in ft. Both K and n vary with fineness

11 A. F. Zahm, R. H. Smith, and G. C. Hill, "The Drag of the C-Class Airship Hlull with
Varying Lengths of Cylindric Midships," N.A.CA. Technical Report No. 138 (1922).
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Figure 122. Effect of Fineness Ratio on K and n in Equation for Drag of

C-Class Airship

ratio as shown on Figure 122. Allowing for the fact that
the value of n is very difficult to determine, the test data
are quite consistent.

Offsets for the C-Class are given in Table Io.

Aircraft Cable. The variation of CD with Reynolds
Number for round wire is given on Figure 123. The range
in CD actually encountered is not very large and it is
customary to take CD = 1.20 for all normal sizes and
speeds. This applies only to full scale, and gives

D lb ft = 2.50 d (I IOO) ('95)

where d is the diameter in inches and V the air speed in
mph at standard density. The d]rag of various sizes of
wires and turnbuckles may be found with other data in
Table i i.
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Figure 124 is a plot of total drag divided by total

length, that is, drag per foot, at IOO mph for various

sizes and lengths of cable, complete with terminals.
The effect of fore-and-aft spacing is shown on Figure

125.
The effect of inclination is given on Figure 126. The

curves marked A and B are two sets of test data for which

the drag ratio refers to unit length. The curve marked C

is the average drag ratio per unit of projected length.

Lift and drag coefficients as a function of angle of

attack are given for both smooth wire and cable on Figure

127. These are the usual absolute coefficients, for example,

Lift - CL SV2
2

.5 being the product of the wire length in feet by its diameter

in feet.

TABLE I I. DATA ON AIRCRAFT CABLE

Diarneter Resistance at ioo fi. hr.

Approxi- Breaking
-mate Wt. Strength Wire Turn- Turn-

per ioo min. Alone buckles blckles

nil in. ft. lbs. per ft. I'lus Eves Plus One
in. lbs. run Complete Eye Only

o6 .062 .81 480 .1 .42 .25

14 .078 -95 550 .20 .48 .29

. .094 3.45 920 .24 -52 .33

I •125 2.45 1,350 .32 .6 43

. 156 4.67 2,6oo .40 .82 .53

G h V 7 5.80 3,200 .48 1.01 .63

R 2 .2i8 8.30 4,6o .56 1,24 .74
250 10.50 5,800 .64 1.50 .86

A 312 t6.70 9,200 .80 2.05 1.oS

375 .... .96 2,6o 1 33
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Figure 127. Lift and I)rag Coefficients for Round Wirc alld Cahle

Streamline Wire. The drag of streamline wire has been
measured by N.P.L. and N.A.C.A. and the variation of
CD with Reynolds Number is given on Figure 123. The
two sets of data fall on a single curve.

Figure 128 gives the drag in lb per ft at IOO mph; also
the drag of two standard terminals at the same speed. It
is customary to use the projected length of inclined stream-
line wire in calculating the drag. This is an approximation
which is sufficiently exact if the angle is not less than
about 40'.
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Figure 128. Drag of Streamline Wire and Standard Terminals

Figure 129 gives the total drag divided by total pro-
jected length for various sizes and lengths of streamline
wires with standard terminals.

The effect of fore-and-aft spacing on double streamline
wires is shown on Figure 125, and the effect of yaw on the
drag of a single wire is shown on Figure 130.

Table 12 contains data on the standard sizes of stream-
line wire.

Tests have been made at Langley Field" to supply data
for comparing drag of wires having the standard lenticular
streamline section and wires having true streamline sec-
tions. The CD values are as follows:

Reynolds Number ............ 20,00 40,000 60,o0o 80,0oo
Standard Streamline .......... . . ..16 . 11 .09
(X,25 64 ... .. ............. . A 8 .I .08 .07
0025 63 ...................... .10 ,07 .o6 .06

14 E. N. Jacobs. "The Drag of Streamline Wires," N.AC.A. T.N. No. 48o (rqa).
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In the above, RN = VX/v and CD = D/qLX, where X

is the square root of the cross-sectional area. Both true
streamline sections appear to have a marked advantage
over the standard section, but practical considerations
favor the standard section.

TABLE 12. STREAMLINE WIRE DATA

Resistance Resistance

Threads Diam. Break- Stream- per foot of
AN at line Projected Two End
No. Size Ends Stg Section Length Fittings

Inch Inches rengh Inches at 100 at i00
mph lb mph

671 6 40 .138 1,ooo .048 X .192 .033 .30
673 1o 32 .190 2,100 .o64 x .256 .044 .43
674 I 28 .250 3,400 .087 x .348 .056 .58
675 ¢ 24 .312 6,ioo .iio x .440 .067 .76
676 j 24 .375 8,ooo .135 x .540 .077 .97
677 ¢ 20 .437 11,500 .159 x .636 .o85 1.23
678 I 20 .500 15,500 .183 x .732 .092 1.53
679 1 i8 .562 20,200 .209 x .836 .o98 1.90
680 1 18 .625 24,700 .231 x .924 .104 2.30

Fuselage Drag: Model Data. Drag data on fuselages and
similar airplane parts have been compiled by the Bureau
of Aeronautics, Navy Department, and published as
N.A.C.A. Technical Report No. 236." Since the publica-
tion of this report, additional tests have been made at the
Washington Navy Yard on the models illustrated in Figure
131. The data on these models are given in Table 13.

Models Nos. 3, 4, and 5 are practically pure stream-
lines, which were tested in order to supply a basis for
comparison. Models 7 and 9 were tested in order to find
some form of simple model construction that would have
the same drag as an air-cooled engine; No. 9 gives a close
approximation. Several additional models not shown

,9W. S. Diehl, "Tests on Airplane Fuselages, Floats and Hulls." N.A.C.A. Technical
Report No. 23o (9a6).
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TABLE 13. DATA ON AIRPLANE FUSELAGE MODELS SHOWN IN FIGURE 131

Dimensions

Model Cross Measured Absolute
No. Section Drag at K Drag

Length Area 40 mi./hr. Coefficient
ft. A lb.

sq. ft.

1 1.670 .0457 .o66 .00091 .353
2 I.668 .0459 .050 .0oo68 .266
3 1.669 .0472 .012 .ooo16 .062
4 1.668 .0548 .o16 .00018 .071
5 1.673 .o621 .o16 .ooo16 .063
6 1.673 .0463 .022 .00030 .i16
7 1.673 .0708 .058 .00051 .200
8 1.663 .0550 .021 .00024 .094
9 I.66z .o662 .068 .o0o64 .251
10 1.667 .0862 .036 .00026 .102
11 1.667 .0481 .026 .00034 .132
12 x.667 .0397 .027 .00042 .166

were tested in this investigation; the conclusion was
reached that the model cylinders should be solid to the
outer edge of the fins and up to the top of the cylinder.
The remaining models closely represent well-known air-
plane fuselages.

If all the engine, radiators, windshields, fittings, and
other details are considered separately, the average value
of K is approximately 0.00040. If all of the minor details
are not considered, the average value of K will be about
0.00050. The latter figure takes care of the minor items
only, such as fittings and irregularities of construction.

The drag coefficients for nacelles are not appreciably

different from those for fuselages.

Effect of Pitch on Fuselage Drag. The drag of a fuselage
with well-rounded section does not change greatly with
angle of pitch while the drag of a fuselage with square or
rectangular sections increases rapidly with increasing
pitch. Consider models Nos. 2 and 3 in Figure 131.
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The measured model drag in pounds at 40 mph varies
with pitch as follows:

Angle of Pitch: o 50 100 i5
°  

20'

Model No. 2 ................... .050 .057 .07(0 .o83 .129
Model No. 3 ............... . .012 .012 .010 .014 .022

Rounding the sections of a fuselage reduces the drag at
o, and gives an even greater improvement at cruising and
climbing speeds.

Fuselage Drag: Full Scale. N.A.C..-\. tests"0 on the
Sperry .Messenger ga'e a drag of 25.0 lb. at ioo mph for
the fuselage having a maximum cross-section area of about
6.o sq ft. The windshield and open cockpit each added
3.0 lb drag at 1oo mph.

The idealized cabin fuselage used in the original cowling
tests' had a drag of 40 l1) at 100 mph, with a maximum

cross-section area of 21.3 sq ft. I lence, D. A = 1.88
lb/"sq ft. or (',, = 0.0735. This value cannot )e attained
in a practical le design.

The idealized op ln-c)cklit fuselage used in the original

cowling tests had a I asic Irag O f 28 11 at izoo miph. This
drag was incr.;ised to 42 11 1 v the addition of the wind-
shieldI and cocktpit II ening. With a ma ximumi cross-

scction area (If II.2 Sol ft, the values of D A are 2.50 lb/

s( ft and 3.75 lb s( ft. These must be consilered mini-
mum values not attainalle in normal cIr,'ruction. The

actual values attained will obviously lepend On the type
of construction and the size of the fuselage. The average
value of D/A at oo mph will be given approximately 1 a
basic form drag of 2.50 lb per sq ft l1us i sq ft Of added

flat-plate interference drag, or

D = 2. 5 A + 3( 11) at 100 I'll)] (196)

2" F F. V eick. "Ftll --ocal" Drig "rot cim Vari,,it P.Ri -I Siorrv NIt-qengr .\iril.,n,
N A .'. IN. N. 271 .19281.

. F. E. V ick, alrig , Ir C,4in g with \.triou, I.,,rn t I i : i t . In"\Vh i,. '
Radial Air-( ll "g, . 1, N. ..A. T.R. . \ ,, I' ,rt I1, IR. N-. 314
{ I)291.
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This gives
A sqIft ................. To 15 20 30 40 60
fl/A lb/sq ft ............. 5.5 4 5 4.0 3.5 3.2 3.0

These values of D,'A Shouldl be inlcreasedl by as much as
1.0 lb/sq ft for poor basic shaj Ks of rectangular sections
with numerous protuberances. The Valuies of D. 'A should
be decreased] ly not more t han 1.0 II) s(f ft for very clean
streamline types. The limits wvill be approximlately as
indicated on Figure 132. 11 In Sing theCSe cuI-Ve-S, it Should
be remembered that the ''average'' curve really r(I )resents
a clean fuselage with elliptical roseeio and a very
low interference drag. The cuirve miarked hwrlimit"
cannot lbe attained without exceptional at tent ( n to( dtails
of design andl construction.

Floats. Table 14 gi~-es data for aI n tImbe)(r of seapln
floats shown on Figure 133. These miodels, represeniting
about an equLal numiber o)f act nal tlb at s andl of dlesign
Studies, were testedl at the \Vasimigt ni Navy Yard. 'The
actual floats rep~resente I hy iclls No~s. io, a111 No. 19,

show fairly uniform dIrag coef-ficients. For the avrage
float K = 0.00050.

Float No. 12 is practically a pure streamfline fi'rm tested
for comparison. M\odels NOS. 11, 12, 13. And 14 are
included for comnplarison )ptrs s ()III\. lhev canno t 1be
used as actual floats on account of undesirab le water
performance.

The drag of a float may b~e calcuilat ed from the "'shape)
coefficient'' Cs., the gross wveight )f the serJ lalne, anld the
excess buoyancy. Since thc weight of sea water is (64
lb/cu ft, the cub~ic (1isplacen t fo)r a weighit IF' is 11' (64.
Letting the ratio of submecrged d isplaceinint to loa d (is-
placement equal (I + e) , the toJtal vollunic of tihe float is
IV(i + c)/'64, andl the drag

D CP 1 1)f + C)] (9)
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['..\o.p 14. DATA ON SEAPLANE FLOAT MODELS SHOWN IN FIGURE 133

sAbsoluteD imension.; I (,ctcet

)rag 
1. . ...

.Ao),Iel Cross at 4( M le(
No. Legi h Sec i n

fl. Area A CS

1.67o .0272 .0252 .0005,q .226 .o6o
2 1.664 o25"' .0253 .11(1 0X) 1 .239 063
3 .667 .0276 .0236 0005 3 .20() .058

4 1.671 "304 .02,S .00055 . 21: .06 r
i.67o ."1274 0231 .ooo)55 .213 .059

6 1. 667 .026o A) 2 2 .00)'3 .207 0,96
7 1.667 . o34o .o2, .00053 .205 063
8 . 667 .0300 .0339 .00071 .276 .076
9 -659 .0292 .0243 o 00052 .203 .054

1o T 65 (0305 .o i7 " . o0036 . 143 .041
11 1.665 .o,,5 0139 .00024 .093 .029
12 1 667 . 036( .00S5 . o0014 .056 .020
13 T(,6( . 0368 . 01 I S .00020 .079 . 026
14 . ()(2 .o370 0105 .O( I ,S .070 .025

15 1.66,5 .0339 0184 .0034 .132 .041
16 1. 665 .0253 .0247 .oo6 i .238 .o62
17 1-654 .045 .0313 .•0)48 .189 .058
1 I • 733 .O3 1 . o1I0 .0()032 .124 .034
10 1. (05 .13o5 0 0165 ."10034 .132 .038

"lhe factor C is the (ecimial value (If the usual percentage

excess displJicenlent. lor examl)le, with 8o% excess, the

value of e is o.)so.

The list- (If i ) l(lll 1lli'(I tI hllow 11,ttIm increases the

drag io% to 15' over that for the conventional Vee

Ibottomn.

Wing-Tip Floats. The lbasic drag coefficient of a Xving-

tip float varies 1between o.om and o.3o. These values
should lbe increased alsout 5o% for average fitting and

strut interference. .\ vll-strealulined wing-til) float will

have a drag lbetween 3.0 lb,'sq ft and 6.o 11) sq ft at loo

mph. In the albsence of specific data, a value D'A =

5.o lb/s(l ft may be used.
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Flying Boat Hulls. A nuniber of the large models origi-

nilly constructed I for tests in the seaplane tank have been

given drag tests in the N..('A.,. 20-ft wind tunnel."

The results sho w ciunparaticvly little variation with
form. (' I lsed il IIXiIII1111 cross-section arta ranges
from 0.092 to 0.130 for Models with rounded decks and
from o. 1 19 t (). 1,58 foir tnih'Is with i1 it decks. These

values apply to a perflctly smnooh hull, and represent a
condition that canno it reatiilv Ie attin.cl in normal (on-

struction. h pro alte act ual full-scale value fotr very
clean designs as actually built are fr(l 2,- 7,to 5o01 greater

thain the model values. This inclIl(i(S the nunmerous small
items of parasit( that are noit ordinarily listed in a summlla-

tion. The unit drag will also (hlliend om the size of the
hull, ecreasing as the hull size increases. .\verAge values

of D 'A are as follows:

A "q ft ..... .......... 20 4" 6 81o 10()
) .1 at 5ty)0ich. , ( 4 5 4 .3 4 1 4)

These values sbouhl 1be increasedI by as much as I.O
lb sq ft for flat dteck ()I n[miel'ls ci rners anti )r(jections,

ad decreased Iby ny t more than i.0 II) sq ft for very clean
types with full elliptical cross-sections.

According to data in Technical Note No. 525, the hull

drag is increased -c% by a plain faired-in windshielt and
30'_o by an undercut windshield. The normal windshield
has an effect somewhere between these two values depend-
ing on the type. The step appears to increase the basic
hull drag atbout 100 .

Air-Cooled Engines: Uncowled. According to N.,\.C.A.
tests" the drag of the uncowled J-5 engine is 99 lb at

F. P. 1{artmn.. "Th( A.rodyAnamie Drafg of Fying tid!at Ifhll ;i.i s a Measured
in tw N.A.(..\. 2o-1-,t \Vin, Tutn.i." I. N..\.('. \. r. N. N-,. (Iim..

14 F. E. rck. "Drag ;and (.oling with \'Va ,6m |rms ot ',,%lng hr a '\hirlii
Radial Air-(' l i tw.! - . 11, N.:.C.A. T.R. N.. 314



i co miph. SincQ the dijameter of the J -5 is 45 indcs, thec
unit dIrag is 9.() 11), sq ft or

1) =0.044) d- 11)

Nwhere dI is the cingine (lia1m(ter inl inchecs.
F'ro )flight tests, the dIrag of an tincowled two-row

no hal ;ir-o(l 1(1 egine appe)ars slightly greater thanl the

drag of ain Iliclc W(lsingle-ro 4W ngine (if tile Same d iami-
eter, or applr()Xinately

1) = 0.055 (P 11)

Air-Cooled Engines: Cowled. Thc (Irag add~edl Iy at c(4\led

air-('(44 lc( u ngine c lt(1 440-d 1n it mindwl 44o4f f; cetors iielwlingI hei fuselage Shiape4 anhd size, the eniginec d jaiitnetr, ty~ ;m ad
numbe11r (if cylindchrs; ;m I.f cm1!rs4.. (i 4flc the cdiveness, o
the cowl. Assuming that the cowl i, of ai type known to be
highly efficit' t , the drag \%ill1 lej 4(0( all1 51etreytf

e-ngineo. ia met r.
The )m ke I sup- ri( wit of hei 0. Wele tc4ste(l in N .. \.C.A.

Ie(-hnic'L Rcporl No. 314 is oe 1( thed 1
44W dragi of the

1)' s-ic fiwim .Ace 4 )ring 1to e(jlati4i t0 1944) ind Viilure 1.22,

d liag 11 of naclle11 No. 14 511(401( IW 9 l 41(.0) 11) at 101110p1.

Thce 11 r;19 o f t111leeV C0w11 POCY "VCI 1aele a 43 lb) at
l11mph. Ilence . the cowled( V 5 aIdls 34 lb) dra71 at 100
n1141. 1111 ('4wle I J -,5 adds 311i drag, to t lie fusc.lge and

35 It, (Iraig to the cab in. fuselage. Assuinig (1) 11)l

(IriAg at t0( 1l mph for thet J--,5 With 45 in. dianmeter, (21) that

thec added drag varics ais the square of flhe engine (lianwtver,

zan( (,I) that the two-row radial enigine hads abhout 12%

nnr d1 (rag than the single-row ra(IiaI ('Ogine 4 f the, sameii
(liameter, the (drag at tooi miph a(1(ld by any cowled atir-

coo)led1 engine is determined by

D) =0.0o163 d2  (198)

j for single-row engines or b\

D = 1).0183 &P (199)
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4i its free-air drag at (), and as a1 funct ion 4 its h wa tit )f

in rt-ptct to the Ning chord.

Nacelles on Biplane Wings. Thc drag oif a nacelic oin ai

lI)1flatic' 1, w, noit -% rv grta I y with loc(%t lin. Tlil draig
in teris if thc frec-air ti,l'tlt, dIrag is gix(.t im F n1igtlre 13(
wliich is tAken fromi N.A.(..\. T. R. No. o.
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Figurc 136. Rla ti ye D)rag () a ( ',wie T ractw Naccie it :t Bp l1atit:

Pusher Nacelles. Pusher nacelles (letachi from the
w,%ing have a comparatively high dirag per unit ()f engine

disc area. TIhe N.A.C.A. measuredI data o'(n a 4 '9th sCaIle

21 r. F. Valentino, -Tests o Nacrlh-Prnpeller Comhinmiins in .,rious Pisitions wiith
U .!ri cr iniz<C V,. l(ark Y Biprlanr- 0- lo N -.X .1 . i w i N riI . Tn

A'plhr .\(.A. T.R. Ni.. 5r9. 0 (ln4)
0- D.' H. Wooid A C Hitleti. -T-qts of Naoeh-Prnprlor (I nlin.rn,;' in rii

I',siiiniwith R4h-irri io Wing. 'VIi, 'Wings and Nia clii'wiiln Inn-,( yrrh N A\ V
T.l{. tni 507 (0),34.
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niodel o)f the J -5 enfgine indci.tte that the full-scale dlrag

at 1(X) fllJlh will be

Conintttion Loction 1

I xIlng ( I.t N . . . . .. Nc e l atbn' v 127t

illl, itl ;; (In C % Itt-mv tt -rjl' 76

Tandem Nacelles. From (Ltt.i given inl N.A.C..\. F. R.
N(t. flit, 11wlr~ g pvr unit engin tI c area t f it naicelle
fit ti-t with rnidiall tilr-(-()l(c engines ., ippr it~il~atclv:

1) 1, i

Il Ilm % Ifi I T Iit t , M v p - I 2 7

I Iud d k I

Laing Gearl ~. li C\i tests" 1t I, wh- ,it it )

dnjta I tr( fcli a wheelht Ii li-,lw nr11111

21,it uti -itt t ,[I

2f, M- 1 -trt Ii I I 4

9 2X ), 1ttk' 1prt-sstari. - 7 12

22 x Th 2 1,;

search tnflainding gc.trs Il in stnlcs (,f tirt rt-jtrt '. ti) 'hicii1

itl ol t ds iin -r. I t .N \ 1 I 'I N - .
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rc(trerlicc sl 11(1i 1w e iniIlt for inc rc ctaiiled informat ion
Iim ha -,mn bcc give-n here. The icasic wheecl drags at io0

mph irc. Ic cr cicli -wheel and~ tire:

.5 x 1i -4. .\tr.c low tcrt-O, c . . . . .... . I I I
7-cil1 st rAlllinv' 7 8

.34 x -*, 
1

1Iiij prv~uc.t~ . . . .. 1) 2
,2 X 6,. hiJ c SS r t . .ssurt .. .... ...... . 5 j

Thiese values are increasedl fl)proxinmatch 5 0 C 0 1by inter-
fcrtnce dIrag in an\, oro mary instalilationcf.

Ihei 8.,5o x io10 cv-pressure wheel and tire was testeci1
with a series o)f enclosig streamlinie fairings. The (Irag
(if one faired wheel at loo mph is as foillow\-,:

1. 21" (haml. \ 42 "length, streamline fairing, with Ic wer

tcrrd of wheel exiosed, 1) 8;lix.
2. Similar to I , except a "hal f-fai rinig with in ner side

(se to wheel. I) = 7.2 11).
3. Simillar to I anid 2 exrcept a lialf-fairing i il AvertiiJ

hiner sideI, reni' ved en tirely almng wheel, P) 1 2.0 11).
(a) When the front edge ()f reair p 'rtli f thle innfer,

face o)f fairing 3~ is benlt-inl, P1.) 8.6 Ih.
4. Pairing ov\er fit ting acnd rear o)f whiel ('nix, inner pccrticni

bent-inl as if] 3(a), DI) 10.0 lb.
~,. Streamline fai ring with substantiallyv vert ical 'sidle, 12"

Width x 42" lenlgthl, lower third of wheel exposed,
I) = 5.5 lb .
(a) Similar to 5 excep~t that bottom fairing is lowered

toc cover about ho(% of wheel diameter, 1)

4.5 lbc.
(b) WVheel c ciplet cly enclc isecl in flat -sided synm-

metrieal fairing, P) = 2.7 l1).

The drag o)f cmiletv landing gears incorporating these
f~ciirings arc as shown in the table at the t)p of the fal-)low-
rtig I agc.
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D at
Type 100 mnph

Iinfaired...................................... 36. () b.
I ........................ .................. 30 3
iwith tilletdbstrut (lidS .............................. 28

2 _ ................ *.... .... ........................ 28 [
2 With fihlctCd-Strujt CTiih................................2,5 9
3 ...... ...... ..................... ............ 36.5q
4........................................... .. 28 8
5 .... .......................................... 319
C; With circular-axle airiiig...................... .......... 331
.5 With Istreailiiii-axle fairing .......................... 28A

Various forms of complete landing gears of the strut-
and-wirc type, with no streamlining on the wheels, have
Substantially the same (lrag-aboUt 45 lb) aIt 100 miph.

A single strut cantilever gear with go' connection to
thle Wheel has drag values, D =23-.5 1l) with plain 8.5o x
10 wheels or D = 17.5 lb) at 100 miph with fairing 5.

An 8.50 x 10 wheel with a vertical single strtut from
wing to topi of faiiring 5 gives D 20.0 lb. This is relticd

to 13.0 lb) if the Wheel fairing is extendled up1 to the winq .
Expanding fillets between this fairing and the lower SUrface
of the wing are necessary if the low drag is to be secured.

Tests (in a 42 X 1,5.oo-16 low-presstire wheel with a
strut-shaped fairing from wheel upI to wing give D 6o
lb) at i00 mnph at CL = 0.3 and at zero lift D = 225 lb)
without expanding fillet or 93 lb) with expanding fillet.
Either the- 42 X i 5.o-16 low-pressure wheel or the 45-inch
streamline wheel has at drag of about 90 lb each whien
p~lacedl in contact wNithi the lower wing at 0.50 C.

A' 10 \ 3-4 tail wheel gave D = 4.0 lb at 100 mnph.
VariOuIS types of tail skids ranged from D = 1.0 l1) to D =

4.01lb. In general, the drag of a tail skid would p)rob~ably
be not less than DV 3.0 lb.-

Fittings. The average drag of a fitting mnounted! on a
wing, fuselage, float, or tail surface is given approximately
lby considlering the fitting as a flat plate tif 1 iul l its pro-
)ected frontal area. '[his allowance is necessary in order
to .,Cc iUn t for the "interferenice ' drag dute to thle fitting.

-- -------.
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The drag of a fitting is surprisingly high. The drag of an
average strut end-fitting with wire attachments on a' 4,000-
lb airplane will p)rob~ably be about 3.0 lb) at 100f mph.
Most of this is in the wire terminals and can be included] in
the wire drag where it belongs.

Miscellaneous projecting p~arts, not streamlined, should
lbe treatedl as fittings, and considered as a flat p~late of
double the projected area if located on the tipper surface
of thle wing, or as direct fiat plate area if locatedl elsewhere.
This drag can lie greatly redluce(] by proper streamlining,

The dlrag of external control horns varies from about
0.2 1l) to ab~out 2.0 lb) each at ioo mnph, depending on the
size and nature of exp)osed parts.

Cellular Radiators. Tests at the WNashington Navy Yard"0

on cellular radiators gave values of ('r between 0.57 and
0.78, with ain average va1lue Of about 0.70. Trhis coefficient
is for the core alone andl it decreases slightly as thle core
thickness is increased. The average CD correspondls to
abou1_t I 8.o lb) sq ft of core at 100 miph.

WVhen al ceAluar radiator is covered by closed shutters,
the drag coefficient is substantially that of a flat plate,
ix., CL) = 1.10 ;IjpproXimlately. Allowance must be miade

for the additional resistance of tile internal flow ove(r enigine,
etc., when calculating the drag of nose radiators. The
draig of headcrs Onl free-air radiators Should lbe considered
as that of a flat pL~ite oif the samne area.

Fll-scale' wind-tunnel1C tests;' on thle N\O-31IA airp~lane
gave radiator drags at 100 miph as follows:

Frontal Area D)rag
Radiator A1 (I ft I) 11) IDjA

Oil_...........I......... I................o Of 9 5 r 6
I'r,<'toll............................... ... .... .. I 20) 25 0 2o,8

PR. 11. Smith, -Rei~t.,nce mde Coolintg Power of V~l r ditu r N.Ac . T.R.

N .. J. I'2 . ),-Franc, i'west,meand old i{.ii,ht,,rion tile A~t A-\ Ch~ A
1. N. N,. .. 4
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Landing Lamps. A landing lamip 6' inches diameter,
mounted on an 8 x 48 ft Clark Y wing, has drag charac-
teristics as followvs:"

,AJ? atio 100 ph
In leading edlge, unfaired ............................ 2 8 lb)
In leading edge, faired .......................... 4
On lower surface, Unfaired ........................... 11 .2
On lower surface, faired ............................. 4 2

'rests maue At 5%/ and io%/ c for the lower surface loca-
tions showed no appreciable difference.

Wire Mesh. The drag of wire miesh is sometimes re-
quired for model construction. From 5.)Iiie Ufl~pti hiShC(

dlata obtainedl by R.. M. Bear in the Washington Navv
Yard windl tunnel, the drag coetticijent of wire mesh is at
function of the percentage of the area blocked by the wire,
as followvs:

S.1 cl051(. . .................. 100 8ot 6o 40) 3.. 20

Flat plate CL.............100) '4 77 (.o 43 26' 10

Machine Guns. Flight tests indlicat that the- drag o)f
thle LewNiS gun with fully exp st I sea rf'f-ri ug iotili t is

about 20 lb) With the gun ;iligried 6,re Hnd aft and~ 11alt
30 lb) at 100 nlph with the gun The .1-Wm . lw r
types of guns with faired nulotintings ive~ \ery 1(N\ drag.
alpproxi ma tely 1.0 to 2.0 lb) at 100 1ij )h . Thet usual1 form

of gun sight has a drag of approximai~tely 3.0 lb) at 100

nilih.

Bombs and Torpedoes. The free-air dirag of bomibs or
torpedoes is co mparatively low e sile ,ring thle fo nitl
area, but as installed, the drag of the rauks pil. us mur

ferenee may be large. T[he avrige- d r, g at ii) nliph is
given lby

D) = D. + 0.020111, (200)

31 C. It. Dearh.'rn. "Fuil-Scaie Drag Tests .f Lusnling i.mo'N.AC.A. T.N. N.,h.
(t',34)
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where TTB is the wveight of the b~omb~s and1 D, is the drag
added by the rack and interference. For a well-faired
rack on the center-line of the fuselage or under the wving,
D. is ab~out 10.0 11).

The drag of a torp~edo( is approximately

1) ( 1.01 (201)

'where 11% is the w\eight o)f the tI rrjcdo.

Radio Antenna. The dIrag (Irf a V type radio antenna
includ Iing i ists, insti laD rrs, lead-in wires, etc., is ab out
10.0 lb) ait 10o mpi1 h for the( aiverage installation on an air-
planec having ai Sj ran (If al )oU t 35 ft. 'his dIrag obviously
depends on the sizc (If the installation and1 may be as high
ats 30.0) b t 100 miph for thle IF" type) used on large flying
boats.

Interference. 'The "interference"' cltect between two
ob ject s varies gre.i t I , sr ifeti rues (I (cr1 ;ising the totrial
resistance arnd so metimes increasing it. The re( ct io rn
dIrag wnN-i twr r wires are lined Lip fore and lift has b een
given. When1 t\\,( NI r(- d' ~e D~v Side, tit(e total rcsiot-
ance. f. 'r spric rigs less than abo( ut 0 d iaineters, is g~reater

than twice that of a single wire, hutit very little act uad
est da~ta are available. It is usually assumed thait no(

Int('rference exists for r itc(nil sp aci ngs of 1o li;1 meters or
g rei tecr. iTlhis has 1wren yen ihicI at tile Wash ingt r n Navy
Yardl, hrut no Necrr iws irade o)f the tests.

Ihe '' iipstream wa*,ke ' of a cylinder, -which is Nerv aptlv
(lesignmrt('( as ain ''aiir prowlv by r. Zahmi, exteldr" to aI
I istalnce 4 rfaIhr at 5 (Iia nieters andl thec Ia terai (list oil ance

extends, to a similar (list ance, lrefore the velorcity is nor il.
The theoretical velorcity (listribrut ions ab out a inuiimlber of
simp~le shapes are shown in N .A.( 'A. Tl'chnical Report,
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No. 253.11 From these, one may secure an idea of the
extent of the disturbance created by a moving object.

The drag of two adjacent struts was partially investi-
gated by Nayler and Jones."4 Two I-in. x 3-in. streamline
struts were tested at several spacings and the average
drags found to be as follows:

Sp cngs . . . . ........ 00 4.90 3.971) 2. 890
Thickness . .. *..
Total Drag. 1l1 ............. 048 050 .052 .o53

These data indicate that two struts spaced laterally 3
"diameters" apart on their center lines have about ioO
more drag than with normal spacing.

Interference drag has been obtained for a number of
combinations teste(l by N.A.C.A. The incrcase in drag
of two adjacent 24-in. struts was found to be as follows:

SpacingTic kness ...... 5 4 3 2 1 .5 1 2

D!Do . . . . . . . . . . . . . . .  1.00 1.06 1.12 1.25 2.25 2

An even greater effect was obtained with smaller struts, but
in all cases, the interference drag was negligible for spac-
ings greater than 6 diameters.

Similar tests with cylinders gave rather erratic results.
For a 22-in. cylinder the effect was as follows:

Spacing
Sping . 3 2.5 2.0 1.75 1 .50 1.25Diameter

D /D1 ...................... 1.00 1.10 1.13 .92 .84 I.04 1.o6

For spacings between 1.70 and 2.1o diameters, the inter-
ference is negative and the drag of two cylinders is less
than twice the drag of a single cylinder.

.31 A. F. Zam, "Flow and Drag F.,rmula, for Simple Quadrics - z9
34 "The )etermination ol the Forces on Two Struts isl (Ilse Proximity to ( hise Another."

Itr.A.C.A. R. & IN. N. 204 (t, 51.
3s D. Biermann and W-. II. Hlerrenstein, Jr., "The Interference bttween Struts in \Vari.us

Combinations," N.A.C..A. T.R. N1. 468 (1933).
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Two struts in tafl(ern show interference drags approxi-
mately as follows:

Sqlaci ro
a i 'tu ' .. .. 12 9 6 5 4 3

1) P., . 1 ... .. 1 13 1 . j6 1 22 1 28 1 07

The condition for sPacing at 3 diameters has the twNo struts
in contact. The dIrag of tandemn struts separated less than
10 dliameters is redlucedl l)v a flat-sided fairing.

Thei interference (Iraig of a strut connecting a flat surface
is approximated by the following:
9 70'~ 6o0 500 40' 300 2W

AL, 1 5 2.5j 4. 6.o 9.5 14 0

O is t he intersection angle and AL is the equivalent strut
lenigth. in d iamet crs. ()f the inte rfcrencti drag. 'Phils initer-
fe~renee draig is re-luic(I lbV As much ;Is 30o7 aIt valueIs of 0

le en20' and 303 1 V rouI~nd ing off t he feat her edIge (,f the
struit an I using a filletI with a ra( I s of 30%l- to 50%- of
the strut diamecter in thle \ee.

A simpli- strut intersection has a large interference
dIrag approximaltely as followNs:

((o (00 410 300 21.
11)flnotiI t...............2.,j 191 24 1) 27 S 24 2

'1l, Xlith illct. .. . . 9 0 13 1) 21 - 23, () 23 6

TheC fillet Uised gaive a pooIr streamiline for the intersect io n.

A tail-fairing would probl~aly give greater imp~rovement.
The most imposrtanit foIrm (If interferecec is that which

occurs when anvt lung is a tt ached to an airplane wing,
p~articula rlyv on the illIi r surface. This may be illustrated
by the results (If some tests on a twin-engine airplane miodel
at the Washington Naivy Yard. The dIrag in thle first test
appeared high and the nacelles wvere removed and testedl
alone. At 40 miph the nacelle (drag was found to be
0.078 lb in free air, and 0. 120 lb) on the mod.el. A plaisticine
fairing wvith generoIus fillets between the nacelle and the
wving redlucedl the interference drag from 0.042 lb) to 0.002
lb. This model was a biplane with the nacelles mounted
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directly on the upper surface of the lower wing. A still
greater effect would probably be found if the nacelles were
located on the upper surface of the Lipper wing of a biplane
or on the upper surface of a monoplane wing. When it is
necessary to mount nacelles above a wing, wind-tunnel
tests with and without nacelles in place are advisable, in
order to determine whether or not the fairing is adequate,
and to find the fairing that gives a minimum interference
drag.

Any projection from the upper surface of an airplane
wing such as strut-tittings, bolts, brackets, etc., will show
interference drags ranging from 50% to 2o0" of the free

air drag of the part in question. Any form of fairing
between wings and fuselage that interferes with the natural
flow of air over the wing may be expected to show a pro-
nounced interference effect. Horizontal tail surfaces fitted
just above the fuselage may also be expected to show
interfe-rence drag effects if the gap is not tilled.

The interference effects associated with wing location
are being staliu.I intensively in various laboratories and
preliminary results indicate certain features to be avoid(l
in design. \n interference drag usually indicates a break-
down in a normal flow. When this 1ieakdohwn is in the
flow over a wing, the effects may be disastrous in so far as
the efficiency of the design is concerned. It seems a gen-
eral rule that the more eflcient the wing section, the more
likely are such adverse effects to occur. Particular care
is required to provide ade(ltate fillets and intersections
wvith sections such as the 2212, 23012, etc. I-I igh-wing

and mid-wing inonoplanes are inherently less susceptible
than low-wing monoplanes to the effects of poor wving-root
fairing. If provided with proper wing-root fillets, the
low-wing compares favorably with other types, but each
low-wing design is a l)roblel in itself because the state
of the art does not justify either calculations or assump-
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tions. The wind tunnel probably will remain thre only
source of reliable information on wing interfernc.

The best source of data on wving-fuISelage interferecec
available at this time is N.A.C.A. F. R No. 540.' TheC
information containedl in this rep~ort is very \itlalIC to

the dlesigner in' that it indicates the arrangemecnts most
susceptile to interference and the extent to which imp~rove-
menit may be expected by proper fairing.

36 E. N. Jacobs and K. r. Ward, "Interferenct- )f Wing~ a~nd Ftilag1,g trna Tett 2(0')
Cumbinatiogis in ttne N.A.CA. \.,ri.be-Density Tunnel., N. \.(A F. R. N-. 54J091)



CHAPTER 10

ENGIlNE AND) PROP~ELLER CONSI DERATIONS

Engine and Propeller. Ii engine and the propieller
characterist ics are affected I ~v so many variab~les that
it is uiseless toi at tempit any extenisive or exact analysis
o)f test dlata. lbie ,the timll 1irt ance oif the power l~la1ft
is So fun lainen 't al that certain (definit e g('nera relations are
re(lliirecl for intel ge-n t dlesign. I-i rt Unatelv soic ()f the
more implortant of these re,~tlatins can lie i il tained withI
fair accuracy-, but other rela tloins mnust he given to an
avecrage or alpr noximate valuec that may at timecs be
uinreliab le.

In asseihlingr the dat a that c mlprise the remaindler of
this chaptetr, ain at tempt has, 11(vii nmade toi ;res(-nt in
Wi irkale form thoise general relatloins reircd ii pr(I c Iw-
limnitary design Sitid it-s. TlI -St iA~ Ia 011 tW a h tiiI lsll l-
menc teblV the t-ngint- man 11Uf;1t liners' j( Owen and fUel-
consumi it uin (-Urv-s, ani by c actual iroptieler test data
where available.

General Power Curves: Sea-Level Engines. Curves of ip1
against rpm foin \ri 160S engines are similar in form and
(litf(r chitt in lhe rate with itch the l)(w\-(r falls otT ais
rumt lecrease. 'I'le chaict erist ic sh ipe is determ inedI
!xirtial byv thle engine decsign anid parti.iIlv liy the rated
rpm. I geCnerai tyo ojittf the ji wrcurve can he specified
v-ery cliisely by a iii ier-(lrop fato or detineC ;ias the ratio of

powAer to rated IoW xinuiml when rpm is 8o% of the rate(I
rpmn (ir PilF = blhp, bUp. for N N. = o.S)o. The choi ice
of this po(int is p)urely arliitrary b uit it is selectetl to giv-e
reasonable differences in, the normal working range.

3112
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Typical general power curves are given I m F'igure 137
for power-droi) factors from ().72 to (o.88. Normal \alhuis
of PI)F range from 0.75 to.85.

General Power Curves: Supercharged Engines. The gen-
eral curve for a supercharged engine is molitiel I 1x' a dlual
loss in power with decrease in rpm. The decrease in rpm
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givs a (lirect loss in power ilentical with the loss for an
unsulp)rcharged engine p~lus an addiition al loss due to the
(lccrcased supercharging effect. It is this rapid loss in
p(ower with decreasing rpm that makes a( 'nt r,llalle-pitch
p~ropeller so important on sulercharged engines.

The olserved( decrease in I'I) with critical altitude for
t\\ engines has Iben used to construct the curves of
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Figure 138, which is believed to 1b a Clcls5, ait jnxinlatio
for other engines.

Variation of bhp with Altitude. From ,altituhC ttest-
chamber data, the lip at constant rpm %,aries as (P P,,)' "
at constant tCml)erature ald I as (" 7")'''; at constant tv's-
sure. In the standardi atmosi hre

'"/' = (I), P)" (202)
and

I I', (p' p o I
2, (203)

lenee, in the stanlard atmosthere

(hip bihp,) = (P P,) = p)' 204)

This relation is in reasonalt, aglntetm in t with flight-test
data. As a rstilt )f Nati ,n,il .\dvis try ( ',mmit te for
Aeronautics flight tests on a )1 1-4 airltlant itte(t with af
lfndenifln lynian1Wmt ter hul , i a Lib )erty engir1c, (; ve

and (Green' reccmimi nled the niati(n

(1lip bhp 0 ) = I.os (p/p,) - o.oS8 (205)

This relation hal Ien seu(l extefnsively for many years.
Later tests with the same equipnrft' indicated that

better results were obtained from the comlete e(luation

lip ~) ~ ) ~ i (206)

where n is the mechanical efficiency at sea-level and X is
the ratio of mechanical friction horsepower to total sea-
level friction horsepower. The normal value of X is about
0.5.

These various relations have been compared with other

published data and the conclusion reached that the differ-

XV. D. Gove and M. V. Green. -The Direct iivasurement if Engine Power it an
Airpli.m-, it |Flight with a 1it Dynani. meter," N.A.C.A. 1. R. N . 252 (l2,gz ., \V p. ( ; , - 'hi \ riati,,r in ingine 1 wer hi AIt itld.- D,,terill T1d t1 1, \lisuc , .
n tW iTI 'li1t1 with a Hub Dytammn~qm r. N.A.C..A. I'.R. N,- 25 , i228,.
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ences are probably less than the variation between indi-

vidual engines of the same type. A composite curve show-

ing the average variation of bhp with altitude is given on
Figure 139. For convenience, the numerical values of the
power ratio are given at 4 ,oo-ft intervals.
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0- .T'-__,- - . -.- - [____ ... _

800.00 400 300 00

4W U9- __

a T

x 00 .~~--

CD -

2400

0 9000 160 240 00 3200 40000

ALTITUDE IN STANDARD ATMOSPHERE-FT

Figuirc 139. Variation~ of bhp with Altitude

Variation of bhp with Altitude: Supercharged Engine. At a
given full-throttle rpm there is no real difference in the

rate of variation of power with altitude for supercharged
and unsupercharged engines. The difference is essentially
in the restrictions imposed on the operation of supe,,r-
charged engines at full-throttle below the 'critical alti-
tude. \t the critical altitude, the supercharged engine
develops the full sea-level power when l u rated I at full
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not b)e used b~elowN the critical altitudle of 10,0o0 ft for this
engine. TIhese relations are indicated on Figure 140.
The cross-hatched area represents power that cannot be
used on account of structural limitations in the engine
dlesign.

While the rate of dlecrease of the two curves in Figure
140 is identical, the percentage decrease for a given alt i-
tude increment will not be the same for increment-s take-n
from sea-level and from the critical altitude. In other

BHP
RATIO BHP AT CRITICAL ALTITUDE-

ia io im Is * j 0
0 0 0 0 0 0 0 0 0 0

~~00
1 0-

-0

-. > 0

0

m

0



Wvordls, the relative powerC of the stiijrcharged enginec falk-
off faster from the critical altitude than (does the, relativo,

power of the iinstipercharged engine fr( m sea-level. 'La king
a 10,o00-ft increase in altitude, thle CompaIrative Va1ltieS
are 387 blip for the sup~erchargedl engine at 20,000 ft an1d
409 bhp for thle uinsuiprcharge I engine at 10.000 ft. '[his
effec(t de'pendls on the critical altitu( as shown on Figure

141.

Specific Fuel Consumption. TheC specifc fuelconsum-
t i( ) varies o ver a Nvid reanlfgt(1. fl I Vn)1 h1cnli

of th en~ ne aiid t ear iti e d eap je snd i n t In t he fn it e

z

a- 1.6 '_ __ _

U

0
0

w

U

Jo0 .20 .30 .40 .50 .60 .70 .80 .90

BHP,

Fig ir, 142. Averaige S pvci ic V' ielii at Part Th rottle

o)f throttling, mixtutre ratio and Ico mpression ratio are

The e.ffct of throttling is shown on ligUie 142. TIis

ecurve is the average of at numbelr of curve\(s 1)b1) a medj fr, i
test -stan( (a t a andl flight-test data. I ndividIual tests ( )n
eertin typ~es of engines are fromn io% to 20% leh
a? 'ov the average so that the curve 1uLst lhe ('onsidlerd
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only as an average. Actual cngine data should be tis(l
when available.

'The effect of compression ratio on the fUll throttle
specific fuel consumption is shown on Figure 143. The
cuLrve( libeled "'normal mixture'' corresp~ondls to normal

minmumvalues althou1gh wvith wvater-cooled engines andI
imj )r( ved d esigns of air-cooled( I ngines, it is 1)ossilil to
'ippro ich the- cuirve marked ' h-ain iixtuire.' '[Ihis curve

is A I ii the in inimIum that can be obtalined in flight ufldlC
i(l(JIl C'onditionfs.

.58 - --

00

,o0

z
.46 o __ N_ _

U

V) COMPRESSION RATIO0

lign 0 143. Variai i of Specific Fuel Consumption w\ith i ~nre i,,i Rail
and Mixture Contri-
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ligtorc 144. Variattion of Spiecific Fuel tiislimptijii wh :Xltjtivic

The t heoretical variation in specific fuel cons III ption1
with altitude is gi-veni by the curve onl Figure 144. The
p)oints are from the Bu1-reaul of Standards altitude chamber
tests.

Propeller Coefficients. Propeller cha racteristC ic Iar'(
thrust, toro-ILe, aIndl )ower a bsorbedl. These arec ne-
ie-ntl1y expressed ats non-dimensional coelfficienlts and gi VIi
aIs fu-nctions of the non-(linensional ratio V, nD. These
relations are analogouIs to thIose exiSting for wing roet Icet

CL and CI,, and the ratio V1 nD dletermines hec angle
of attack of aI pr iel ler-b ladle section. V, n, and D in u 4

either be In a consistent systemn of units such ats ft, see,
rps and ft, or at conversio n factor muILst be uIsed. [:o V
in miph, nt in rpm and [) in ft, this conversioin factor is 8, or

V 88 
(27I) (rpm)~ X I),207

The ab Sol t te ciltCiunt i f thrust is

Cr T I 1), (208)
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multiplying bo th sides of this equation by the no(n-dil-

iiensionai1 term~ (izD/' )2 give

("I" C7 (nD/V)2  T/p VP' (209)

Mlultiplying 1both sidles by (nD/ jJ)4 gives

C'I" = Cy, (n17D/ V), = Tn' , P V, (2][0)

In a similar manner the torque coeflicients are ob)tained
as

CQ =("p'
5 (211)

CQ / 17 D~p' (2][2)

=Q Q1n'/PV5  (213)

and1 the power coefficients ats:

=p PjpnD 5  (214)
C,,' -P/pV1D

2  (2][5)

C" Pn-IpV5  (216)

These coefficients may be formed into other coetfficients
employing the three variab~les I , n, and D or thv inayN be
tiseol in exponentiail foirm. For exa mple, as will Ix, sh )Wn
later, a prop eller is conveniently selectedl b V Use of thle
coefficient C,, defined by

C, = (i/C"") = (pPn 1) (2][7)

Propulsive Efficiency. The efficiency of a propeller is

defined as the ratio of the energy oultpuLt to the energy
input or

77 TVP (218)

where T is the thruIst, V is the air speed, and P is the input
power. If T is in l1) (and V in ft,'sec, then P must be inl
ft-lb/sec or P = .50 blip.

The simple propeller efficienicy is of greatest practical
interest as at control, or reference valuie for determining
4'propulsive ef-ficiency.'' A part of the propeller thrulst
mu1Lst be USC(l to overcome the increased dIrag of ob~jects
in the slipstream. This part does no usefulI work; it merely
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increases the load on the thrust bearing. 'fhe total pro-
peller thrust 7' and the slipstream dIrag AD are (difficult
to mea';suire separately, bult the nlet thrust

7,'= 7' - AD (219)

is readily obtained. D~enoting the net thrust force on the
systemn with the propeller operating by R, andl correspond-
ing dIrag wvith thle p~rope'ller removed( by D), the net thrust
is the sumII or

7T, = 1 +R = 7- AD (220)

The p)I)tlSiVe efficiency is

7= 7T, - IP (221)

Propulsive efficiency is Used far more than the free-air
p~rop~eller efficienc'y. U nless ot herwise slpecifiecl, propeller
efficiencv means prol)IllSiVe effIicTiCV.

Propeller Pitch. ;\S aL prol)elle(r rotates and moves for-
ward, ('ach section of the bladvi scil,' a helical p~ath~
that. ma1y 1e devecloped into a1 right ti riarwle \Vith hae
27-r and altitude = p =(listaflee travellecl forward in one
revolution. Thel( helix ang.le of the element is

0 = ta11 '(p 2-,.r) (222)

andl the applarent slip is S = P(; - P_ where p, is the
adlvance for a heclix angle equal to the 1 dade angle and p,:
is the actual adlvance. P(; is the applarent ge ufletrica I
pitch of the 1lde elemient. The act ual or ten 11na in ic
p~itch must be measured from thle zero-lift lines of the blade
elements.

The distribtution of lpitch along the blade may be uini-

form or variab le. lests indicate that buest restillts are
obtained with a pitch increasing to wardls the t ip. ThIiis
is the common typ~e found in aIdj ustabl andl controllable-
pitch lprolpell"'rs, for which the pitch (list ri (ut ion is uni-
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form along the blade at some low pitch setting. Higher pitch
settings are obtained by a uniform increase in blade angle
along the radius.

Since pitch is second only to diameter in its effect on
propeller characteristics, its specification must be definite.
At present only two methods are employed. Test data
give the blade angle at 0.75 R, and propellers are adjusted
in service with a setting at the 142-in. radius. These two
settings are definitely related, as shown on Figure 145.

+3 - - I1 11

+2

44 , - \ NN

4 4

0'~

0-

CD 3

-4

-5
S 9 10 I 12 13 14

PROPELLER DIAMETER- FEET
Figure 145. Difference between Blade Angle at 0.75 ' and at 42-in. Radius
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)wing to the effect of blade twist under load, there is
atn appreciable difference between the static setting and the

operating setting. There is an increase in blade angle de-

pending on the power absorbed. According to N...C.A.

data,' the increase in blade angle is negligible below oo

bhp per blade, but for higher powe\trs the increase is approx-

imately I ° per oo bhp per hlade or

- + K [,o - (223)

where N is the number of blades and K is the reduct ion-gear
ratio or the ratio Od propell'r rpm to engine rpm.

Propeller test data art. given for conditions involving

negligil, efthelection; hence, the chart valties of 0 must be

rItlic l b1y A0 fro ml cquation (223) to ol)tain the static
stting at 0.75 R. Ihe static setting t 0.75 R is then c(,n-
verted to staic settiQng it 42-in. radius for servicc settings.

Propeller Design Characteristics. lropellhr diameters,

lade settings, and maxiium cfticicrnies are realily l -

tamed from somei pbotting of thec ,'oticient (p, = Pill

p 1 *. Te N..\.('.\. p ler reports employ a "speed-

p cr" coefticient in the form

C. = (I C") = " - 'p Pn' (217)

although the form

K, = (' C,,") = (1" n)v- I -  (224)

is more convenient to use. It will be noted that C, or K..

is determined by the power absorbed at a given speed anld

rps. The value of C, or K, can, therefore, be calculated

from design data and the best diameter determined from

a curve of V/nD plotted against C, or K,, since

D = (V,'n) + (Vi'nD) (225)

o F. E. W,.ick, "W orking 'halr for the SrOio 'ri, o, Aluminurm N ?,v Ptopler ,, .

S.tandlard Form to ()perate witli Various Aircratt FEugin- and Bodi- ,' N. \ C. \ I' R N,, i5o
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MAXIMUM PROPULSIVE EFFICIENCY - Tr
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The fifth root of the density ratio a is linear with altitude

(a)! = I.ooo - o.o,5() (h '1 ,ooo) (227)

where h is the altitude in feet. The variation is as follows:

h ................... 0 4, ()o 8,oo 12,000 z6,oo 20.000
.................. .o o .976 .953 .930 .906 .882

Propeller design is always a comlpromise to a certain
extent. Even with the tremendous improvement (lue to
the controllable-pitch propeller there remains a considl-
erable range in diameter from which selection must he
made to obtain'the characteristics most desired. The solid
lines of Figure 146 represent a series of propellers having
maximum efficiency at each given value of C,. For low
values of C,, an appreciably higher value of r/ can be ob-
tained by using a slightly smaller diameter and a larger
blade angle than required for the propeller having its
maximum efficiency at the given value of C.. The limits
are indicated by broken lines on Figure 146. It should be
understood, h(wever, that improving the ehficiency at high
speed by this method results in a reduced performance in
take-off and climb. The solid lines indicate the best
compromise design.

The data from various N.A.C.A. Reports, chiefly T.R.
No. 350, that were used in Figure 146 have been replotted
against K, on Figure 148. In mph, bhp, and rpm units

K, = 0.oo369  (228)

Note that 88V/rpm = V, n, a factor used in finding the
diameter, equation (225).

The density ratio a = p p, may be obtained from
Figure 263. For all practical 1purploses

V a = 1000 - 0.0140 (, I000) (229)
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MAXIMUM PROPULSIVE EFFICIENCY - T m

L1 . 4 .4 4 :4 im *U S
a 0 r40 0 0 N 4 0

I I ± V/n D
~ 1 0 N 0

0 0 0 0 0 0 0

T/ /

e BLADE ANGLE AT 0.75R

The values of 0 ()f Figures 146 and 148 are the actual
angles under load. The approximate static angle may lbe
est imahtedl by eqtlatiofl (223).

The dlata on Figures 146 and 148 apply to two-bladed
metal propellers having normal blaide widths andi thickness
ratios. XWeick 4 states that a two-I la(Ied propeller will

I F. L. Weick, A.ircraft Propeller Design," Mc~rj~-Iill Boo~k Co., Inc. (0930).
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is 11(It negligiltIh. I l iiV I II. in enitflt I\-v ( lcuIlt(. I from

K X rpm X J) (231)

1 (). II I

wherc K is a function ()f V nD as shown on ligurc 15o.

Velocity of Sound in Air. The vch city (If sound in any

gas is
a = Vkp (232)

wherc p is the pressure, p the dhensity, and k the ratill I f
specilic heat at co nstant pressure to that at c(mlst im

volume. The equation may he written in the form

a = [k = k ,[k "" (233)
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for air k = 1.41, P = 21H6 lb1
1sq ft dl p, 0.002378

lb seca/ft'. Substituting these values gives

a 1 1.41 X 021 - 6 F ] = 1120 (7! (234)

T being in 'C al Iolute. The variation with temnperat tre is
as follows:

1,.c C. . ..........- 20 0 10 I 20 0
0. ft Sec.............. . 1, 1 ,0 ( 1,) 10. 1 . 0 1. I.Jt) I .15(1

The variat ion wvith alt it u e in the standardI atn1W splh( rc
is:

h, ft 0........Io0 2000 ~ 00
......... 1 .120 1 ,101 1 . oh I . )O6 1 4040 I .019 )05

This variation is approximated by

a2 = 11i2o - o.oo40 h (235)

Cut-off Tips. It is customary to secure a (eit
diameter by cutting off the tips5 of ai ltrgcr propeller. Th(-
resulting propeller has pitch and blade area (liStrilbUti(InS
differing from standard and t he ch~aracterist ics are affccte I
slightly. From N.\.( '.;. tests' t here is a linear lo)ss in n..,
as the diameter is re(Itced. This loss averages 2.3(- for
each io%/ reductionf in diamecter or

Aq,= 0.23 (AD, D) (236)

For the same blade settings at 0.75 R, the other char-
acteristics are not greatly affected. Hence, to comp~en-
sate for the reduced diameter, the blade setting at the

42-in radius Must be increased aboult 0.7' for each 5%'1
reduction in (liameter or

.10 at 42"R = 14 (AD1
1D)

These relations should not be used for diameter reductions
greater than 20%11.

6D. H. Wood, "Full- Scale Wind-Tunnel T-'t of a Propelhrt with the DI.Ineter changed
by Cutting Off the Blade rips;' NA.CA. TR. No. 351 w1Q301.
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MAXIMUM EFFICIENCY - j
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Approximate Diameter Formula. An approximate value
of propeller diameter may be qui:kly obtained from

D r) = p) !)h ) (237)

where Vr is the speed in mph. K varies with pitch angle,
and for a two-bladed propeller

Design VinD .............. o.6 o.8 1.0 1.2 1.4
K ........................ 325 317 311 3o6 302

The diameter of a 3-bladed propeller is about 7% less
than the diameter of a 2-bladed propeller.

1-00

IL

.90 Z-.
2

b.

z
IL

,701 i- BODY DIAMETER
Id PROPELLER DIAMETER

0 .20 .40 .60 ,80
Fig~c i3-. :.ffict of Body intur ivrcnce on Prt)pt ivt2 Lmci(,ncy

Maximum Efficiency. The maximum propulsive efficiency
fo r any propcller of a geometrically similar series depends
(,n V n9. sli)stream olhstruction and ip-S)ecd. ligure
151 giVeS thet 'l]U's of l,,, as a function of I nD. 'hese
SAlues are for two-i laded metal propellers with a mini um

of slipstream obstruction, corresponding to a re Iucti n (f
;l)(lout 2% in the propeller efficiency. Ih, ; q)pr ximate
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loss clue to slipstream ol strtict ion is given by Figuire 152,

which is based] onl Brit ish tests' and( con fi rinei by the daita
in N.A.C.A. T.R. No. 3,39.' Ihe hody d i ameter shouldI

be taken at a point about on(, propeller dIiainieti-r aft of thu(-
propeller.

General Efficiency Curves. T[he ctirves of efficiency
against I ,zD are simila r for all conNen itional pr j ellcrs
operating at low\ aind m lodera te M~ade angles. For w )l(-

angles ab ove 20', a portion of the b ladle is "stalled"
at low values of V nD. The effect is clearly shown in

Figure 1,53, where the ratio of 77 1 77,, is plotted against the
ratio (V I nD) '(1U'nD . The maximum efficiency 77,

occurs at ( V 11nD) ". For blade settings b~elow ab~out 2(),

the points lie on a single cutr\e, marked 17'. The stall
becomes p~rogressively more cornpiclte as the blade angle is
increasedl al)OVe 20.'

Figure 1,5- givecs at close applroximation to the efficiencNy
CUrv-e of any propeller for which 77, (,F; nD) , and 0 are
known.

Controllable - Pitch Propellers. The controlIaI le -pitch

propeller introduces an indetermninate factor uleIss the(re
is some limiting specification. The normal specitication
is that the rpm is to be constant andl in some cases this is

accomp~lishedl automatically. For constant rpmn, the only
unknown factor is propeller efficiency 77. Since (',,.

P/pl3 Da is constant and V V,,, =1 JJ where J =1 V ,D,
the -variation of lbladle angle 0 with V may be dletermined
from the usual llot of C, against V,' ;zD. This determines

the efficiency also.
Using the method outlined .,ove, the v%-ariation of

17,,7 has been dletermined as a function of I" V. for a

7A. Fage, C. N. 11. Lock, 11. itateman. and D. 11. XWiIliarng. Experiments withI a 17antilv
of Airscrews including Efffect ot Tractor and Pusher Btodies," Part 11, 13r A.K.( 1R. & Mi.
No. 8.30 (fQ22).

8F. H. WVeick, "Full-Scale Wind-Tunntel Test withI a Series of Propellers of Dift,ren
Diameters on a Single ii-eIage, N.A.CA. .R. No. 3j (iQ)2o$.

_ -L
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number of initial settings with the N.A.C.A. full-scale
propeller test data. The curve in Figure 154 may be usedl
to calculate thp available with constant rpm p~ropellers.
For a twvo-position propeller, howeverT, it is necessary to
use the appropriate curvel from F igures 165-i6q, corrected
for the V/ and n corresponding to each blade angle.

.0

.80

44

30

0 .20 40 .60 .00 1.00

RATIO V

Figtirc 1;4. ( ,tTlcraI1 IEff)ci11L-v aioe tlip (*11-%L *lr liltr I'l!TIh
P'ropellers

The low-pitch or static setting of a controllable-pitch
prop~eller may be obtained from the variation of C', wvith
blade angle. A plot of N.A.C.A. test (data shows that

0, 08 fil [P" 7 1 )3]06 (238)
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,where the subscript o indicates static conditions and the
subscript v indicates maximum speed conditions. This
equation may be used to determine the blade angle for
calculating static thrust when the engine has both altitude
and take-off ratings.

---------------- x ClOr'k Y

o -o R A. F. 6- --

8000~- 0 -------

'48 60000

5000 
\ 8,

40000 0

30000--------------- --

200011 11 1 1 8

8 2 16 20 24 28 32 36

09 blade angle, degrees, o .75 R
"ig urv 5. Static Thrust C'efficients for AdjU stable-ll dc NIetal

Propellers

Static Thrust. Static thrust may be calculate(" l)y the
e(lquat ion

T,, = K X 11) (239)
Srpn Xl )

9W'. S. Dilcc,"Stmic TIjrccs ,FAirplane Pr,)pIIr'' N VC' TR N,, t
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where the static thrust coefficient Kr,, is a function of

blade setting and blade section as shown on Figure 155.

Propeller Thrust at Any Speed. The propeller thrust at
any speed may be calculated by the method outlined in
N.A.C.A. T.R. No. 481,") using Figure 156 which is taken
from that report. In Figure 156, the ratio Cl,/CQ is

plotted against C(l,s. The thrust is found from the relation

C,,./CQ = TD,Q
T = (CT/CQ) X Q D

Sx *5,250 bhp
= (C'''/ X rpn X diam (240)

The coefficient C's is a torque coefficient directly pro-

portional to V
CQs = Ir VpDQ (241)

where the torque Q = 5,250 blip rpm.

Calculated Thrust Power. It is possible to cahCulate the
thrust power available by several methods, such as those
outlined in N..\.C.A. Technical Note No. 446," and Tech-
nical Report No. 481. '  l.igurc t,56 gives the necessary
data for such calculatin, using thc cttlficicnt

CQ.S = N"/q1) = K,)., 2t (241a)

where q is th ilynamic pressure p 1 2, ,Ind Q is the engine

torque Q = 5250 bhp rpm. If instead of CT'CQ, we plot
r7Cp and V 'nD against K,), as in Figure 157, it is possible
to real the ValIes of V/inD and nC directly. These de-

termine it and thp which is obtaine(l from

thp = (242)55()

I' E. 1' Itaa n , .W, r inmz Char f,,r 0, D irminatin if Prnpllr Thrust at Variiu
Air Speeds." N....\. T.R. N,. 4 91 (19.,W .

" . ( )her, "Etiinilat im f tHie Variation f Thrut ltor.,vip....r .\aiihle." ' C..\ .
T.N No. 440 (193'
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WVhile this mlethod is exact, it is no more aCCuirate than
heli p~ropeller dIata selected for t he install a tion uind hr -onl-

51( lrat ion. Owving to thet vaious1 factors affecting pro-
Peller performance, thle net accuracwN' is iiroIotly fnt in-

40.___ ___

36-
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M 24~____

IJ
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w
is*

60 .80 1.0 1.2 14 16 1.8 2.0 2.2 2.4

V
flD

I'9 1_ .8. '111) for Zcr0 ThrUt t /11 1 -r, T o'V

(es(IsuffIicientlIy to justify the additional labor involved.
lIn general, it is 1better to select thle proper clirve (if thp t h1 .

from ligiires 165 to 169.

Zero Thrust: Zero Torque. The vaIlues Of T- ' 'D for
zi r-( thrust Or zero~ torquei (Iel)ef( I Oin the 1 a Ic a ngc aIs
shown oil Figure 158. For any speed V miph, the rpm
f ir zeroi thruLst is

88 1,
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Negative Thrust and Torque. The negative thrUSt an1d
torque of a p~ropeller "wind-milling'' are somectimes rc-
q uired . Thesc may c obd t a inedi f rm F'igure 1,5(1) which is
taken from N ... C.A. Technical Report No~. 4()4.'-

. -0 - 8/od o g/ 0'7.5 1 -

~? 4 .6 . 1.0 /2 14 1. 1.

Drgo.0oke0rple.4h rgn abkdj'

.16 - i
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-020 i i v______

-. 020

-.016 -4- _ __

-. 0084 -

0
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BLADE ANGLE AT 0.75R

J-ilrc V(,o. \:Lri~jilnj 41 Nu 1;~ Ihru-t (" f1c,1 %0\ 1 M~lidc.\

.1 I. ckcd I rpelc

ablou~t go' has less than loc% (If thle dra-,g it t sliipc 11 Ii

peller with a normal hlaidc anlc. ]li, c~i,Iltf (M1

Figure 160 is 7+ = C/ = T, pl' WY. I lcil(12,

D~rag = 7> ('Y214)244'

General Power Coefficient Curves. ()\(,r the( ranl.pe III
l',nD coveredl by extrenie fligh t sp 11(1 s, di \e ,iriat ionl (If t1wl

powver coefficient

C', = C, = P) pi'JY: (2151

is similar for all pro( l lcrs. 'Fakling C 'I. f 'i ill-

( V, nD) = ( V nI) at rflxi miu l ti(i(ilcy. t lie riti 1I (It

all -values of the (", ('p. ph It as a silngle e rte 'Igi iS tit

ratio ( V/nD) (V. niD), SuIch a[ en rve cI l!It itlUtc IS
gcneral power -oe fficient curlr%* that cl;iic 12 'elluI 11

ion of many problems in\vol ving P, 17, am itn.
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K=10-0 K=0.10K1.
+~ 43

Cio

II .2 .3 .4 -S .6 .7 .8 .9 1.0
1.0 1.5 2.0

FiL111t 11 1 (W1C11 Purd I ur ( (Oc ~i(Tt ir:'

A fotdcd !tgtritllmi('1)1()t (tf tit gcnt'ral potwer coetfil-
c1(c1t cuIir\ c is gi \ci In Fig urc 161 . Th is curve was o rigi-
iilily derivve Itro Dmn )urai I data onl WvoI den jirtpellcrs,
it(it all avalil l( N.A.( .A. tcst (111.1 on tutctal jtrttjx ls

aeinlltmjle ag reenen I. ( ;tl1ral t Ihrust p ercoctt-
(ilt cuve ity Iv te m ned fro tiFiglurts 153 aI 101.

Appli~icat ions of t he gener-al p twr coct'licient curves
ft tI I ) v

Variation of bhp with V. Assuming a series of \aliies of
V't', ant i tvn, deturmines V/ nD), I, V, il)) from which
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the co)rresp)ondling values of C'1 i/C, may be rea I from

I'igUre 161.

'Ihlen since D is constant, the relative p ower req uired
b~y the propeller is

bhp (C',)x

00

a (L

13

.00 11.0

RATIO SPEED =V
MAX. SPEED Vq-

Figure i6q V Iriatli1 4 rplm \Nt F- I ixA. I'll Ch PrI! 1

TIhese values may be plottedl for examliple as a family of
Curves of bIhp;. blip. against n n,, one curv-e for eacWh value1
of Vl, V-. If the general lip1 curves front ligure 1,,,7 (IuL9C
313) are Superposed on this plot as in ligure t 62 (p~age 3406),
the intersections give the variation in blip and rpmi with
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F, as shown ofl Figure 163 (3ge347) ;Inil 1igUR(' 1064

This nmethod is cN. nt Ilint the( aIct uwil 11 ight Va1 ties ma ~v
lie cXJ)Qcteil It differ- liv afl anhi)Iinlt deiiiiilingL (IIll h twis t

in the p~ropeller b lade. This effect (in rpm iI; IV 1Wc( (Ilitu
immoin( ice(1 for certain p~ropel lers haviang aI n fc to
e.Xcessivec twist.

General Thrust Horsepower Curves. 'Ihel ginel-al curves
(if lNhJ) hill)-, 11 7,) 1a1(1 77 77,, lll V 1 i cofl~lihi ic to giVe C l
era'l curves Iif thp thp,, a,; ai mnctiin (If V I'. Theise
cutre.(s are so ofte-n required tilt tdw hi\ a ]e 1 ie lpricirci
tiove NT llc entlire rling( in iii iwer-illaiji faictor Pill: ;inil
Hide anleI 0.

T() (hi this sa tisf.wit only, five- sets; if curves arcn(c-
";Irv. These arc Ugi \(In In Pigures I (5 to 169, inc1 sie,*
w~hichi appjcar o)it the 6 Jilliing pIMgis-.

The thrust p ie iailah le it ;illy 51)1-ed niay 1~ e I-
tcrmni md fr m thesec curves when V-1. an d t hp ,, at 1_'_

are knowvn. IheC curvs ssu ISSII( xci 1\I-J)iitchI~rIl~l
set to give maximumIII efficiency at I

For calculating thll withi a ciintrollalile-ich propeller,
the curve which is illustrate-d in Figurec 154 (jiM9( 337)
should bme tisecl.

Variation of thp with Altitude: Fixed-Pitch Propeller. At
Co(nstant atir speed(. t he plower al si r ed byI a jir ipl cr
-anem(I direc;tly as the decnsity i nd sul istant jillv as, the ctl ic

of the rpmn .Atcminstant rpm the powner (lev( -1 ic I l the
engine deccreases more rapi1l v than tIlic (en."ity. InI a cliih
at constant air zqpeed wvi th a hXc(I-piitch prilieller, t he engine(
rpm mast decrease to maintain ecitality oif the env ,ine and
prop~eller tor-(IueS. This diecrease in rpm gives aI slight in-
c-reaise In TV uD and 77, hut the decrease in engine 1powe-(r
is pr hiom inant.
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The decrease with altitude is more rapid for thrust
horsepower at constant air speed than it is for bhp at
constant rpm.

There are several methods available for calculating the
variation of thp with altitude. If the decrease in rpm

100

90 dP -- -- L --
, 0.6 POF " .88

o .8 0.84 0- 

3 1.0 0.80

S4 1.2 0.76

5 1.4 0.72

I- -

0 .0 ....

4

.30

.20

00 o00 16000 24000 32000 40000

STANDARD ALTITUDE- FT

Figure 171. Variation of thp with Altitude Fixed-Pitch Prpcller

with al titude is obtained in a climb at constant true air
speed, the power may be caleulted from the gn,ral
power coefficient curves of Figure 161. This methnd has

been used in a number of cases, but a better method is
based on general engine and propeller characteristics, as
shown by Figure I70.
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Under this method a propeller power cubic is drawn
on a non-dimensional plot of P against N. At 20,000

feet the propeller power is proportional to the density ratio

PPo = 0.5327 and the bhp of the engine is 0.440 of its sea-
level value. At sea-levcl rpm, N = N., the ratio of engine
power to propeller power is 0.440 . 0.5327 = 0.826. If
from the point A at o.826 a line is drawn on Figure 170

TAxoE 15. VARIATION 01' Ftimusr POWER FWITt .,,.TlTU0I: FIX-I)-

PITCH PROPELLER

Standard PDF=
Altitude .88 0.84 8o o 76 0.72 -

ft 08

0 1 )00 1 0)0 [ 1 000 1 000 1.000 1.000

4,000 .868 .804 86o .855 .850 I o61

5,)0o .82() .825 .820 .8f6 .81f 1.077
8,0o0 .738 732 .718 .711 1.128
10,000 .678 672 666 .656 .648 1.164
12,000 625 .616 .6o8 .598 .588 1 .201
15,(

K)() .548 .540 .528 .514 .502 1.261
16,oox) .523 .15 505 .491 .472 1.282
20, O(X .432 .422 .41) .392 .358 1 .37o
24,000 .355 .340 .325 .295 .245 1.468
25,001 .337 .322 .305 .275 .218 1.494
28, 00) .280 .264 .245 .210 ...... ... 1.577
32,0(0 .210 .19 . I65 .... .... ......... . .697
36,o x) .143 .114 ........ ........ 1.837
40,000 .058 ... 2,022

with the slope of the engine-power curve, the intersection
with the propeller curve at the point B gives the bhp and
rpm ratios for the altitude under consideration. The
value of thp/thpo may then be calculated. Using this
method, the variation of thp with altitude has been calcu-
lated for various slopes of engine-power curves correspond-
ing to the power drop factors indicated on the resultant

curves of Figure 171.
It should be noted that these curves. are for propellers

giving maximum efficiency at maximum speed. The
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climb and ceiling are, of course, greatly improvedl by using
a lower pitch setting which is equivalent to increasing the

slope of the engine powver curve, since the reference point
at full throttle w~ill be nearer the peak of the power curv-e.

F~or convenience, the values of thp) thp,, are given in
tab~ular form in Table 15, which is shown on the preceding
page.

It is of interest to note that for each engine PDF
there wvill h~e a point of tangency, representing a limit to the
power curve. For any further increase of altitude above
this critical value, the propeller will stall the engine. The
critical altitudes are ats follows:

PDF .................. 88 84 -So .76 7

dP/dA ................ .6o .8o ()() 1 20 1 4()
Critical h C..... 41,00 37,700) 34. 200 30. 200) 25j. 500)

Variation of thp with Altitude: Controllable-Pitch Propeller.
With a controllable-pitch propeller, the engine rJpni can
h~e maintained constatnt by (lecriClSing p~itch du tring the
cli ml).

Since I ', n, and D are constant, and1 P = C1,pn'D 5, it fol-
lows that

P<C-)

where PIP, is the engine blip relative to the sea-level value,
as given in Figure t 39. Fromi this relation the variation
in C,, 0, 77 andl thp may b~e calculatedl, wvith the results shown
on Figure 172 andl Table 16. The increase in t hp ratio
above the hhp rat o( is Jpartia~ly fict itio us, since the initijal
thp ratio is affected by the low prop~eller (tti('iciies for
high blade angles (see Figure 146, page 326). P~art of
the gain shown is due to the step-up to a higher efficiency
curve.
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It is of interest to note the change in blade angle re-
quiredl to maintain constant rpm. In all cases investigated,
the ratio of AO,'O, was a function of altitude only as shown
oy Figure 173.

Propeller rpm in Throttled Flight. It is possile to obtain
the propeller rpm in throttled flight by plotting 77CP

1-00 - __ - -

-j 0- 400 AT 0.75R

W.1W

e0~
<. BHP

20- ____ - - -

0 6000 16000 24000 39000 40000

STANDARD ALTITUDE - FT

FigtiIC 172. \;iriati,, 4i .f p %%,ifh Altittude C0Tmtr(,llabC-PitCli Propeller.

( c ,ii stant rimo

7P 'pnD' against i7C'j' = nP 'pl"'3 for various Mlade
angles. On such a plot V/'nD lines radiate from the origin.
Since ?7C'p is known, the rpm may be ob~tainled either from
thc value of Vi"nD or from the vaZlue Of 77C?.
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-30 _

I-. -zs___
z
,-Ua)

z10 -

o - I

0
Ix-

0-O

0 000 16000 24000 32000 40000

STANDARD ALTITUDE-FEET
Figure 173. Effect of Altitude on Propeller Blade Angle (at o.73 ' for

Cunstant rpm

TABLE I0. VARTATION (w ToR sr P i)WER Wiih Airi rir.': ('()NTu()L-
LA I. E-PIT1 P1I. r ( I.i.-

Standard
Altitude 0= 20' 0 '3 4()

ft

o 1.000 1. 0() I 000
4(00) .872 .880 892
8.000 .752 .772 .788

12.000 .645 .668 ("is
16,000 .546 .,573 5,(
20, OWx 459487 5SW4
24 . ()c .376 .410 .43o
28. ()oX .309 .338 35
32, 000 .245 .268 288
36,000 .183 .201 .22
dO,000 .121 .135 .152

0 - Blade angle at o.75R.
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Analyses of flight tcst data for a number of airp~lanes
Show that the rpmn in horizontal flight can be calculted-(
aCCUratel V from the relat io n

K/thp,

where K has an average value of 0.98,



CHAP'IR II

PERFORMANCE C\L(L.VI'ION- POWER
CU "RVES

Performance Calculation. The complete performance of
an airplane comprises its maximum and minimum speeds,
rate of climb at various altitudes, time to climb to various
altitudes, and range and endurance at given speeds with
specified fuel loads. While it is possible to calculate per-
formance by purely analytical methods, a comb ination
of the graphical and analytical will be found more simple
and direct. The usual method is to calculate, for hori-
zontal flight at various speeds and at a given altitude, the

thrust power required for horizontal flight and the maxi-
mum thrust power available. If the curves of power re-
quired and power available are plotted against SpXeed, their
intersection obviously will determine the maximum sp)eed
at the altitude under consideration. The difference be-
tween power available and po-wer required, at any given
speed, is the excess power available for climb, and the
maximum rate of climb occurs at that speed at which the
excess power is a maximum.

Before going into a detailed explanation of the general
methods for calculating performance, a brief statement of
the basic assumptions will be given. In steady horizontal
flight the forces acting on an airplane are: lift, drag,
gravity, an(l propeller thrust. Since the motion is steady,
the vector stim of the forces or their components in any
direction, and the resultant moment about any axis must
be zero. The equations of motion are easily obtained.
Vertical and horizontal components give respectivelv

36.,
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TV dh
L + T sin0 - W = . 0 (247)g dt

TV dv
D - 7'cos 0 .-- = o (248)g dt

where 0 is the angle of pitch of the thrust axis, L the lift, D
the drag, and 7' the thrust. The thrust correction T sin 0
in equation (247) is negligible except at fairly large angles,
and it is usually neglected, although the effect of a moderate
throttle ol)ening may be a reduction of the order of 5 mph
in landing speed for an airplane having a low power load-
ing. 0 is ordinarily less than 20', so that cos 0 =

for all practical purposes. Therefore, unless extreme ac-
curacy is required, it is always assumed that L II and
D=T.

With the foregoing assumptions, the equation con-
necting weight and speed is

L = W = CLqS = CLPSV2  (249)

from which

V = N/ V2,/CL pS (250)

\Vhen I1 is in lb and S is in sq ft, equation (250) becomes

V =29).00 -CL. (25oa)

for V in ft/sec, or

V = 9.77\/ )C. - (25ob)

for V in mph. The minimum or "stalling speed" is obvi-
ously determined by using the maximum Value of CL in
equation (250). a is the relative air density P/P,

Power Required for Horizontal Flight. The power required
for horizontal flight is

til) = D (V in ft/sec) (251)
550
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or, thp, = DV (V in mph) (251a)

375

D being the total drag at the air speed V. The drag D
can be divided into two parts, each with two subdivisions.
The major components are wing drag and the residual,
or parasite, drag. \Ving drag is further divided into
induced and profile (or section) drags. The coefficient
of the former depends only on the lift coefficient and
effective aspect ratio, while the coefficient of the latter
varies with the wing section. Parasite drag must be
divided into two parts, the first variable with angle of
attack and designated here as P,, the second independent
of angle of attack and designated as P,. P, includes such
items as nacelles, floats, hulls, tail surfaces, wing-section
drag, and fuselages having square or rectangular cross-
sections. P includes struts, wires, fittings, wheels, tail
skids, ordnance equipment, air-cooled engines, radiators,
and fuselages having circular or elliptical cross-sections.
If there is any doubt as to the classification of the fuselage
drag, it should be put in P,.

P, and P, vary directly as V', while induced drag varies
inversely as V .

Wing Drag, Induced. The induced drag is that part of
the total wing drag which is due to a virtual inclina-
tion of the lift vector as a result of the downwash, the effect
being the same as if the wing were operating along an
upward slope. The induced drag is independent of wing
section and varies only with lift coefficient CL and eff,-ctive
aspect ratio n.

CL'S _CL
2  22

Induced drag coefficient CDi - (kb) = 2

where S is the total wing area, b the maximum wing span,
and k INJunk's factor for equivalent monoplane span. For
a monoplane k = T.o. For a biplane k varies with the
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ratio of gap/maximum-span, and with the ratio of spans.
Figures 12 and 13 (Chapter 3) give the values of k for any
conventional biplane arrangement.

Equation (252) is most conveniently used in per-
formance calculations if written in the form

2 W 2

Di V2 W (253)ip (kb)Op

W being the gross weight. This reduces to

D= 267.7 W
=_V2 b (V in ft/sec) (254)

or

= 5V k) (Vin mph) (255)

These equations reduce to the form D = K/V'. for any
particular case.

It is often desirable to calculate directly the induced
power required. The equations are:

th5, D.V 0.487 - (V in ft/sec) (254a)
550 IV kb

or
thDjV 0.332 ln'W n ph

th F7 -9 kb] (V7in mph) (255a)

In any particular case, these reduce to the form thpi =

K/ V.

Parasite Drag P,: Variation with Angle of Attack. A study of
the dragof nacelles, floats, hulls, and fuselages, having square
or rectangular cross-section, shows a very definite de-
pendence on angle of attack. (See Figure 3, N.A.C.A.
Technical Report No. 236.) (A study of the profile drag
of a number of the most widely used wing sections shows
that at any given value of V/Vs the ratio C,!/(CD). is
practically independent of section. If the relation pre-
viously found for variation with angle is converted to aver-
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Figure 174. Factor F. for Finding Value of Variable Parasite Drag P at
Any Speed

age speed range, the agreement will be found very close,
so that a single curve of D/Do against V/Vs is sufficient,
but in most cases it will be found more convenient to
use F. = (D/D,) (V/Vs)2 which is plotted in Figure 174.

The values most frequently used are as follows:

1.00 4.100 4.10

1.05 2.210 2.44
1.10 1,750 2.12
1.15 1.500 r.98
1.20 1.350 1.95

1.30 1.190 2.01

1.40 1.110 2.18
1.50 i.o6o 2.38
x.6o 1.025 2.63
1.70 1.007 2.91

x.8o 1.000 3.24
2.00 1.000 4.00
2.20 1.000 4.84
2.40 1.000 5-76
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By the use of F~, the accurate calculation of perform-
ance is considlerably simplified since P. = (P,),, - F, where
(P.). is the value of P, (without correction for angle) at
stalling speed, 1. P, is usually calclated for the condi-
tion of thrust line horizontal. An example of the calcula-
tion of power requiredl for horizontal flight wvill follow.

Example of Calculation of Power Required. The steps re-
quired1 in the calculation of power required in horizontal
flight at various speeds will be illustrated by means of a
fictitious airp~lane assumedl to lbe a tractor biplane with the
following characteristics:

Cross weight....................................... = 4,500
.Ving area.......................................... = 300

W~ing section...................................... NACA-2212
Wing span.............. .......................... = b,=3 ft
Gsap G(= 5.2,5 G/b 0 .15q
Span factor k = 1. 13
Fffective aspect ratio = 5.20

Eine, direct-drive 450 bhp at 2,100 rpm at sea-
level; N.ACA. cowl

Propeller 2-11I Ile, Inetal

-A summation of all of the items of parasite drag for an
airplane of this type wouldl le about as follows at 100 mnph.

P. Wings. ........ .......... ....................... 8.9. olb

Tail surfaces............. ......................... 25 0

110.0 lb

P Fuselage plus cowleml engine ........................... 85.0 lb
Landing gear......................................4,5.0
Structural details.................................. 5o~o

8o.0o lb

From which CDP., = 0.0143, ('p, = 0.0234 and C~p =

0.037 7.
The maximum lift coefficient for the 2212 section in a

biplane arrangement is CL =1.45. 1 lence, the stalling

I97 4.500-
Is= 9.7 1.45 X 30( 63.6 mph
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From equation (255) for V in mph, the induced drag is

= 24 (1W)2 ,615,ooo

The basic value of P, at stalling speed is

(P,). = 110 X (Vs/IOO)2 = 44.6

The value of P. at any speed is

P- = (P-)0 F = 44.6F.

The basic value of P2 is

(P=)o = 18o (Vs/IOO) 2 = 72.8

The value of P2 at any speed is

P- 72.8 (V/Vs)'

Calculations for thrust power required are given in
Table 17. Note that the ratio LID = W/D has been
tabulated along with thp,. in Table 17. This is not neces-
sary, except as a general check on the calculations, unless
the power required is to be obtained for two or more
weights. If the change in weight does not affect the para-
site drag coefficients, as for example with a varying fuel
load, the value of L/D at any given speed ratio V/VS
remains constant, so that it is unnecessary to carry out the
full calculation to find the new values of thp,.. At any
value of V/ Vs and at constant density, the following
relations hold:

V2/VI = v / ww, (256)

D. = W,/(L/D) DI/D, = W2/W, (257)

(thp,)2 /(thp,) = (W 2/W,) 's (258)

Equations (256), (257), and (258) are often used in
performance calculations.
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TABLE 17. EXAMPLE OF CALCULATION FOR THRUS- POWER REQUIRED
AT SEA-LEVEL

Gross Weight = 4500 lb

Drag -lb

AirSpeed Sp e

Ratio F, Parasite In- Toal thpr
v/VS mph duced D

P, P Di

1.oo 63.6 4.10 182 73 400 655 111.2 6.87
1.05 66.8 2.44 109 80 363 552 98.3 8,14
1.10 70.0 2.12 94 88 330 512 95.6 8.78
1.15 73.1 1.98 88 96 303 487 95.0 9.24
1.20 76.3 '95 87 105 278 470 95-6 9.57
1.40 89.1 2. U3 97 143 204 444 105.6 10.12
1.70 1o8.2 2.91 130 210 138 478 138.0 9.40
2.00 127.2 4.00 178 291 100 569 193.0 7.90
2.30 146.3 5.29 235 385 76 696 272 6.46
2.6o 165.3 6.76 301 492 59 852 375 5.28

Maximum Thrust Power Available at Sea-Level. The next
step is to calculate the maximum thrust power avail-
able at various air speeds. To do this the propeller char-
acteristics are required. The propeller efficiency will
be of the order of 80% so that o.8o X 450 = 36o thp
will be available for high speed. From Table 17, 36o hp
will be required at about I6o mph. Hence, the propeller
must absorb 45o bhp at 2100 rpm at 16o mph, from which
C, = 1.41. [See equation (226).] From Figure 146 this
gives V/nD = 0.73, 0 = 19.40 and -. = 0.82. The diam-

eter will be D = (V/n) + (V/nD) = 9.2 ft. This pro-
peller will have a tip-speed slightly greater than i ooo ft/sec,
but it can be used if the tip sections are reasonably thin.
The blade setting 19.4' is the effective setting. According

to equation (223), the static setting would be about 1.2'
less.

The thrust power available may be calculated from the
data in Figure 157. Assuming that the engine has a power
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drop factor PDF = o.8o and that the slope of bhp/rpm is
constant over the range involved, the value of KQs at 100
mph is, from equation (24ia)

=F2 X 25.6 X (9.2)-.].
(KQs)o = L 33,000 X 0.214 J 2.375

or
Kos = 0.02375 V

The calculations for thp.. at sea-level are given in-Table
18.

The accuracy obtained by the method used above is
more apparent than real. In g(fneral, it will be more
desirable to select the proper curve of thp/thp. from Fig-
ures 165 to 169, and thus obtain thp values directly. From
the data derived in selecting the propeller. q, = o.82,
hence thp 0 = 0.82 X 450 = 369 at the design speed V. =
16o mph. These values are used with the 1-7 curve from
Figure 167 in calculating thp by the short method, Table
I9. The results are in close agreement with the calcula-
tions of Table i8. The agreement would be exact if
tqCp and1 V/nD could be read correctly from Figure 157.

TABLE 18. EXAMPLE OW CALCI IATION OF THRUST POWER :\VAIlI.ILF
AT VARIOUS SI'EEIS

Airspeed Torque
V Coef1. nC' /nl) n rpm thp,.

mph KQs

6o 1 43 0255 .31 30 8 1 ,8.," 216
80 1.9o .0305 41 31 1 1.87o 260

100 2 37 .0325 50- 31 6 I ,'o 291
120 2,85 0335 .59 32 5 ,tj,-o 325
140 3 32 0320 .66 33 8 2-.10 350
i6o , 8( .0300 .73 35 2,100 364
170 4 03 .0289 .76 35 7 2,140 371

Kos = .0237

thp,,o = "l C p P l) D.

550
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TABLE 19. CALCULATION OF MAXIMUM THRUST HORSEPOWER AVAIL.-
ABLE USING GENERAL CURVES

Air Speed IV/I'd thp/thpo thp

6o .375 .565 209

80 -So
o  .695 257

100 .625 .792 293

120 .750 .874 323
140 .875 .943 348
t6o 1.000 1.000 369
170 i.o6i i.oi8 375

Rate of Climb. If the value of thp, and thp,, from
Tables 17 and 18 are plotted against air speed as in Figure
175, the sea-level performance is readily obtained by
graphical solution. The intersection of the curves shows
that the maximum speed is 164.6 mph. The difference
between thp,, and thp, at any speed is excess power ehp,
available for climb. The maximum difference is at 95
mph where thp,, - thp, = 173 ehp. The rate of climb
in ft/min corresponding to any value of ehp is

dh 33,000
d = ehp X I--V--- (259)

where JJ' is the gross weight of the airplane. In this case
ehp = 173 and IT = 4500 lb so that

d 1 = 73 X 33,0oo = 127 ft/min
dt4500- ,.ml

This is the rate of climb at sea-level, usually designated as
"initial rate of climb."

Absolute Ceiling. The absolute ceiling or the altitude
where the rate of climb is zero may now be determined ac-curately by a simple graphical construction. .\t the

absolute ceiling the curves of thp,, and thp will be tangent
and the airplane can fly at only one angle of attack. This
angle will be approximately that for minimum lower.
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If a climb was started at sea-level at this angle of attack
and continued all the way up to the absolute ceiling without
change, the maximum rate of climb would not be obtained
at any altitude, but the absolute ceiling would be the same
as that obtained if the correct air speeds for best climb
had been used. In this climb at constant angle of attack,
both the air speed and thp required will vary inversely
as the square root of the density. That is

V = Vo V Po!P
and

thp, = thpro Po/P

or when V = KV, thp, = K X thDro. Referring to
Table 17 and Figure 175, it will be seen that the minimum
value of thpo is 95 at V. = 73.1 mph. To maintain
horizontal flight at the value of a and CL corresponding
to this sea-level speed would require, when V\p,,; p = 2.0,
that V = 146.2 mph and thp, = 19o. A straight line
passing through this point B and the initial point ( Vo = 73.1
mph and thpo . 95) also passes through the origin Vo =
o, thp, = o, and is the locus of minimum power required
at all densities. Consider now the power available.

At Vo = 73.1 mph, thp. = 244. This is the initial
value C. At the altitude where V = 8o mph, v'p,, p =

8o '73.1 = 1.095 from which p 'p,, = o.833. The alti-
tude and the corresponding ratio of thp/thpo for the engine
used may thus be determined, using the data in Table I5.
It is more convenient, however, to plot the ratio of thp thp.
against V/p,, p V V V( as in Figure 176 and eliminate
the intermediate step. In either case thp, at 8o mph and
at the altitude where V/pop-= 8o '73.1 is determined.
Figure 176 gives thpthp, = 0.787 at V 1% = 1.095 for
the assumed engine having PDF = o.8o. Figure 175 shows
that at 8o mph thp,,o = 259. Hence, thp,. = 0.787 X
259 = 204, which is plotted at the point D on Figure 175.
Repeating this process for various speeds gives
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V Tv thp/thpo thpo thp
73.1 1.000 1.000 244 244
80. 1.095 .787 259 204

90.0 1.231 .568 278 z58
100.0 1.368 .407 294 120
110.0 1.505 .296 309 91

too0 32000

.90 J~T20000

- - - -- - - - - - - - - - - -24000

.J0 - _ _ - - - - - - 20000

so_ - - - - - - - - - - - 1000

I-%

.50 - - 0.84 12000

.0.7

.30 .0 0

1.00 1.10 (.20 1.30 1.40 (.50 160 t.70

Figure 176. Absolute Ceiliung Chart. \ariati n of thp, and T' with Altitude

Plotting these va;Ilues Of thp against V on Figure 1-5
and passing the curvec CDEO through the points, it is
found to intersect the line AB at V" 98.2 mnph. This
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indicates that at the density where the air speed for mini-
mum power is 98.2 mph, the curves of thp. and thp,
are tangent. This is the condition for zero climb and the
absolute ceiling. The density ratio may be found from
0, = (Vo/V) 2 = (73.1/98.2)' = 0.554 and the correspond-
ing altitude from standard atmosphere tables and charts
or the altitude may be read directly from Figure 176 where
it has been included for convenience. This altitude is
I8,8oo ft.

The points C, D, E-O just calculated are each a single
point on a curve of thp,, for the altitude represented by the
relation 'V po, = V/Vo. In the example 5 points were
used to determine the curve C, D, E-O, but 3 or 4 points
usually are sufficient.

Service Ceiling. The service ceiling is the altitude at
which the rate of climb is IOO ftymin. If the rate of climl)
be assumed linear with altitude, that is

dhd = C. - ah (260)

then the service ceiling is given by

h 1i [CI - Ioo] (261)

where II is the absoIute ceiling and C,, is the initial rate of
climb. For the case just calculated II = i8,8oo ft and
Co =1270 ft/!min. I lence,

F 1270_- 1001
It, = 18,oo L- 127 _] 17,300 ft

L 1270 1
Time of Climb Time of Climb to Any Altitude. On the

assumption that dh'dt = (C - ah), the time of climb
to any altitude h is

T = 11 log, [I-7hj = 2.303 c. log Li h 262)

T will be in minutes if the absoIhit cCiling II i. in feet't
and the initial rate of climb C' is in ft nin.
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Altitude Climbed in a Given Time T. The preceding
equation may be converted to the form

h =11 0 - e
-
aT) (263)

where a = Co/H. In this form it may be used for calcu-
lating the altitude climbed in time T.

Calculation of Power Required at Altitude. In steady hori-
zontal or climbing flight CL and CD will be constant at a
given angle of attack provided that the slipstream effects
are negligible and these effects usually are negligible.
Hence, at any given angle of attack, CL and V T's are con-
stant and the following relations hold in passing from
density p, to p.,:

V/V, = V/ , po (264)
D. = I, (265)

(thp,)(thp), = V P, (266)

These equations supplement t-quation (256), (257), and
(258). They are often used in calculating performance
at altitude. Table 20 contains the calculations for V and
thp, at 5000, 1o,ooo, and 15,000 ft, using the sea-level
data from Table 17.

TABLE 20. TiRUST POWN:R RkIIREI. ALTITUDE

500o feet ' 10,000 feet 15,o(o feet

Sae Pl/p = 1.077 \1P./P 1.164 \/p/p = 1.261

Vo thpro V thpr V thp, V j tlhpr

63.6 111.2 68 5 119.8 74.1 129.4 802 140.2 1.00
66.8 98.3 71 9 105 8 77 8 114 4 84.2 124.0 1 05
70.0 95.6 7.4 103 0 81.4 I.1 3 883 120.6 1 1O
76 3 95.6 82.2 103.0 88.8 111.3 96.2 120.6 1 20
89 1 105.6 95.9 113.7 103.7 122.9 112.4 13.3 1 4)

1o8.2 138.0 116.2 148.6 125.8 16o6 136.5 174 0 1 70
127.2 193.0 137.0 208. 148.0 224 7 160.5 243.3 2.00
146.3 272.0 157.5 293. 170.5 317.0 2.30

__..........
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Calculation of Power Available at Altitude. The decrease of
thp with altitude depends on engine and propeller char-
acteristics as explained in Chapter io. The decrease
shown on Figures 171 and 172 includes the effects of
changes in bhp, rpm and propeller efficiency at constant
true air speed. Hence, if thp,,o is known for a given
speed at sea-level, the corresponding value for the same
speed at any other altitude is thp,, = thpo X (thpithpo)
where the value of thp/thp for the altitude under consid-
eration is read from the appropriate curve on Figure 1T

or Figure 172.
Table 21 contains the calculation for thp, at various

altitudes, based on the data in Table I8 and the curve
for fixed-pitch propeller with engine PI)F = o.8o (as pre-
viously assumed) on Figure 171. If desired, thp, at alti-
tude can be calculated from the propeller data as in Table
i8, using KQs and iC,,.

TABLE 21. MAXIMuM THRUST HORSEPOWER AVAILABLE AT ALTITUDES

thp at Altitude
Air Speed thpo

V at
mph Sea-level 5,000 ft 10,00) ft 15.000 ft

F = o.82o F = o.666 F = 0.528

60 21H 173 140 111
80 260 213 173 137

100 291 238 194 154
120 325 266 216 172
140 350 287 233 185
160 364 298 242 192
170 371 304 247 196

Performance at Altitude. If the values of thp, and thp,
for various altitudes are plotted against speed as in Figure
177, speeds and rates of climb are readily obtained.
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Figure 178. Variation u f Rate of Climb with Altitude
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Following the method previously used, one obtains:

Maximum Maximum Air Speed Rate ofAltitude Speed ehp for Climb Climb

0 164. 6 173 95.0 1,270
5,000 158.8 122 98.o 895

10,000 f52.8 76 102.0 557
15,000 141.2 33 io6.o 242

The rates of climb in the fifth column are plotted against
altitude in Figure 178 and a smooth curve is drawn through
the points. This curve intersects the altitude axis (rate of
climb = o) at about i9,ooo ft. The absolute ceiling ob-
tained by plotting rates of climb therefore checks almost
exactly with the i8,8oo feet obtained by the short method
illustrated on Figure 175. Figure 178 shows, however,
that in general it is not permissible to assume a linear
relation between rate of climb and altitude if strict ac-
curacy is desired. This subject will be discussed later.

Figure 179 is a plot of maximum air speed and air speed
for best climb against altitude. The variation of maxi-
mum speed with altitude is much the same for all airplanes,
but there may be considerable differences in the form of
the curve for best air speed in climb. Whether the best
air speed remains constant or increases with altitude de-
pends chiefly on the parasite resistance and only slightly
on aspect ratio as will be shown in Chapter 18.

Performance with Supercharged Engines and Controllable-
Pitch Propeller. The performance with a supercharged
engine is readily calculated by the method just illustrated
if the power curve is extrapolated to obtain a fictitious
thpo value. For example, assume an engine developing
8oo bhp at a critical altitude of io,ooo ft (below which full
throttle cannot be used). If the propeller efficiency is
8o%. the thp = 64o at IO,OOO ft may be considered.as a
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Figure 179. Variation of Maxirnwn Speed and 11cst Climibinig Speed with

Altitude

point on a normal thp curve, which would have a sea-level
value of

thp, = 640/P F

where PF = thpj/thp, from the curve of Figure 171 corre-
sponding to the particular engine-power curve. For a
value PDF = 0.80, the fictitious sea-level power is thp. =

640/o.666 = 961 and the performance above 10,000 ft
is obtained by assuming power curves corresponding to
o61 thp at sea-level. Below the critical altitude io,ooo ft the
performance will depend on the engine restrictions and
the propeller characteristics.
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When a controllable-pitch propeller is used, the ratio
thp/thp0 is taken from Figure 172.

Effect of Slipstream and Miscellaneous Corrections. It is
usually unnecessary to apply any corrections other than
those given. In particular, the effects of slipstream on
drag are either negligible or they may be handled by an
appropriate reduction in propeller efficiency. It should
be noted that the factor k (the ratio of the span of the
equivalent monoplane to the span of a biplane) includes the
effects of the various factors formerly listed under biplane
interference, gap/chord ratio, aspect ratio. The effect of
stagger is considered negligible from a theoretical stand-
point.



CHAPTER 12

PERFORMANCE ESTIMATION

Performance Estimation. It is frequently necessary t,
estimate the performance of an airplane without calcu-
lating the power curves. Where the parasite drag coeffi-
cient is known, this can be done quickly and accurately.
The same methods may be applied to problems involving
the change in performance due to changes in design,
loading, or operating conditions. In any event, the para-
site drag must either be known or estimated, and the
accuracy of the results will depend on the accuracy with
which the parasite drag is obtained.

Estimating Parasite Drag. For the purpose of perfor-
mance estimation, it is unnecessary to separate the para-
site drag into parts affected and unaffected by angle of
attack. The principal items will be

Wings
Fuselage or hull
Engines and nacelles
Tail surfaces
Landing gear
Struts, wires, etc.
Interference
Miscellaneous items

Appropriate drag values may be obtained from the

data in Chapter 9.

Stalling Speed. The stalling speed in miles per hour
at sea-level is

Vs = 19.77 V/ w,/C. (267)

383
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where w. = TV/S, the wing loading in lbi'sq ft, and C1,
maximum is effective maximum 'ift coefficient. The accu-
rate determination of CL maximum from design character-
istics is very tedious and unsatisfactory, particularly wh:n
part-span flaps or other high-lift devices are used. If
accurate full-scale stalling speed data are available on a
similar design, the value of the effective CLi maximum may
be calculated from equation (267) in the form

CL ... = 391 w/ Vs' (268)

If accurate stalling-speed data are not available, it
will be necessary to use wind-tunnel data on the blasic wing
section and apply corrections for scale effect, flap effect, etc.

I.8 -d -- - --- -- - -... - ±7

1.0 A -

0 2 4 6 9 t 1 2 l 14 16Is is O2

REYNOLDS NUMBER X I0-

Figure Y8o. Variation (If CL Maximum with Reyn,,lds Number

The basic airfoil data are preferably taken from the
N...C.A. variable-density or full-scale wind-tunnel tests.
The variation of CL maximum with Reynolds Number is
approximated by the contour curves on Figure i8o. A
test point may be extrapolated along a curve similar to
the contour lines to obtain the Value at the Reynolds
Number corresponding to stalling speed. The Reynolds
Number at stalling speed is approximately

RN = 9350 c- • Vs (269)
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where c. is the average wing chord in feet (ca = wing
area + maximum span) and Vs is the approximate stalling
speed in mph.

The effect of flaps of various types and proportions are
given in Chapter 6. In the case of a biplane, the maxi-
mum lift coefficients of each wing should be calculated
separately and combined by the obvious relation

& " :. .....+ SL. C1.r...
C ....... = , L - - (270)

S
where the subscripts U and L refer to upper and lower
wings respectively. Care must be taken, however, that
the individual maximum values occur at or reasonably
near to the same angle of attack. Allowance must also be
made for mutual interference effects. Flaps on either wing
alone adversely affect the flow on the other wing. If the
flaps are on the lower wing only, the curvature of the
streamline is equivalent to a reduction in camber of the
upper wing. The downwash and reduced velocity over
the lower wing, (lue to flaps on the upper wing only, pre-
vents full utilization of the flap effect. The net effect will
depend on the relative proportions and arrangement of the
biplane wings, but in any event, the ACL maximum due
to flaps on both wings will be considerably greater than
the sum of the ACL maximum due to flaps on the upper
wing only plus ACL maximum due to flaps on the lower
wing only.

In general, the wing loading w, used in equation (267)
should be based or the net wing area, not including any
portion of the wing intercepted by the fuselage. At '"NV
and moderate angles of attack the lift of the wing-fuselage
system is substantially equivalent to that of a wing ex-
tending through the fuselage, but at high angles of attack
and at maximum lift the contribution of the fuselage may
become negligible and the lift approaches that due to the
net wing area, unless the wing arrangement is favorable.
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This point may be checked by reference to the N.A.C.A.
tests in Technical Report No. 540.' In any event the
value of CL maximum will depend on the wing arrangement
and fairing and the adjustment must either be made in
accordance with the data of Technical Report No. 540,
or based on experience obtained in flight tests on similar
designs.

Stalling speed at other than sea-level density may be
obtained from

Vs = V. Vpo/p (264a)
or from

Vs = 19.77 Nw,/ CL.. (267a)

where a = P/po"

Maximum Speed. The most direct method of obtaining
maximum speed in horizontal flight at any altitude is to
calculate V.m for the available thrust horsepower and para-
site drag and then apply a correction for the induced drag.
That is

V11 = Vp - AV (271)

where VP is the maximum speed for zero induced drag and
A V is the reduction in speed due to induced drag. Vp is
readily obtained from

=p 100 F8  hhp 1(272)
= 6.82 a CDI, Sj

or

VP = 1 00 P.... 1 (273)

where r7 is the propeller efficiency at 1% a is the relative
density, CDPo is the parasite drag coefficient, S is the wing
area on which CDP' is based, and P, o. is the parasite drag
at oo mph at sea-level density, P,o. = 25.58 CDp° S.

I E. N. Jacobs and K F. Ward, -Interference of Wing and Futesag, from Teris (I 20'1

iT,,tinat ions in the N.A.C.A. Variable-Density Tunnel" N.A.C.A. T.R. No. 540 (1935.)
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The induced drag correction AV is obtained from Fig-
ures I8i and 182 or Figures 183 and 184. In each of these
four figures the induced drag correction AV is plotted as
abscissas with either V, or R as ordinates. R is (efine(d
as the ratio, at loo mph, of the induced drag to the para-
site drag, or

Induced drag at ioo mph
R - Parasite drag at ioo mph (274)

This ratio is either known from the induced drag, equation
(253), and the summation of the parasite drag, or it may Ie
obtained from

0.000486 (w,/r)2  (275,R= n CDP- 25

wfhere w, = W/S the wing loading, a = pip the relative
density, n is the effective aspect ratio, and CDP, is the
parasite drag coefficient.

In Figures i1 and 182 the ordinate is R and the
parameter of the curves is V,. These charts are conveni-
ent to use with airplanes having R < i.o with a moderate
value of V,. When V,1 is greater than 15o or 200 mph,
either Figure 183 or Figure 184 will be found more con-
venient.

The method employed here is exact and the accuracy of
the results depends entirely on the accuracy used in de-
termining q, Cuv,, and R.

Variation in Vn,,, with Altitude. The decrease in V1.. at
high altitudes is readily obtained from equation (271), bY
calculating at each altitude the values of Ip and _ .
Figure 185 will simplify these calculatiols y giving in
ratio form the values of Vp and R at any dl.sired altitude.

When great accuracy is not required, the curve of

Figure i86 may be used. If the engine is stperchairged,
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the value of VA! at the critical altitudle should be consil-
ered as a point on this curve to ob)tainl a fictitious sea-levl
value of Vm for use at other altitudecs.

0 .90 ____ ____

.9 4

0 8000 16000 24000 32000

ALT IT UDE
Figure j r. Effect of Altitude on U p and 1R

Effect of Gross Weight on VM. The effct of gross weight
on maximum speed is readily obtalined from the change in
AVdue to the chainge inkR From equation (275)

R, (276)
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SI m- -r I !1"c t I f.\hhude (1 , \ lxmum .qpccd [S.1-1 .e .1 Engine)

i",,r(,xaml)h.. .s- ( an airl)lan( having 1" = 200 mph
,th R - I., gixin Al 4.3 mph and V-- = 195.7.
If the weight is increased 20-,, R will be' increased to 1.44
; d At' to ().4 iift( VI , I , 13.6, o r ;I rc(luctin Of 2.1 mph.
If the weight is (lecrease(d 4O(;o, R becomes 0.36 an( AV =

1.5. s( that the maximum speed would be increased 2.8
1ph.

General Power and Drag Relations. Letting A = induced
power and B = parasite tpower required for horizontal
flight at ioo mph,

R P. (D,) A
R 1/ = 10 = B (274)

.\t any speed the total power required will be

P1 (Ioo AV) + B(V Ioo)) (277)



34 4 -N(;IN1,tI,. N, A-ROIDYNAMI(.> [thi. 12

The SPeu I for mininum p(m'cr is found by differentiating
and equating to zero, or

dIP
= -(iooA/VP)+ 3BT': X 1o

- =

from which

1,, = F JI] = 7.5.o8 Ri (278)

The speed for miximum L D is found lv diffe-runtiating
the total drag CltuatiAM

1) = io' A /') + io-4 BV: (279)

andl e(llting I) zr (,r ,

dl) --2 X I WA+ 2BV

d" V + I=

from which
= I ()R] = 1.31, Vi,,, (280)

Equations (278) And (2 80) ma V.b used f,,r (hetcrniIing
the fundamental speed and iower relations as followNs:

Air -pced for minimum drag Vc
Minimum drag 1).....
Maximum rati, lift I )rag
Ptuwer required at V,
Air speed for minimum power
Minimum power required

The fun(daimnntal relations are given in ratio form in
TIl h, 22. These ratio)s are Ibased on the drag and lm r

require at 100 mph, D,, = [D, + D,1

P,, = A + B = Ix) (D, + D,J),375
(I =ID, = W(Dj + I),J
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Hence, we have

Minimum drag, D,,,, = X D

Maximum (L D) = K (IF 1),)
Power at max (L/D) = (P( I),) P.
Minimum power P,,,, = (P,,,,, P ) Po

150

1.40 ! _

130__ _

1.20

.. 0 --

MINMU TAG

0 0 A O s0 .0 100 1.20 i .40 1.0 1.0 too

INDUED DRAG AT 100 MPH
PARASIT DRAG AT 100 MPH

Fi:ure 187. 1/0, Pver RI luirvd, and Spvt'd f,,r .inllrin Drig
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Figure 187 is a plot of Vc/ioo, Pc,'P, and K against
the ratio R. These determine the conditions for tight
at minimum drag or maximum LiD.

The conditions for minimum power are plotted on
Figure 188.

4C

, MINIMUM POWER

0 .20 .40 ,60 .0 OO 1.40 LOW Lao IM00

RATIO INDUCED DRAG AT 100MPH
PARASITE DRAG AT 100 MPH

Figure 188. Minimum Power and Speed for Minimum Power

It may l)e shown that the drag for minimum power is
1.1549 times the minimum drag. hnce,

(L/D) mi.. ,, = o.86,9iq (L /ID),, (281)

In order to obtain accurate results with the relations

at minimum power, it is necessary to empoy the con-
ception of virtual aspect ratio given later.
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TAl I.E 22. (l:HhIN.xL .I)RA .N I') WER RI;,LAIIONS

i MNhpel, ,-l11 Rclhtive fore R(Itiwt-II? iv / r i L li It+ lS1)wtr %l f R I) i ti

R for Mi I 1- 1t11 ( t f .ip

)lll t L, D P1 . I P
l' ![),,,,D. Kx K , 1ll, P ,,Po

2II 7 2 7 74l 323 42 7 284
2 6 ) I [ 745 1 342 4948 So 8 47
311 74 I) 843 I;7 624 S6 2 547
41) 79 5 1 0114 117 7i') ") 4 (,1
5o1 84 I 94; I I )f, 7I43 1)3 1) (14)6
(A) 88 1I ((((8 I o"'. s:;2 66 () 48
7) ( 1 3 1S4 (( 1(), (0 0) O 71

°

S8o 04 () o')4 I (H 914(" 71 9 N 82.
1)0) Q7 4 ()1) 1 ool 1) 173 74 1 (8 4

I (X)I 'X I; I ((I<) oi INH IIol) 7 6 (i ,$78

I 2( , 114 7 N4 ($16 I 47 5 741(6

£ 4') 1i I(8 1 ( 71, 2 7 941
4 17 I(28 1 ON -T(o14

I 8o I I: ; S (60 1 , III 1 1 174
2 (X) 118 (943 1 1 1 121 (Y) 4 1 84

(Ij 13 .1 6 X66 I 1 ;4 1I 141 I III) I I I I (HI

4 < I 141 4 84$) I 2,5() I1 1 11 7 , 9:3
INX) 1 41) 746 1340 I 1 11o 13 7 78

Maximum L D. 'I'lh inlixiLIIul \alltif (,f t1w r itl) L D
may Iu dhterminl) from T;lldl 22 or Iiurc 187. It may
also b)c caltulatc-l fi m tic sIckct ratio n ill parasite
(Irag cuciicicnt ( T'h. T t, i

(L ) =- CI, (282)

from which

CL' = CD'. " 71

H cnce

...), 4N 'ii .CI ?. . (283)

• i 4(
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16

MAXIMUML

14

U#* /0

.02 .03 .04 .05 .06 .07 .08

PARASITE DRAG COEFFICIENT -Cop 0

Figur, vs-) Maimu I,1/]) as~ j Fbinlon of :\spcct Ratio) andl Parasite
D)rag Coffcet

Values of L I) maximum are plot ted against f1 andl(iD,,.
nt Figur 189.

Virtual Aspect Ratio. For values of C1. greater than
aboXut o.,5 CL - the increase in the parasite draig (2,'.,

IMt'pae 365) may be approximated by consu luring the
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effect due to a dlecrease in geometrical aspect ratio. Oswald,
Uses the term "'airp~lane etticiency" detinel b~y

e = n/.ln (284)

where n is the geomietric-il effective aspect rat io "Ind I,~
i , the apparent or virttial asp~ect ratio. [he airplane
cificiency thus (defined is dle~edet ('hietly on the values of
n an,' (4,po, although it may also be dep)endent to a large
(legree on interference drag (hueC to imp~rop~er fairings.
A\ssuiming that all of the increase iii parasite drag is charged
to anT ip~p;ircnt (lecrease in aspect ratio and that the in-
crease in pa~rasite dIrag is K -CD,,,, it may bec shown that

CDie =CD, + KCDI,,

- CL-1-Krn C?..,(285)

( omparing this eq uatio n with observed airplane polars,
it i-, foundI that thc best agreement is ol 4ained between

0-7 C r. .-
2 

ando. CL.., wheni Kir =2 CL' o)r When

I + 2l ~'(286)

Thec variatio () c with ;1 aindIC1 is given O n F'iguire
190. T[hese vales of C are soniewhat lo)wer than the ac-
'ep~tedl valuLes. This is due to the fact that equation
(280) adljusts the curves for agreement at a high lift coeffi-
(cient cOrresjpOnt ling to minimium l)o)\\-r for the airplane,
while it has beeni a corninon p~rac'tice to favor the adljulst-
menit at a 1()\Wer lift (1 iefficient. EAua t io n (286) will give
v;iltiis in good ( agr-ement at mninimium p)ower or for lift
( ('icicnt s grea;te(r than that c nrresp inding to 1 .2 Vs.
If the staIlling sp eedn is I elomv 8o mph, the I );sic VALues Of

BV (1" '1-. e ,n-'ril F.rmti. and (La r.)r the (hj i , f Ai.\rplane Per-
.nN,.NA A.V T.R N. 4"M
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DiJ and D, at 100 1111)1 shoutl(l be Used With the nlO0ditied

R to obtain miniim inwcr.
For exam iiple, take t he ai ifla 111coni ire( in (hi pt('r

ii for wvhich at 100 mnph Di = 161i.,5 andI D, = 290.

Hence, D,,, 451.5, P,,, = 120.,5, (L 'D), 9.96, and
R =0.557. From Figure 187 0he ulininlium drag will be

0

....... .. ._....

2 1
L~L

c3 .70 

El __ _U-/a

.4-

.016 .024 .032 .040 .046

PARASITE DRAG COEFFICIENT -C 0 ,.

Figt pj . \ililant. kllicicilt a, a Fii. .4 f .\pcct i d Pnil i

at Vc = 86.,5 mph and the maxim iiii LI D = K (L, 'D). =

1-045 X 9.96 =10.40. These values may l)e compljared

with the calculations in Tlable 17.

The aspect ratio of the airplane was nl = 5.2 and the
total lparasite dIrag coefficient was Cm 0.0)37 7. Fromi

Figure 190, e =0.71. Hlence, for calculating m1inimium

p~ow~er, the value of R, = R = 0-557/'0-71 = 0.785 must
be used1. From Figure 18,8 the minimumin power for R =

0.785 will be a't 71.5 miph with P,lPo = 0.82. Hence,
he rniniltnur I)o\%,'er is P,,,., 0 .82 X 120.5 = 98 .7. ihe

calculations in Chapter I I give 95 hp reqluired at 73.1 m'Ph.
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Determination of Airplane Efficiency. The airplane effi-
ciency e defined by equation (284) may readily be deter-
mined from wind-tunnel test data by the reverse of the

usual process for finding total drag. Assuming that the
parasite drag coefficient is constant, the virtual induced
drag is

(CDz )= CD - CDP., (287)

If (CD,)V is plotted against C1. on log-paper and a line
having the slope tan 0 = 2 is drawn through the points
at high values of CL, the interce)t at CL = 1.0 gives

C, = k, Ci1./rkgn (288)

where k, is the ratio of the observed induced( drag to that
expecte(d for solme arl)itrary asl)ect ratio kgn. If k2n is
assumed as 3.18 SO that ('i = o.oo at CL = z.o, then the
intercept is (k,/io) and the efficiency is

e = 3 .1S,'kn (289)

A typical wind-tunnel model test gives, for exam)le:

('L = ( 2 4 6 8 1 0 1.2
0D = o22 ()25 0033 045 064 080 .120

= ( ), . I ()23 042 067 098

'h(Ise nints iplot on a straight line Of shq)e 2 passing
through 0.067 at C> = 1.0. 1 lence, k, = o.67. The geo-
metrical aspect ratio (,f the mn lel was 6.0, hence

v = 3.18 (0.6,7 X 6) = 0.79

Figure 19o innicates c = 0.79 in ex'le dgirm(,nt with the

lo)(4.l datit.

Initial Rate of Climb. Thw initial ratc of climlb in ft, min
may be calculated from tht foriniula

t)" = oi 1 1 ,,V 375(L [)K /. (290)

in which ,, is the I) wer nar:iling in 11 IHip, -,,, is the max-
inium proulsi'e officinlcy, t, is the ,ii speevd in climb
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in mph, L/D is the overall ratio of lift to drag and K. is
the ratio of power available at climbing speed V, to power
available at maximum speed Vm. K2 = (thpithp,,) and
is read at the value of V/ V. = V/ V.t, from the appropri-
ate curve for engine and propeller used, Figure 165 to
Figure 169. The air speed for best climb may be obtained
from Figure 191 from which an average value is

V = Vs + 0.3 (1'%f - V.) (291)

The value of LJD at V, may be obtained from

D j V, ) + D, (292)
(,ooo)

The speed for best climb is somewhat greater than the
speed for L D maximtum due to the effect of increasing

AC

0
I-o U

.3c~ 3In

z

.20' -.- -__ _ _

ABOUEPARASITE DRAG .O~IIN-Cop.
02 03 1" 4 .0 07 .08

I i.19. Ffth-ct if Aspcct Ratiio and Paraite onl Air SJI'1 'r
Cl imb at Sca-Leve
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propuilsive efficienc-y. The difference l)(twecti L D ait 1)(.-t
climbing speed and (L 'D) ,,,. is normally very smazll and
much less than the uncertainty involved in determining 7~.

Equation (290) maty lbc used to dectermine thec rdw tof

climb) at the critical altittidle for at superchargcd ci egine if
the proper \values of K, and' V, are uIs(I. It Will lso
dletermline the rate of climbh at any altitudle if tht mqri e

values of K~, I", and w, are uisedl.
For t he airplane coflsidere( in ( hate~(r 11

7= o.82 R 0.557

W,=4500 4,50 = I .()

T';= 63.6
V it 64.6

(L 1)), = 9.96 at too mph

From Figure 191, K =0.29, instead of the average
VaIlue 0.3o u~sed in equation (291). f enice,

V, 63.6 + 0.29) (164.6 - 6,3.6) = 21)f 1)

and aIt this Sp~eed

D) i 16.5 (100 ()2,())' + 290) (9)2.9 10o)2 437 l1)

andl
L T1) 4500 437 =10.30

lUrom ligure 167 at the ratio 1'. V, = 92.9 1()4.6=

o.,564, the Va1 ti of K, is 0-748

Sul st itting these valuecs in ecllatiofl (29o) gives,

C. 33,0001748 X 0.82 ()2.() =L 10(.0( 375 X 10.31 j= i m

i c im xre ith C. ,, 1270 ft min ol ,t ainci 11 e hV O I 1-
culaitions in ('hapter I I

Absolute Ceiling: Fixed-Pitch Propeller. The graphical
MethodI il stratedl by Figuire 175 may be Mod ifiedI to
form aI general chart for tht estimation of absolute ceilinig.
ILo the. pow\ers at sea-level at the spee~d for minimium

p)0\vr required be A thpro = Po and C = tlhp.
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Poo. P, varies with Vp'/p while P,, d1epends onl both
(p/p.) and V/' Vm.~ The variation in P, is readily de-
tern-ifle( from Figure 176 and Figures 165 to 169. If all
powers are exlpresed in termis of tile sea-level value of

P.0 .000o, then it is possible to construct a chart giving
a general so lion for abIs(l u te ceiling as in Figure 192.

1.00_ -_

.900

.00

4 .0BOO0020030040 0

ABSOUTE EILIG-F

.5 uc12 \bI0c(iig IatHv-Pth1rck

0h %ine blpn lwwrlfIunh o)o h hr
giv teaeae(eraeithrltIepwravial

wihattd.orec40 h egfe1oe (rl atr
l~reiouly onsiler~l n Capte 10 Th famly f crve

sloin upvr.oadth7ih 2nFgue12gv h

increae i-, min ,iu Co~ern ruied-with altiude.Th
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abso(lute ceiling is determined by the intersection of the
proper curve of PO/P,,o (interpolated if necessary) with

the power-available curve that applies to the engine used.

The method may be illustrated by means of the data
from Figure 175. The power curves on this figure give
minimum power required P-o = 95 at 73.1 I mph at sea-
level. At this speed the power available was P,,_ = 244.

Hence, PO,'P,,o = 0.39. The 0.39 contour on Figure 192

intersects the P,,/P,. curve for PDF = o.8o at 19,4oo ft.
The extrapolation of the rate of climb curve Figure 178

gave I9,OOO ft.

Normally, the ratio of Po/P,,o would be obtained
by estimating both Po and P.,, at the speed for minimum
power. According to the figures on page 400, VvU, =
71.5 mph and P,. = 98.7. Taking the ratio VMI!V.% =

71.5/164.6 = 0.434 it is found from Figure 167 that
thp/thp,,, = o.650. Since 7,,, = o.82, P,,, = o.65 X o.82

X 450 = 240 and P_ 'P,,. = 98.7/24() = 0.411 which in-

dicates an absolute ceiling of ab(ott i8,5oo ft.
Values of the ratio P./'P., for various altitudes are

given in Table 23.

"'AIlI.E 2 ,. I )'(I\ R AVAII.AI(I.E IN A (I.1MIi .\l ( )N-IANI .\',I.1. I+
.\I'I .\rK

Altitude PI)1: = ['1 )F i Pi)l: = PDF = PDF
088 0.84 8 0.76 0.72ft

0 I .I .11}1000 1 .000 ( )() I 0X)
4,0(o 9o06 .902 .898 .898 .898
8,oo 1 .812 .8o6 •7)7 .797 797

12,000 .720 .710o .698 6t8 (O)8
16,ooo .6)30 .6 18 .603 .6o2 .59
20,0001 .546 .53( .510 .'500 .478
24,00( .467 .446 .422 •397 .350
28,001) .394 .367 .338 .292 ... .......
32,(1o .329 .293 .262

3.(), ) 2-0 .227 .......... . ... ... .
40 ,0(0 : .2 17 .. .... .. . ......... ..

m u . .. I | I I ll--AWL
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This method nmay be ap)pliedl to a supercllarge(l engine

lby extrap~olatinlg the power aivailable to obtain a fictitious

sea-level value as explained on Page 380. In p~ractice
this may be (lone by finding (I) the value of P, 'P. = A
for the airpilane at the critical altitude, (2) the value of

P_1, = B that gives HI = critical altitude and (3) the
effective Value of P.Q/Pl, = A X B which will give the

absolute ceiling fo)r thle Supercharged engine.

Absolute Ceiling: Controllable-Pitch Propeller. Thc ab-
Solute Ceiling wvith a controllable-pitch propeller is given
Iw thle curve for lIDI' = o.8o onl IigUre [()2. The effect

of the controllable-pitch prop~eller is to increase the initial
valute of P, thus dlecreasing thle ratio P_. 'P,,,. It is
mierely a coincidence that the Ipower-availale curve for
aI controll able- pitch pro peller is almost identical wvith the

Curve for l'DF = 0.80 on Figure 192.

Service Ceiling. If the rate of clinmb dlecreased linearly
With aIltitudeI, the service cei ling (at which the rate of clindb

is too ft "mmn) should be given by

/i.=n Co ii](26i1

Owing to the inflection in the rate-of-climb curve, the
aIctulE service ceil ing will be slightly beclow\ the value giveni
by equnation (261t). Figure 19,3 is aI plot of Ai~, against
a1bsolute ceiling HI, A/b being the (lifference lbetwecin the
straight line value and the exact value of h-.~ A/i is ('lOSel\
approximated by the relation

Ah, =35 (11I'.o)()())' (293)

consequiently thle exact service Ceiling is given bi,

h, = H ~~o - 35 [i}(294)
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1000

LL
600 n

400

x +
200 4 -

- BSLUTE CEILING - FT
08000 16000 24000 32000

FIgul n 1 I)ftuce Bcmcci Scrx1 i. C ihn!. fr I inuar nmd f, r

1i-()r supe~rchlirgc ci egines the scrvicc ccilin isi g~\(-i

11 h I, + (IH - Ii, ) [Cu' I (295)

xwhere k, is thc criticaki;ltitUdcLe ad (',,is tHu at ()fII iIb
at the critical altituidc.

Time of Climb. With a lincar reLatij n 1 nt \vcn rate (If

cl imb1 al(] altitude, the alt itlile hi climblled in T iinutes is

h = [ - c' ](263)

w~hcrn 11 is the alts' Iltc ceiling (ft), ind C. the initial ratec
of clitub (ft nin). A simic relation, may be fouind
1 )t w(elt t lie a1lttu(Iu given 1 IV quation (2()3 ),and the act ti. I

alt ittid f~r a nnn-linear rate of cliib1 .
\Vlin the ratio (If , " is pt tcd ;ig. inst h 1H as In

I iguiIre 19)4- t he \various )1int s (re-prcsent 11 411 )ItIit 20 aIi r-
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planes) lie very near a single curve, which idlicatcs thull
all climb curvts m a " Ibt similar. Figure 194 111 1I t' 1s('

for drawing up estimated rat c-of-climb cutrves hen the
initial rate of climlb C" and the alsodlute ceiling 11 ;art. known.
It may also Ibe lst. to det ermint, s til gener; i rta l Ia ti ds.

• 80 .

I

s o I i _-- RT OFFLM --C i

+

.40 _ 0_._0 0

00

.20-4

BATE OF CLIM.
joINITIALRATE__OFCLIMB__Co __

.0 .20 .40 .60 .80 1.00
Figure i14. (G nc ral Ratc-, f-Cl.hm! Curve

Plotting C,/C from Figure 194 against h, I and inte-
grating the area under the curve gives factors proportional
to the times reqUiredl to climb to any altitude h. A siii-
lar plot of C,/ C from equation (260) gives similar factors
for linear rate of clinib. The ratio of these factors gives
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the raitio Ibeto,-,n the tim es 7. 1, to climb to a givn

l)crcnt age (f the, d)Sltite ceiling, 7, being the time, for
II'I)-lin,,ir and ', the time, for linear rate of climb against
a ltit ud. Tr 7, isph<)tted against h 11 in Figure 195. This

1.00-.

-60'

•60 - -L _ ,

_AJ - I

.0 . .T .. .J

1.01.04 1.08 !.12 I.I 6 1.20
1"~ ' 10I:; Pxt lati,,n ]B.t t 't' the Tiinc t (lirnb tu a (;ivetl .\Itits.]dc \ith

I Al c ir and N nt-I .inca r Rate-n f-t..ili)h ('1rv >

figure may he used to (letermine the' value of" T', fr m a
k~nown or ea sily determined value" of T".

agains t/I II, using the, data in l leh 24I . This lfigure, nav
be used to calculate either the time requiredt to climb to

---~~~4. IA I Ill I I
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a given altitue o r te altitle climlbed in a given tune,
for u.it hr a linear or non-linear rate of climb. b)r "(x iUlc,

aSLI1u11 II = 2o,ooo ft, G', = 16oo ftimin, thn II (., =

12.5 min. The times to climb to IO,OOO ft, h II 0.5,

.00

.6o 0 Ts

z Tc
.60

0 U

- W--

I-

.20__ - --
,oi  (JcAND (4o)

.0 .4 .8 1.2 1.6 2.0

Figure 196. Time to Climb to a Given Altitude. T. for Linear. T for
Non-L.inear Ratc-of-Climb Curves

-ire T, = o.69H/Co = 8.62 nin, and T, = 0.7511 (
= 9.37 Min. The altitudes climbed in i0 minitcs are

found from T,/(IIi"L',,) = T,. (II C,,) = 10/12.5 oSo,
giving h./H = 0.55 from which h, ii,ooo ft, and
hII 11 0.,52 from which h,: 10,400.
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Thc clinb) in o miinuItes is tUsd(l t' ively as a leasi1ti+,

of perfohrmanee. " e charts lkise( ofn the Illlar relation
hai'c In'vil prelred for the solt io n of %'ri)lIS )rol)iems

infl\ving this facto)r. Figu.r 197 is a loht of h, II
Against , II from which h, may I be auclur.t Iv dettlrmined.

I I I.: 24. 'II M F 1 ( I \ 1F% ,

h 7 , "IS (.) ( )

(0 (2 2

2 ) 2S- 21) ( ).-, -

I. ', 7 2 () 4 -

3: 13
( , 1, ; 4+ ( 1S*:;

4() I II.I ( ,;'
'; ) '42 I 17

5" ,,0; 749 I (SI

o 1I) I 102

6; O51 1 171 1 1 1

70) 20; I 2 t 124
,I ) .( 1 ;:4 I 13''
7 ~I) ~ '' I IV)

,() _ .,)) 2 7 4 17')

This Nalht iii, t hen c corre'te, I for the n()n-linleir reli-
tion, if (lhsirl. using )ne )f the Iprecedling figures. Figure
1i)s is a lot of h, igainst II and C_ from which h,,, mav

be read (lirttly. Figurc () is a similar Ilot with the
service ceiling h, instcaI ()f the ac s< ie eciling II. lh
Litter figure may Ibe used toI dttrmint initial rate If clim!

when only h, .andil h, are given.
The foregoing discu..- ;,)n has beln based onl the use of a

sea-level engine. Fo )r ,a sti )-r('harg( I engine, the c)n(di-

tions above the critical altitude may be obtained by extra-
polation of the engine curve to tictitius sea-leel initial

rite of climb, as explained in Chaptcr I.
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CHAP~TER 1.3

RANt,l- AND) ENI'R \N7E

Maximum Range. The maximum range for a given

fuel load is obtained by continuously fly ing, until the ft1"

is exhausted, at the air speedl givint, the mo(st miles per
Pouind (or the mninimumn pounds per mile). For a give-n
airplane this air snv'ed, usually designated ;is the "most

economical .,ir sp)ed," or "ecoloi.-W ! spcl," v aries
almost linearly with gross weight. The fuel consumption
in V~, 'mile also varies almost linearly with gross wcight.

It th~ refore follows that Pmost economical speed and

corresponding fuel consump~tion nleedl be calculated fa)r
only three gross weights in ordler to dletermfine the maxi-
Mumi range. These wveights should obviously be at, or
1W !r full load, 1 alf-fuel I.tcand no-ftp '. 1.

Ftiel consumption is obtained at a given spv(ti andl
wveight by calculating the rpit. and U p, using thed la given
irr Chaipter io. The various Step)s in a typical calculat ion
may be tabulated as follows:

t. Air speed V
2. Ratio V1 I ,.ma
3. thp required at speed V. This may bec readl from the

curve of power teq ired or calcidul u froin theI
duced and parasite powers.

4. Ratio thp,'thp1,. thp , =t hp, at I,,
5. n/?t,. Obtain from equation 246.

6. rpmn = rpimi, X( (n 'n,,)

8. 77/77. from Figure 153 or Figure Jz
414
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o). 17 17 i.,, X< (1 "1) vi, is thle mal~Ximumll pro)r( 1 kivC Ctifi-
C 4.eIi4.

1o. blip = thp '77

1 1. Specific fuel consumption, C. ()tain from eniginle

data o)r Figuire 142
12. Fuel consullJtioli 11) hir liblip X C
13. FI'el CoflIlflI)tloll l1) ulile =hhpl X C'/

The fuel (,'onstilli I 4 ill Ii) mile is ph1(I-l a Igainst speed
inl Order to Obtin the mlinjlnhim cOflsutif)ion ;ln(I tile co(r-

resin uuling specd (mo14 st ec( 41) )nical speed I. Ihis 4per~i)fl
is rejleated for the O t her g SI 1 Is. 'lhe minimuim ful
('4 )stlilljpt io n in ll) mile ;111d the cm )rcspld ii'. cc ui licall
speed s arie then ph )tte I .gi iinst go ~s, weight. If thr is aj

prooun)icedl curvatulre in the( line, patssedI t hrouigh the mnini-
mtini11 fluel (Thtst illlpt ionl IlOitts (In this 1)1()t. thle range must
b e d etermnled e it her 1v IV ast c!-l IV-stecl itegral iin, or by a

Illaninleter. In thle stel)-l y-stel) Meti01 1 Ihe xer, i fuel
co)nsutinht)ns are, determfinled for co l in ilclits ill

weight, say 500o lb) r 1000 lb). The (list ance lb 4Wn foir
thle .1l' tunder ('Oisidleratiofl is obv~iosly Ar =Al ,
where C, is the( av(criige 11) mille fo)r thet In1creuIllntAl.
The cendtir-ance Imay be Cccilate(l along with tile r~inge~

from AE; hrI = Ar v, where V, is tile ;ivcr-lg(~ speed for
the increment Ar.

If it is d esiredl to utse, at pillilet tr, thle recipr In 1a of
tile minitlmi h fuel, cons;Itt itl , that is. t he lma ii))11111

miles per p)OUnd Of fulC Iltist he p l( t tc( against go4ss
we'igh t. Tihe area Uinder this curve hlas the dlimensions of
(nii 11)) X lb) = Miles, and the dlistanfce flown while tising
it given weight of ftiel is IpropOrtiotlal to thle area urnder t he
c'urve anid bet \vet thle two-( cOrresp~l ltIing goIss wevights.
If the cuirve is plotted to tl-e scales of C 1 lo 100(
Weight, an~d C" = 0.10 (Ii1i Il)) each s(itIa;ro inchl u1041r tile
curve will rep~resent loo miles. Tile (Il tirancC il.IV lbe
f lund il the same manner b~y plotting '!,,r endlurance, lIb



fliciI) ;ii.ainst gross wecighit and 11ea'SLirinig thle area under

[FIC 1-inlge ' a JIN hC (IIleuLatte( Ierv qutickly by formula
lien the fuel consmflipt iofl in l1) mile plotds :is aI ;Iraight

lifle against gross weight If the slope of the fuel eon)i-
su n iii li rve. 11) 'nI ile, againlst weight is b, and thle eq ua-

ii il of futei consu Inl pt ion C a + h I" then

= ~ [ +.0 1, 11. K { , (296)

+ii'.a--h~ iniitial fuel consumption, C', (lb) iile.)
anld (a +- h111 ) 11inal fuel conlstimiption, (", tis bceoliec,

r 2.03lg* , (297

'llri iiiil uranee is fouind dircctly fr( om the fult CMil-

,,mloi n in I1) hr, if C i f thec fit-rn n + 111"

2.,10,3 C,, 11) lb1r (298)

I Iwol-ct haIII N. tlhc spieiti fuel eonsu III t ion, should
inlude linthI gas~ and oili consuimtionl, andi thec final wv 'ighlt

slii uild h. ha'- d onl ( arm' uift of uil ireniiifg wheni

;Ili. t) ill gloiin( 1-; guone. Pnlcatic~dlI\ the w, c in1-
SuiiipIt ionl inI\ h tI eLeeted Nwen n11o(Ttl engineVS aIre

an(I ~d the -i 11,1 weighit II', taken as \V. less the weigh 'If
gis'iline IT*, IF it is, IV IT,, - Ii'
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Calculation of Maximum Endurance. NMimum range is
obltainled l)y' fly'ing A aI speed ill)()mt 4( "0% greater than
the stalling speed, but maim~nUm en(liiranc(' is )taiincl
at at considerably lower speed, ,5% to 20%' greater than the
stalling speed. The calculation for mnaximumin endunrane
is exactly like that for iflaximu m range except that the
factor now dlesiredl is the Imaximum1 (hr lb) fulC) at at giVe-n
gross wveight. Plott ing (max hr lb) fuel) agaiinst gr' Iss

weight, the areat u uller the iirve will b~e lpr( qm )tinnal to

the mnaximumn endurance in hours.
Trhe maximumn (hir 'l1) fuel) slimuh he obtained hy

Cclulting (hr l11) at at umiier of slpeI-l5 from 1.05 l71

to 1 .50 Vs and plotting against speed.

General thp Curves. In C'hapter 12 the aleof 1... Is

(lternlifled from an ind~uced (drag cI )rrec(til In lepeni ling )n
the ratio

R =ITnduced (Irtg at too miph(24P~arasi te dlrag at i oz inp~(. (7

The selection of 100 miph for the basic sjwcdm wa-.s pari-tall1y
arbitratry and partijally at matter of D(IvnecsneI.,

is nornially calctlated for a sp~eed 1 4 if o [00 ph. R \varie(S

inversel y ats the fouirt h power of the speed . I fence, P
taken at the speedl V is

Rt= R X (too V)' (299)

or Rm =InliUCed dl-ag at 1',-
or ~Parasite drag at ,,

= R X (io V,) (299a)

The Ipararneter Rm is of greait assistanlce in cailculating
range andl endl trance. Figure 200 is N failyk ()f cti res (,f

rela t ive p iwer against rela tive sp ed Isolo (wng the inilti-
ence of P11 . Tlhese cuLrve(s mnd cl il Ioria in(-case in

parasite dralg bascd on FigUre 174. Tlhis - re, is ( i

tinc'd tom speedls b ielow t hat at which I), D),ic recet
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Range and Endurance: Constant Angle of Attack. lBreguet's
fornm uLas for range in miles and enduI lrance in hours., are:

Range = 63-5 (~ f)lg,(300)
_ VW ~~ ~))[&v -(0)

Viidurance = 750 -301

where L, D is the ratio of lift to drag for the entire airplane,
77 is the average p~rop~ulsive efficiency, C the average
specfc fuel con~sump~tionl, IV. the initial gross wcight,

117, the final gross we ght, and Vc the cruising sp~eedI at the
gross weight IV. These formulas assumec flight at cOnstant
angle of attack, hence the term- -\/IV/ Vc will be constantt.
They will giVe. accurate results if the proper valueI Of C
can be obtatined. Since there is always some uncertainty
regardling the average value of C, the equaltions have been
modfiledl to use the initial Vadlue Of C. It maiy be shown'
that when the specific fuel consumption at low throttle
settings is of the form

C = C, (WJfW)" (302)

the equaI;tions for range aind endurance becomec:

r =.-~ "i (- (303)

7' (n 35) J [ - (304)

where C, is the initial specific fuel consump~tion andl I
is the initial crusing speed, both at the weight 11%,.

T1he Original analysis of fuel consumIlpt ion da tia indIic.a tcetI

vallues of n 0.45 for at normal mixture and ?t 0.42

for at lean mixture. Subsequent analysis of puLblished~ dat,1
indicates that there has bc)en at considlerabIle change in the

IW. S. Diett, "Thtree NfethI,), .4j, Calculating Range and Endurance of Al rplanrw
NA, CA. T.R. N- t) Ivo.
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general appearance of the fuel consumption curve, ac-
companied by an increase to n = o.6o. All data recently
analyze(I have been in close agreement at this value. The
increase in n results from reduced consumption at inter-
mediate power rather than from an increase at very lo\
power.

U sing the valuc n = o.6o, equations (303) and (3o 4 )

b ecomie:

r -5 (:)(:;)['- 6, ] 305

- 3750, C, [ - (t, (306,)

Equations (3oo) and (301) reduce to

r B (f . , (307)

/, ((3)(8) ,(38

where BRe and Bi are functions of IF, TF,, or ITT'. F,,, TI"
Ibeing the fuel loadI. In a similar manner eq uat1(ns (305)
and (3o6) reduce to

r = (30(9)) (s;) 30

1 Q) Q;) (310

ValLies 1f,,, /, , 1 1K, and K/E are given on lig LrV 21.

The specific fuel consu1itptiOn is olhtaineI from dta sup-
plied I)y the e1ngine, manIAfact urer, or from Figure 142 ;l11l

Figrc 143. Figure 202 has Ien prepared to) give the

value of C, C. (irectly. The Value of C,, will (lepend On a
numler of factors, bit an average value will be e allout 0.53,
although it is possible to attain lower values iunder favor-
able conllitions. The improved cooling of recent ar-
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cooled engines has resulted in at dlefinite reduction inl (..
Trhe automiatic mixture control hits given promise of at
practically constant Value C = 0.48 l1) Uph. hr. Values ats
low as C = 0.42 have bieen reportedl but Lint il these valueIS,
can beC consistently duplicated, they should be U5(X1 With
caution in performance est imates.

.32- -1.80__ _ _ _ __

.24 ______ .600

IIL
X M D
CD ca16 1.o LA

W
1. 0 U

N.,)

RATIO D! AT Vm R
DP AT Vm

Figure 202. Iitjial Spciic Fuel tofnlp~lit ii1 at E\~~tIc' a 'Illical SptcdI

Range at Constant Air Speed. EquPations f30)7) and (309)
give the range fo r fligh t at coInstant angle I f at tack. In this
case t lie air 5l ec I eceaesa thll weighit is re I LICQd I I the
fuel coInsumledI.. AI common lr1 (1 is to dcItcrnin l the
range at c-onstant air speel , which re(ilC .1 uir( chage in
angle 'If attack as t he- goss we,(ighit is rec I ice( . '[hec soilLi-
tionl is as folloIws:Sr((

(I,= ('1. 2 ;rn II 11 .)12 11'2 K
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where K = (qS)'irn, and dW "dt = - C thp/77

thpr - qS1 Lcm + (1"'iK)]

and

r V d 37,5f dl'

C qs C. lD, + (JVPK)J

from which

r = 375 1 ./ •tan (311)C D P' + I{ t , I .I K )

This e(luation is very much less complcx than it appears.

It is of ) articular interest in that the expression x i r C ,)
is equivalent to 2(L 'D) ,.,, as shown by e(Luation (283), and
the expression V Li)/ K is ec[uivalent to 2 D,, (L D)-.
Intro(luCing these eqtuivalents and siml)lifying

r = 750 ( ;) t (312)

where

F =2 D),,,,, ( ) .. (313)

In equation (312) I1, is the initial gross weight and I1',
is the final gross weight. The difference (it" - II',) is the
fel consumed. In the simplifying factor F, euati(n (313),

D,,,,, is the parasite drag at Vi,.
Equation (312) shouhlI be C )lred with eqIlMti(n (300).

The constant 863.5 in the lat ter contiins the hogarit huic

conversion factor M (Of = hg, 10) anfld is 375 when,
natural logarithms are usedI. In view of the marked
difference otherwise in the appearance ot tih two C((tia-

tions, a numler of clcks have ileen made oil etuation
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(312) and excellent agreement has been obtained in com-
parison with the results from step-bIy-ste) calculations.

In applying equation (312) the specific fuel consumption

C is to be taken at the speed I'. The endurance is found
from Y' r 1'.

24000T

~DIsTC E- MILE3

oo0 200 400 800 800 0 00 00 1400 1800

Figure 203. (Graphical Solution for Bom hing Rain ge

Bombing Range. The distance that an airplane can fly
with a given fuel load, drop a blomb, and return to the start-
ing point, is easily obtained by a sim)le gratphical solution.
Let 11. be the initial gross load including full bomb-and-

fuel loads, and I1 , the final load without fuel or bombs.
Calculate the range for two or three fuel loads assuming
constant initial load = W1 . The largest fuel load should
be somewhat more than 1, (V,, - TV,). Repeat the process
assuming constant final load = IF,. Plot as two curves
of range against weight, one starting from V,, and showing
increasing range with decreasing weight, the other starting
from W, and showing increasing range with increasing
weight. The intersection of these curves gives the maxi-
mum radius with all fuel and no boml)s. Figure 2o3 illus-
trates how the range is found for any desired boomb load
for an airplane weighing 24,0oo lb and carrying loooo lb
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of fuel andl 1 ) )tl s. Fr 10.000 11) ( f fuel and~ nlo bombs,

the curves intersect at 1110 miles; hence thle range is
2 X 1110 =2220 miles. For it 4o00-l) 1bomlb load1 and(
6ooo 11) of ftiel, the ai rplane can Nly out to t he po inlt A
at 66o miles, drop the bomb load AB =4000 1) lb. an return
to the p~oint of departutre.

Calcula tionis lb ye 1w)en made I on at syst elmitic series o
fict iti( )u5 airlplancs with lh mh lo'ads u p to 50.of the
initial gross wecight. ihuse calculat ions~ ifl( icia that the.
effct on range duec to dlroppIing at bomloh ad is linear andI
lelienolent only onl the ratio of the ](i( idIropp~ edI IV,

to the iitial gross load IfI'. Len ing r,, =range withI no
(drop) and ri,) ratnge with weight TVI 'd( roppcd (at (I is-

tlnce rD) '2) then'I

rjj 'r, = 1.00 + 0.77 11'1 IV (314)

I lence, wvith the samec initial load a nd thle same fuel
load, the raitiS is jncreatsedl 7.7'%' by dIropping at weight of
1(i% of tile initial gross weight att the mi1 Way point.
FEquaLtionl (314) (foes not i1)1Ay to tile case of d(ro)pping a
loaid at any po)int othe(r than the midlway point att distance
ri) 2 fromt the starting point.

Effect of Wind on Range. TIhe most eco nomical speed is
atffecte,( I e nsidcrabI y v wvind I irect ion an no hrce, i eig

iInere,isc I I head wind s andi decreasedl by followving Nvinds.
Ihe mos"It ecoijomical speed is readily foUnol for any wind
veclocity. b~y at simple graiphical solutio~n. If the fuel con-
suntimptio in l1) hrt is plot ted against air speed in mph with
bot)1h scales starting fron(n zero, as in Figure 204. then a
line drawn from any point onl the spee I axis is tangent to
the ciir~ eA the most economical speedI for the wvind co~n-
ulition )flIclteriineld b y the starting poiun t. Since the groundl
sp I is the ( diffirence I let wee the air spe-ed in I the wvindl
spee 1, the starting poin t or origin f w ground speed is movel
to the right or to thle left for head I-windIs and following



wind~s resp~ccti%-el\%. Iha1 t is, witil d' V-1111)41 hlead( wind,
the ground speedIs W~ill hC 4(0 m'ph less thanl t he iir speeds,
andl the (rigin will e at 411 m1)11-.A\line Ira wa i frmi this
po(int in Figure 204 is tailgeri to) t)( l" eIr"' at 9)9 il11)11
wxhich is the ecofliiiical 5s )e for a V0-il14 " .4hai wn ,
at the gross weight rel )resen ted byv thl fuel cflsti 1111 )I f

z
IL

0

0

0 00o02

curve. Siilr tangents drawn fo r zero wind andl 4V mph
following wind indIica te economical speed s of 80 miph
and si mp Wi respeet ivcly. It is obv~xioujs that this I pcration
determnines the iinium p1 )fIIs (of fuel per groiiid( mile.

It is s( unwha t 11mger, buitt periaj s moll 'r aeii rait e. to
calculate the p1 )ifl(s-fuel I )(r ground -inile foi- varius
air speeds andl windl sp ced s. If the pmid s-fuel p er gri )in(I-
mile at a given windl speed lhe p tedagainst air spcee , thle
Mlost (coflorlical air speed is acciirat('Iy (letrillined.
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ligure 205 shows the variation in fuel consumption and
Figure 2o6 shows the variation in the most economical
speed for a typical large flying boat.

A head wind of a given velocity reduces range more than
a following wind of the same velocity increases it. The
maximunim istance that can be flown out and return to
starting pint is less in a steady wind than in a calm,
and decreases rapidly as the steady wind velocity increases.

x E

AVE RAGE ECONOMICAC SPEED- '¢

0 -20 .30 .40 .50 .60 .70 .80 40 WOG

Figure 2o7. Reduction of Range in a Steady Wind

The radius is greater if the head wind is encountered going
out with full load than if the head wind is met on the return
flight. Figure 207 gives the average effect of a steady
wind on radius of action.

Estimating Range and Endurance. The endurance at max-
imium speed E. is obtained by dividing the fuel load by the
full-throttle specific fuel consumption and actual bhp if
known, otherwise the ratel or nominal blip. If the
specific fuel consumption for the engine is unknown, it

must be estimated. G0 may be anything between o.42
and o.65. The average values are probably between 0.5()

and o.58. These averages may be reduce(l 1) as much as
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1o, under fav-ora-le conditions. It should be noted that
C,, is the full-throttle value, and not the minimum value.
The minimum specific fuel consumption will be about 90%
of the full-throttle value and it will occur at about 70o
fu!I power.

The range r,, at maximum speed is obviously

r - E,, X V'.t (315)

The range and endurance at other speeds are readily
found by the factor method based on the endurance factor
FE and the range factor Fie defined by

Fndurance at speed V

l~ =Endurance at max speed

T Range at tspeed V
r Range aat max speed

FEg and Fie vary with V 1 '% and with the type of power
reqluired curve. The power required curve may be defined
by the ratio of D, to D,, taken at Vif, or

D, at V.jR,=D,, at V., (316)

Values of FE and Fi have been calculated for a series of
R1, values. These are plotted on Figure 2o8 and Figure
209. Supplementary plots on Figures 210 and 211 give

the same data in a form often used. When the fuel load
is relatively large the average value of R.% Must be used.

\nalysis of these data for the maximum range condition
yields several important relations as follows:

FE for max range = Kid (317)

FR for max range = .- (318)

I,_. for max range = R " (319)
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CHAPTER 14

SPE(I.*\L. PERI{)RN;\NCE PROBLEMS

Take-off Run. The distance required] for an airplane to
accelerate from rest to at mfinimumn flying speed is the take-
off run. TIhis distance is determinedI by the average
accelerLl ing force acting on the airp~lane dutring the run.
The relations involved are such that an exact solution is

Ihe net ;accelerat ing force Fis the difference lietwcen
the thrust 7' and the total resistaince D. The total resist-
ance includes the rolling friction and~ the air resistance.

A grapihical s dlui (mi mat lie obtained by calculating
F =1' - D at va riotiS speed'(S from zero to the minim urn
flying speed. Siflce V =d(S tit and a = gFHIU = dl7 dt,
the sp~eedl divided by the corresp)ondling awcceleration is

I" (I=(s (IV (322)

I lence, if 17,,'a is l)l( it tel Iagainst V, the area umnder the curve

is proportional to) the run S. or examlc, assumei that the
ploitt ing is toita scale where one inch a ong the aixi*s, of X

e(JlIu1 it AV of 10 ft sec. andl one inch along the axis of F'
equalS at AI (1 ) if 2.0) sc, then each square Inch tim Icr
dhe curve wvill rehiresefli 2 sec X 10 ft scC 20 ft . The
area urnder the curVe may 1be ob~ta ined lby the trapezo tdal1
rule or ltv hlafineter.

Thei app1roiximlate vaIltie of the take-off run mayv also
bie 'al taifled by the usc oif at coettlictt that allows fo r the
type of thrust cuirye a pplying to the airplane in q uestuin.
It may be shown' that the distance run in a calm to attain1
a speedl V is

S. K. V 2
1V(I vH') (323)

W.S. Diehil, "The Calculation of Take-Off Run." N.A.CA. T.R. N,. 4;',)T

4 35
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where K. is the take-off coefficient depending on the ratio
of the final net thrust Th to the initial net thrust T, as
shown on Figure 213. TV is the gross w(ight in pounds
and V is the take-off speed in fti'sec.

1.00

FZ 3 19 .O0 ...--- l--I
II -

- I _...... .

I-F

Z& ,
z

.40

30

.90 L
.012 .016 .020 .024 .026 .032 .036 .040

TAKE-OFF COEFFICIENT = Ks
Figu~re 2.t3.  Takc-off C',,ctiint K,,

The final not unit thrIJst is gi v('1 by

"V, W = IW- (I./.) (324)
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where T. is the thrust at the speed V and D,'L is the recip-
rocal of the L/D of the airplane at the average att it ude
held (luring the run. 7', May be fou~nd from

V lp flhp (325)

where t hp th p is read from the aj )jroJprimt cuirveo
F-igu res ij t5 16( ) . l'i r ci n \en 1(1cc, the po rt ion s if

these cuirvcs normially used in take-off are given onl Vigurt-
214.

Thc initial net unit thrust is

7T, _T,.

IV -IV (326~

where ju is the ct-11ielcent iif friction andI T. is the staitiC

thrust. Va! ties of 1A are approximately:

I lad ti f v 0 0)2
(l~iIId. hardI twif.............. o)N

Avra,.c ft-hi .Jio.rt grass ................. ( 5
Avvtwn ftb-Il k~ gzrass .... . 0.1
5,)ft :rmiiri. grav - I *' ofsn 0. 10 to 0.31)

The stat ic thrust 7T,, is foundl~ from

Kr. 7'ih1), (239)
(rpmn)., X (dlin)

whi rc t he slit ic t Iiruit cooetticien t Kr,. is fo)undI from Figure
i 595. Hip,, is the rated blip at the ratedI rpm = rpm-.
Ki, is a fiinit ii n of bLade atnglh and blade setting. The
staitic th list niavy also hie found from Figure 1~.50

Take-off Run with Controllable-Pitch Propeller. For a 'onl-

trollalile-pitch Jirop-)(llr, the value of tlip thp,, for equa-
ti( in (,325) is rcaI fro m Figure 154. Liir t( invenience thle
po rtion (' hi tirve nrml- U.c sgiVen inl ligure 21,5.

Th(- stat ic thrust T,. i; ba sed (i the apIpropria te 1 iade
angle tiset in tHeii !it'h St Iing gi\-en1 liV eq Lti in 2 38.
( t herwisc thelt' icdLire is exatly similar to that for a
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Ix

.400
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.t i tthl Pic tt I' - 327

Effect of Wind on Take-off Run. 'Hic cIbtI 4 wind 1
dcgr. ift run ipcir , t() urn~ji I ml )t i n i l lit it) I I

Effect of Gross Weight on Ground Run. 'Hin ATcltif f
(hilgv ini grt)ss wctight 1,, gli i it\

w~hcre F is a fi(r Mmvtingri fo r liii chnungt in K . "i
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()f Figure 218S. 'I'le I( iwr curve gives t hat pa;rt ()f the
inlcreaIse in run I li to thle increcase in stainrg speed aind

ppisto 11 ,;1po rcharged (ilgille belmv it., critical alt ituhde.

Alw~ 4 ie critical altitude the vairiatli jo n ilI bv in ac-
ci IIancC With I lI)I percIurVe.
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l.?) " i t .1 1 1 1 )( t t 2 J . 1 1( . M ( f.r i 11 1
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Path Angle of Climb. 'Fhe p~ath angle of an airplane in a
climb is given b~y

0 = sin' (V, / V) (330)

where V, is the rate of clinib aind V is the speed along thle
flight path. V, and1 V must be mecasureti in thle sanc units
or a ct )nrsion factor will h e req uired.

0 is notrmally less than io' and \-ery rarely greater than
1,50. IHence. it is perinissild ,~ t( assunic sin 0 = tan 0
antI obtatin the ruaximni paith angle hyv the~ graiphical So)lu-
tionl shownl on FigureC 21(). lIn this figutre tht' rates of climbl
inl ft mmli based o)n l'igunrt 175) are plo(tted( igainst air
speeti in mlphi. Theli maximumin path anigle (if climlb is
dtctermiincd byI the line frot the o)rigin tailgen t to the etLir\ve
at the p~oint

V, = i i i ( f it ri in = 18.5 ft s ec

V= 74 IlllI = 10.5 ft Sec

from which

sin 18-518. 0-1705

'[he iaximumi j);it angt of clinib i, obhtainet] to acls
.l1ptr~xiiititiln hy using tile rite of climbl it tho, speetl for

Take-off Over an Obstacle. [he thistan' in,-rrtuirct t)

ta' ke off a nd climb to a highlt 1h is obhtaincd by addition

o)f the take-off run and tht distance, reultired to climb11 to
the height h. T[his distante req(tiiretli to chlimb to the height
h must take in to ('onsit lea itin the ground ctL'ct mi n dutc('t

powe~'tr req uiret, I. ligu re 22.
Thel( t inie t f (limi to at height hi is gre-atly increcased if

thle airplane is a cclerating tdutring thct cl inil . Theli sht rtest

distance for take-off run p~lus climbl is ()t tta met I ill general,
by take-off A nd sttaidy ('lind ) at the spt(' ftorn iniuuilt
p owe r.



444 ENGINEERING AERODYNAMICS [Ch. 14

1600- -

Soo __

I

o- I

0 40 80 120 160 Z00

AIRSPEED - MPH

g~lc .21, ( *r~ hpli<; ."S,,it , .M a x Iilll I ' ath lilglv ft

Gliding Angle. The gliding iingh. 0 is n )hta izid from the
following :

0 =tai i) c(It (3

where D is the net drag and L is the lift. The minimuim
anglec or glide for zero thrust corresponds to the ma)x-imunt
",ltic of L B).

Landing Over an Obstacle. The (listance requirc'd for an
tirp)lanc to come to ,I full stop, aftcr el]u.ring a n l)St)lch
h feet in height it the edge of a field, may h' divide.d into

thrce );irts:
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1. The glide, assumed at a constant speed and angle. x,
2. Leveling off and losing speed at substantially constant

height. x2
3. Ground-run. x,

The horizontal distance in the glide is simply

X, = h cot 0

= h (L/D) (332)

where 0 is the glide angle and L/D is the overall value at
the speed assumed. Normally this speed will be of the
order 1.2 V,. The value of LID is greatly affected by flaps
or other high-lift devices.

The second part of the landing can be obtained by a
reasonably precise solution, but the assumptions n cessary
can hardly be justified. It appears more logical to admit
an approximation that gives about the same accuracy with
a direct solution. Such an approximation may be derived
by assuming that the excess kinetic energy at the time of
leveling off is being absorbed at an average rate. The

speed during the glide and at the time of leveling off is
(V, + AV) and the kinetic energy to be absorbed is

A(KE) = -0 Vs (333)

The average speed will be Vs + I AV and energy will be
absorbed at the average rate of D (Vs + 1 AV). Hence,

(W,/9) (AV"S) Vs (Vs+ AV)x, - D WVS + 2-AV)

= (i/g) (L/D) (AV/Vs) Vs' (334)

where Vs is the stalling speed in ft/sec and L/D is the
avei:tge value during the "floating" period, corrected for
ground interference effect in accordance with the curves

()n l"iltire 220.
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x, and x2, as given by equations (332) and (334), are
for zero wind. To find the effect of a given wind Vi,
the time interval At must be obtained. For a head wind

2.00

180

0.

1.60

1.40

z

1.20

1,00

0 20 .40 .60 .80 1.00

HEIGHT ABOVE GROUND h
RATIO MAXIMUM SPAN b

Figure 2--o. Ground FEffect on L/D at Speed for Minimum Power

x, is reduced by the amount VI- At, and x. is reduced
by the amount F.. A l .

Th:, ground-run x, is considered in the following
sectior.

Landing Run. It may be shown' that the ground-run
on landing is given by
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S (D) ]. log, L

where VL is the landing spee(l in feet per second DiL the
reciprocal of the L/D at the landing angle, and yi the
coefficient of friction. The value of ju is higher than that
in the take-off owing to the high value of the tail-skid
drag. According to Glauert, the value of U for the skid
alone is 0.50, and the average effective Value of a for both
skid and wheels is about 0.12. ObViously, this value is

much affected by the shape of the skid and the load that
it carries. Since there is consideral)le variation in landing
speed according to the method of landing, a similar varia-
tion in run is to be ex)ected.

The value of Ai for a tail wheel is considered less than
for ,I tail skid. but probal)ly about twice that for the main
vheels. The average effective value of y for an airplane

fitted with a tail wheel vwill lie of the order of o.o6.

Figure 221 is a plot of S 17 against L'D and y as
calculated from equation (335). A study of this figure in
connection with known landing runs leads to the conclusion
that the average Value of p is probably between o.o6 and
o.io and that the value of S; VL' is normally between o.1o
and 0.20. The value of 8/VLf is considerably reduced by
increasing the angle of attack of the wings when the skid
or tail wheel is on the ground.

The landing run may be approximated by use of the
average retardation during the run. For uniform retarda -
tion

S = VO 1 2a (336)

where i,'. is the landing speed in ft,'sec, and a is the re-

tar(lition in ft /sec 'scc.

If (,]mw.rt* . I.Lding f Airpltn-.- W." \ C..V R. & M, N-. (,w .
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(D

0

GROUND RUN-
21 (LANDING SPEED51Vt.
.04 .06 .08 .10 1?- .14 .16 .18 .20
Figure 221. Relation Between Landing Run, Landing Speed, Coefficient of

Friction, and L/

The average values of a are approximately as follows:

Tail Skid Tail Wheel
Without brakes................ *.... 3.5 - 4.7 2.7 - 3.7With brakes ..................... 7.0 -, . - 6.5

Sinking Speed. The conception of sinking speed is
highly important in glider performance, although it is not
often used in connection with airplane performance. It
may be foudr approximately, either from the vertical com-
ponent of the gliding velocity

V, = VtanO = V(D/L) (337)
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or from the potential energy rate
V, 550 thp ,f/ e

V- ft/sec (338)

where thp, is the power required in horizontal flight and
W is the gross weight. The exact value of V, is obtained
by equating the weight and the resultant air force

W = (L + D 2)'/2 = CP P SVP/2

and substituting for V its equivalent
V V. (CR/CD)

to obtain

P- Y s w_ (339)

Terminal Velocity. The terminal velocity of any object

in a free fall is reached when the air resistance is equal
to the weight W. Assuming constant air density

VT = V/ /K (340)

where K is a drag coefficient defined by D = Ky 2 . This
equation applies when gravity and air resistance are the
only forces. The motion that it represents is of interest
:- approximating the fall of any object except an airplane

with rotating propeller. The effect of the propeller on
a terminal velocity dive is given on page 450.

While the time required to attain the theoretical
limiting velocity is infinite, the initial approach is very

rapid. If the fall is from rest, the relation between velocity

and time is

V= LT-Ij(1

where
a = 2g/VT
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The time required to attain any speed V is obtained by
solving equation (34) for t, ,ind is

2g I r V  1 (342)

The relation between velocity and altitude is
I,T" - v rV I - e_ '  (343)

where b = 2g '7?T and h is the total altitude lost. If h
is in feet and t is in seconds, V7, must be in ft, scc to deter-
mine a and b.

It is of interest to find how quickly speed is picked
up in a fall. The relation between lV, Vr, and h from
equation (343) is:

V/IT =.2 4 .6 .8 .9 .95 .9P
h/l"T' =.ooo64 .0027 oo693 .0159 .0258 .o362 .0502

Terminal Velocity of an Airplane. The terminal velocity
of an airplane depends on the gross weight IV1 and the
resultant drag coefficient C/,. The value of CDI, depends
on the propeller operating conditions in the dive.

Terminal velocity for any given engine rpm may h e ob-
tained graphically in a manner somewhat similar to the
usual solution for maximum speed if, instead of curves of
power required and power available, use is made of two
types of drag coefficient curves plotted against speed as
in Figure 222. The basic curve, which is analogous to the
curve of power required, is simply a plot of CD against V
as obtained from the relation

TV = D Cu q S
or

CDe = 'qS (344)

This curve gives the value of CD th;it corresponds to any
speed and since t,, varies inversely with I", it is an

hyperbola. It depends only on weight and wing area
and not on any aero(lynatilic characteristics.
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The second curve, whose intersection with thc first
gives the terminal velocity, must comnife p~ropeller andl
airplane characteristics. SuICh it Curve, analogous to the
Usuial power-available curve, is readli ly ob~ta inedl. The
actual CD.. for the airplane without propeller is known from

.056 -- - - -

.052 -- ~r~

U .046

z
U 44

ILr

U 0 C
0 .040

C.,v

D036 Y

.032

320 340 360 380 400 420 440

AIRSPEED IN A DIV; V-MPH

Fgulre 222. G raphiical Sou tioun fur Te rinl t \cict v

a summary of the parasite drag, from wvind-t urie1 tests u
to a fair approximation from flight tests. If hei p r(q iii hr
thrust at a given rpmn anrd at various speeds is ( n \(rt ed

to all eluivalenit (drag coefficient, C0D,, the addlit ion of Ii is
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equivalent drag coefficient and the airplane drag coefficient
gives at each speed the total drag coefficient CD or

CD = CDA + CD, (345)

The intersection of the curves of CD and CDR give the
terminal velocity at the assumed rpm. Similar curves of
CD may be calculated for other values of rpm as required.

The conversion of the effective thrust to an equivalent
drag coefficient is based on the standard thrust equations

T = CTpn'D4  (208)
from which

CDe T 2 Crpn'D4  2CTD (346)
= is- = pSV- = S(V/nD)y

or

T = CT'p PD = T p 12D '  (209)

from which

2 T, p V'D ' 2 T, D'
pSV 2  S (347)

The values of T, are obtained from the propeller curves
using the values of V/nD determined from assumed values
of V and n.

The Terminal Velocity Dive. The motion of an airplane
in a vertical dive may be studied by the use of a modified
form of \Vilson's equation,' incorporating a better approxi-
mation to the present standard atmosphere. If, instead
of Wilson's equation i> the change in pressure is taken as

AP = 29.5 log [I + (h/26,9oo)] (348)

the equation of motion becomes

V2 = ,730,96o[+ h2 I

= (n- - 1-o ) -uti .26,9 o oJ

X [( 26,9oo] - + 26,, 0o1 ] (349)

3E. B W'ilson, "Aeronautics" (C"h. 11', Equation 2,o) John Wiley & (, t1()20o
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where V is the air speed in ft /sec at the altitude 1, in a dive
started from 1% at the altitude h,. VT is the terminal
\elocitv in air of standard density. The value of the
exponent n is

n = 1',V7-]' (350)

>"_ ,ooo _- . f
1600 __ •

400

'2000 - z

4'000

2000P --

200 280 300 350 400 480 bo0 850 go Go

TERMINAL VELOCITY V, FT/SEC

Figure 22;. f\titude-Loss Required t, .Attain Tcrininal Vclocit. in a
Vcrtical I )ive

Equation (349) has been solved for a systematic series
in values (f tt,, h:,, and I'r. The variation in the rati()
V/VT with altitude lost ii a dive fron h, = 20,000 ft is

given in Figure 223. This figure shows clearly how the
true velocity reaches at maximum well in excess of the
terminal value and then slows 1ip due to the increasing
air density. The ratio of in licated vel(city to terminal
velocity in a dive starting from h, = zo.ooo ft is given(ll ol
Figure 224. The length of (live necessary to attini a
given indicated or true speed equal to the tcrminul l wi
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Figure ,26. Altitude-I.oss Required to Attain Indicated Terminal \X'I,,cit.
in a Vertical Dive

may be read from Figure 225. The upper curve on this
figure gives the length of dive, starting at 20,oo() ft, to
attain the in(licated terminal velocity. The lower curve
gives the length of dive required from 20,0X ft to attain a
true slpee( equal to the terminal velocity. The mid(le



Ch. W41 SPECIAL PERFORMANCE PROBI.EMS 457

curve gives the elevation above which the (live must be
starte(I if terminal veh citv is to te reached al )ve sea-level.

Fligure 226 gives the altittide hst to reach Indicate(d
terminal velocit" in a (ti\e starting from varioLIs aItittides.

\n approximate value (of the terminal veocity may bc
determincd from at sh()rt dive, t I" the use )f Figure 227.
lor eXample, a 'locitv (If 200 in 1)h; at 1().oo ft in I dive
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2~~r -. '7, lvtrmviatj,,n,, Appr,,in ate Terr l Velcity from a Short
V\.rticai l)j'k • I g
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st a rttI at 15,ooo ft ind(icates it terminal velOcity of 312
reth.

Effect of Dive Angle on Terminal Velocity. ihe (ff,('Ct of
flight path Icinclination' depends to a certain extent on the

engine and propeller characteristics, but, in general, it is
given closey l)y

1(O° dive)
V-, (go' dive) V si 0 (351)

i\. . Diehl, Tk Effct ot Flight Path Inclinatiun on Airplane Velocity." N-A C
T. R. N ,. 38 (11-26).



CHAPTER 15

SPECIAL FLIGHT PROBLEMS

There are a number of problems of considerable interest
and some practical value connected with special flight
conditions. For most solutions, extreme accuracy is not
required, and reasonable simplifying assumptions are
allowable. A few of the more important problems in this
class will be outlined briefly.

e 0
R

w

Figure 228. Equilibrium in a Glide Without Power

Gliding Flight Without Power. For equilibrium in a
glide without power, at an angle 0 to the horizontal, the
forces are the lift L, the drag D, the resultant air force R,
and the weight W, as shown in Figure 228. These forces
are connected by the relations

459
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%L-2 +D' = R = W (352)
Wsin 0 = D (353)

W cos 0 = L (354)
Lcos0+Dsin0 = W (355)
L sin 0 = D cos 0 (356)

Equation (356) is equivalent to
LID = cot 0 (357)

Gliding Flight With Power. Assuming that the thrust T
acts along the flight path and letting the angle 0 between
the flight path and the horizontal be positive upward, the
equations of equilibrium are

T- Wsin0= D (358)
Lcos0- (D -T) sin0 = W (359)

and L sin 0 = (D - T) cos 0 (360)

The inclination of the thrust to the flight path may be
allowed for, but little is to be gained in accuracy.

Assuming that the thrust varies inversely with velocity
and that the drag is D = KV, it may be shown' that the
velocity along the flight path is

V = V., [-1 + \12.25 - (L/D). sin O (361)

if the thrust at V = 2 VM is zero. This condition applies
to propellers of low pitch/diameter ratio. For propellers
of high pitch/diameter ratio the thrust holds up better.
Assuming that T = T./2 when V = 2 VM (T. = thrust
at V = VM) the velocity along the flight path is

V V [-k + /i.5625 - (L/D). sin 0] (362)

In these equations (L/D),, is the value of L/D for the
airplane at the maximum horizontal speed VM and has the
value

D - .- bhp (363)
3757bh

1W. S. Diehl, "The Effect of Flight Path Inclination on Airplane Velocity." N.A.C.A.
Technical Report X- 2,8.
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FLIGHT VELOCITY =V
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W0 1.40 1.80 2.20 260
Figure 229. Air Speed in a Dive with Power On. Thrust Zero at V = 2 V m

(L/D), has no direct relation to the maximum value of
L/D. Figure 229 is a plot of V/ Vv against 0 for various
values of (L/D). according to equation (361), and Figure

230 is a similar plot according to equation (362). The
effect of thrust on diving speed is comparatively small.

Circling Flight. For equilibrium in a horizontal turn,

the weight must be balanced by the vertical component
of the lift and the centrifugal force must be balanced by
the horizontal component of the lift. If 'P is the angle of

bank, the equations for equilibrium are
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W =L cosp (364)
and

centrifugal force = WVt L_ i 35
gr -Li~ 35

from which

ta Vpt= (366)
gr

V, and r must be consistent units, e.g., ft/sec and feet.
Since W is constant, L must vary as secant o and the
acceleration in a turn is

a/g -L/W =sec p (367)

40

0

0

FLIGHT VELOCITY
AMAY,HORIZONTALVELOCI7Y__

1.00 1.40 Leo0 2.20 2.60 3.00
Figure 230. Air Sp'eed in a Dive with Power On. T Te/2 at I'- mi
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08 0 8 0 0

Figure 231. Graphical Solution for Speed in a Turn
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Since L varies as V', the relation between the speed in
straight horizontal flight and the speed in a turn at constant
lift coefficient or angle of attack is

(V,/V), = sec P (368)

At constant lift coefficient, or angle of attack, the drag will
vary as V2 and the thrust horsepower required as V. If
curves of thp available and thp required are plotted
against velocity on logarithmic scales as in Figure 231, the
solution for minimum radius of turn at any given lift
coefficient is made very simple. The power required varies
as V, along straight lines AA' and BB'. The intersection
of such a line with the curve thpa gives the maximum air
speed at which turning flight can *be made with the initial
lift coefficient. Consider the line BB'. B is at 1oo mph
and B' at 192 mph. Hence the angle of bank is

sec o = (V 1/V)2 = (192/100)2 = 3.68

or

= 740 13'

from equation (366) the radius of the turn is

V2 (192 X 1.467)2
r = -cotP = X0.282= 695ft

g 32.2

This process may be repeated for as many points, lift
coefficients, speeds, or angles of attack, as desired. The
results may be listed as in Table 25.

If the time required to turn through a given angle is
calculated, it is found that the minimum time corresponds
with the maximum bank. The foregoing data are based on
the wind-tunnel tests of a 1924 racing airplane.

"Squashing" in a turn is due to an attempt to fly under
a condition requiring more power than is available. For
example, any shorter radius of turn than 422 ft at a = 80,
in the case calculated above, will require more power than
is available and the airplane will lose flying speed and
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TABLE 25. CALCULATIONS FOR AIR SPEED IN A TURN

Air Speinih
Angle of peed i mph Angle of Radius of
Attack Bank Turn
Degrees Horizontal In a de

Flight Turn deg - rain ft

1 198.2 250.0 51 - 06 3,370
2 166.8 244.7 62 - 22 2,100
4 130.3 227.5 70 - 52 1,200

6 111.0 207.5 73 - 21 861

8 98.5 190,0 74 - 25 673
10 89.2 171.5 74- 17 553
12 82.7 152.0 72 - 48 478

14 77.4 132.3 69 - 58 427
18 73.8 103.8 59 - 42 422
20 73.5 93.6 51 - 59 457

"squash" from centrifugal force since the centripetal force
cannot be obtained from the reduced lift. The same
condition exists in a pull-up from a dive. The lighter the
load and wing loading and the greater the power, the more
difficult to "squash" on a turn. High aspect ratio and low
parasite resistance give low minimum power required
and therefore reduce the tendency to "squash."

Spiral Gliding Flight. The spiral glide is a combination
of gliding and circling, the path of the center of gravity
being a true helix. If the angle of bank is p and the helix
angle is 0, then assuming that the radius r is large in com-
parison with the span, so that velocity over wings is sub-
stantially uniform, it follows that

Lcos pcos0 +Dsin0 = W (369)
Wsin0 = D (370)

and

W cosO=LCos (37i)

from which
L cot0 (372)

7CoS
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which reduces to L/D = cot 0, equation (357), when the
angle of bank p = o, that is, in a straight glide.

The proper angle of bank is determined as in simple
circling flight by the balancing of the centrifugal force with
the radial component of lift. That is

centrifugal force = IV 2 cos'O = L cos 0 sin p (373)gr

which reduces to equation (365) when 0 = o.

Effect of a Diving Start on Speed over a Measured Course.
If an airplane is dived at high speed and pulled out into
level flight, it will have a speed in excess of that which can
be maintained in horizontal flight. If a high-speed flight
is made over a measured course after a diving start, the
speed% will asymptotically approach the normal maximum,
and the average over the course will be greater than the
normal maximum. This method was formerly used ex-
tensively in races, and sometimes by test pilots in order to
get the maximum speed possible.

Assuming that the propeller thrust is constant and the
flight over the course is at constant altitude, the effect of a
(living start on the average speed may be calculated.2
The speed at any time t is

C, eal + C,
V - C3 e~t +1 c, (374)

and the distance flown is
W, [C3 e

' +C2-
's=- log, - V375gK CL 2V7/Kj

where V. is the speed (ft/sec) at the time of crossing the
starting line (t = t,), V the speed at time t, S the distance
flown in t seconds, W the gross weight, T the thrust at

W. S. Dieh, "The Effect of a Diving Start on Airplane Speed,- N.A.'.A. Technical
Report No. 228 (1925).
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normal maximum speed VA!, and K the drag coefficient,
K = T/Vm'. The other constants have the value:

C. = T + V. V-TK

C.= V-TK- - T
C, = X/ K + KV.

C. = VTK- - KVo

and a- 2g TK
TV

The persistence of excess velocity depends largely on
the value of a which does not vary over as wide a range as
might be expected. Representative values for various
types of airplanes are:

Type W lb VMt mph a
Racing .. ........................ 2.100 250 .050
Pursuit .......................... 2,800 16o .o46
Observation. ..................... 2,300 125 .076
Bom ber .......................... 7,000 120 . 101

A racing or pursuit airplane requires about two minutes
to settle down to normal speed after a diving start and a
io% increase in velocity at the start of a one-mile course
will give about 6% increase over the normal maximum
speed.

The Zoom. A number of special problems involve the
conversion of kinetic energy to potential energy or vice-
versa. A simple problem of this class is to find the alti-
tude that can be gained in a zoom from horizontal flight.
In this case there is a loss of kinetic energy AK = (II 2g)

X (T' - V,) and a gain in potential energyof 1' k. Neglect-
ing the effect of the propeller during the zoom, the gain in
altitude is

h = (V 2 - V,')/2g (376)

where V, is the initial velocity in horizontal flight and 17,
is the leveling off velocity. V, and V, should be in ft, sec.



CHAPTER 16

FUNDAMENTAL DESIGN CONSIDERATIONS

Fundamental Design Considerations. The fundamental
design characteristics are aspect ratio n, parasite drag
coefficient CDPo, stalling speed Vs (or wing loading w.),

1A,

FULL SCALE POLAR

ABSOLUTE DRAG COEMrCIENT- CD & CDP
.0 .04 .06 .1 .10 .40 24

Figure 232. Full-Scale Polar for VE-7 Airplane

and power loading w , These characteristics determine
the performance of the airplane. It is desirable that the
relative importance of these factors be known if the best
compromise design is to be obtained.

468



Ch. 16] FUNDAMENTAL DESIGN CONSIDERATIONS 469

Owing to the excessive amount of calculating required,
it has been found impracticable to cover more than a few
points on this phase of airplane design. The data com-
prising the remainder of this chapter are presented simply
as an indication of the approximate effects to be expected
from basic design changes.

Some General Effects of Aspect Ratio and Parasite Drag.
Aspect ratio and parasite drag are of fundamental im-
portance in determining many items of airplane perform-
ance. While some of the theoretical relations involving
these two parameters have been given in Chapter 12, the
relative influence and importance may best be demon-

90 so 7 8 O 00 110 120 i30

Figure 233. Curves of Power Required at Sea-Level for Various Aspect
Ratios with Normal Parasite



470 ENGINEERING AERODYNAMICS [Ch, r6

soo Aa////

I ___8_ I ARSEE V I HR
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Figure 234. Curves o)f Power Required at Sea-TLevel fo)r \Var)i,,tn A'spect
Ratios with Low Parasite

strated by comparative performance data on a series of
fictitious airplanes in which no other variable is involved.
A series of such calculations was made a number of years
ago, using the VE-7 full-scale polar. Since the compara-
tive results are independent of the airplane data supplying
but one point of a network, there is no necessity for re-
peating the calculations using another polar.

The original VE- 7 had a wing area of 290 sq ft of RAF-i5
section. The aspect ratio was 4.8. With a gross load of
2230 lb the stalling speed was 5o mph. The full-scale
polar from Durand and Lesley's tests is given on Figure
232. Power curves have been calculated for aspect ratio
values from ,3 to IO for CDP, = 0.031, 0,046 and 0.o76
representing low, normal and high parasite. These power

W . F Durand and E. P. Lesley, "Comparison of Tests on Air Propellers in Flight with
Wind-Tunnel Model Tests on Similar Forms," N.A,CA. T.R. No. 220 (11.2.

.d____ __L ___
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curves wvill be found on Figures 233, 234, and 23)5. Ihe
most striking characteristic shown by these curves is the
small influence shown by aspe-ct ratio at high speed. This
is perhaps more clearly seen liy the replotting (if maxi-

1 ___ IRPE60-M. R

140 -G 0 G o IC "

Iigirc2.3. (rvs jPowr Rijiird i Sco IAVI T Vii 0B

R120wt IIi.I

1u0pe gis CJo iue23.Lm aiu

spesso-noc tC apoiaey nee

Figurel antiPofecoursela mntich greater effect lo Vlffibe oh

t',dned for at high CL at high speed corresponding to a very
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heavily loaded airplane. This effect may be studied
in more detail by reference to Figure j81.

The chief effect of aspect ratio is seen to be in the
region of minimum power, where it has a profound influ-

140

a. p

130

ASFEC RAo 3 -X

+0

90 PARAITE COECFICIENT-COP. I
.030 040 050 .060 .070 080

Figure 236. Comparative Effect of A pect Ratio and Parasite on High
Specd at Sca-Level

ence on climb and ceiling, as shown by Figures 237 and
238.

While the foregoing figures do not apply strictly except
to the particular wing loading and power loading used, the
type of variation shown will be very similar for any other
set of values. Very high power or very low power load-
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ings will reduce the spread between the curves of Figures
237 and 238. Very high power loadings magnify the effect
and increase the spread. Hence, high aspect ratio is more
important with high power loading than with low power
loading. Low CDpo is always desired.

00"

010
4100 K\ --_ ,

1000 ___

"1o ABOLUTre PARASITE DRAG COErrCtENT-Cop.
.02 .03 .04 .05 .06 .07 0

Figure 237. Comparative Effect of Aspect Ratio and Parasite on Initial
Rate of Climb

Wing Area and Stalling Speed. Performance calculations
have been made on a systematic series of fictitious airplanes
in which wing area was the independent variable. Chang-
ing wing area, however, changes the tail area, the gross
weight (with constant useful load), and the parasite drag
coefficient. Starting with known performance data for
an existing single-seater airplane, the aspect ratio was held
constant at n = 4.35 and the necessary changes were made
in gross weight and parasite drag to allow for the change in



474 ENGINEERING AERODYNAMICS [Ch. 6

wing and tail area required at various stalling speeds.
The series selected gave the performance indicated in
Table 26.

The variation of climbing and maximum speeds with
altitude is given on Figure 239. The variation of rate of

"2000-

2000

I2 000

000 .ABSOLUTE PARASITE DRAG COrFICINT-Co-

.02 .0 .04 .0 i .07 08

Figure 238. Comparative E.ffect of Aspect Ratio and Parasite tn .\h,,lute
Ceiling

climb with altitude is given on Figure 240. It is of particu-
lar interest to note that the advantages gained by reduced
wing area are confined to low altitudes.

The variation in minimum radius of turn with altitude,
Figure 241, leads to the curves shown on Figure 242, which
appears to be a general relation holding for any unsuper-
charged engine, and by extrapolation from the critical alti-
tude to sea-level it should also apply to a supercharged
engine. Figure 241 shows the penalty that must be paid
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in loss of maneuverability at high altitude when the wings
are clipped to increase the maximum speed of an airplane at
low altitudes.

The maneuverability of an airplane is an indefinite
characteristic depending on a number of factors such as
absolute and relative control forces, angular accelerations,
and angular velocities. It does not appear practicable to

29000 V's 45 r!1'vrT r

24000k

2O0OO / l# 5

I I ooo

.,

20000 J r

I16000

j 12000

I o

8000

4000

60 so t00 120 140 160 Igo

AIR SPEED-MPH

Figure 23 ). Iffcci f ;ing Area n S lt it Altitude
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26000
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Figure 240. Effect of Wing Area on Rate of Climb at Altitude

give a definition of absolute maneuverability, but a measure
of the inherent possibilities in a given airplane design
might be taken as

-;f VM (377)

where C is the rate of climb, r is the minimum radius of
turn, VM is the maximum speed and Vs is the stalling speed.

has the dimension of T' as required from general con-
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Figure 241. Effect of Wing Area on Minimum Radius of Turn at Various
Altitudes
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siderations. Values of M are plotted against altitude on
Figure 243. These values plot on a single non-dimensional

curve as in Figure 244, showing that the variation of M
with relative altitude is the same for all of the airplanes in

this series.

1.00

I- .40

o

0

41

" 0
0 . 0 40 60 .90 1.00

ALTITUDE . h
ABSOLUTE CEILING H

Figure 242. Variation of Minimum Radius of Turn N,.ith Altitudc

If, instead of the ar)itrary factor .1, the mecasurc of

maneuverability is taken as the time requiredI fo r a 36o-
degree turn, the comparison will be substantially unaltered,
as may be seen by stu(ly of [igurc 245.

All of the foregoing cmulparison has 1bteen ,)in the 1basis of

constant aspect rati(oan1 ('n cnstart I) iwrr. It is i)'vii)us

that if any ad\'il tage is to be )I)taindt fri)m reduce N wing
area, the reduction in area must not incrcase the Slpan
loading.
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MANEUVERABILITY FACTOR -M
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Figure 244. General Curve ;f Maneuverability Factor Against Altitude

TABLE 26. EFFECT OF STALI.1N(; PEED ON PERFORMANCE

Stalling Speed, Vs mph ......... 45 5 55 6o , 5 70
W ing Area. " Ssq ft ............. 491 378 296 239 199 168
('ross Weight, lIb ............ 3,440 3,216 3,054 2,941 2,861 2,799
Wing Loading, we lb/sq ft........ 7 00 8.50 10 30 12.30 14 40 16 70
Power Loading, wplb,'bhp...... 7.64 7,15 6 79 6.53 6 36 6.22

Parasite Coefficient, CDP ....... .0334 .0395 .0453 .0526 .0593 0684
Maximum LID ............... 1o.6o 9.45 8.60 7.80 7 07 6 43

V ,,. at Sea-level, m ph ......... 145 5 151.6 156 16it o 163 5 165.o
Initial RateofClimb, ft/min .... 1,910 2,030 2.12o 2,170 2,165 2,135
Absolute Ceiling. ft ............ 27.4)26,10024,90()23, 10021.70( 19,300
Service Ceiling, ft ............. 25,700 24. 501 23. 5 .21,900.)20,5(X 18.30(
Climb in 1o M inutes .......... 13, oo0 13,4(X) 136(xM), 1 5() 13, 300 12,5(X)
Minimum Radius of Turn at

Sea-level ................... 15o 189 233 286 342 412
Terminal Velocity in a Dive .... 282 29o 2 ) 304 307 309
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Figure 24g. Effect f Stalling Speed and Altitude on Time for a 36o' Turn

Limiting Performance. One of the general problems con-

cerned with the weight-carrying ability of an airplane is

the determination of the greatest possible load that can be

carried with a given horsepower, or simply, the maximum

power loading w,. This problem has two solutions cor-

responding to the theoretical maximum and the practical

maximum power loadings. The theoretical limit is the
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power loading at which horizontal flight is just possible,
while the practical limit corresponds to the minimum safe
initial rate of climb. Obviously, the minimum safe rate
of climb depends to a certain extent on the type of airplane

90

g o \rr-Tr0

To0

300

M3 0

.020 .0o0 .040 .050 .060 .070 .00 .090

PARASITE DRAG COEFFICIENT CDpo

Figure 246. Effect of Aspect Ratio and Parasite on Maximum Possihie
Power Loading Corresponding to Zero Rate of Climb

and the use for which it is being considered, so that no
definite value can be assigned, once and for all. Ilhowever,
there is a general agreement that the initial rate of climb
should not be less than about 300 ft/mn, which value has
been arbitrarily adopted for this study.
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Previous work on this problem appears to have been
confined to the development of charts giving contour
curves of rate of climb plotted against wing loading and
power loading.2 These charts are based on assumed

z
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L6 \ !

-.. -
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01: 
s

s 64 MP

32 

/24

x0 20

a. 60MP

PARASITE DRAG COEFFICIENT-Cp o

Fiiurc 247. E~ffect cf Aspect Ratiowid Parasite ont', ,axitwx. Practic:thlt.Powur L.,adingx (prr ,,onding 1- 30) il I 1-te (,i tlill

average characteristics so) that they apply to a singie afir-plane. A com3)Icte study must consider the effects of

wing loading (or stalling speed), aspect ratio, paritsit,

,E. P. Watwt, -".)Iran, D,sign..\r y;ai " \ 1 0".M lra. Hill K- k (",. h ,
(t927).
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drag, and propeller efficiency, and the amount Of work
required by the usual methods would be too great to justify
the undertaking.

I1.30
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W :
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.60I t I - -

40 45 50 55 s0 65 70 75

STALLING SPEED V M MP H
Figure 248. Effect of Stalling Speed on Maximum Power lmmliig

The present study was made with the help of several
well known short-cuts which need not be described herc,
but without which the study would not have b~een prac
ticable. Some idea of the ground coveredl can be ()taine(I
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Figire 249. Effect of Stalling Speed, Aspect Ratio, and Parasite mi tlie
Product V.4. w, for Zero Rate of Climb
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Figure 251. Effect of Stalling Speed of Maximum Value of Fsiv
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from the fact that the combination of six aspect ratios with
three parasite drag coefficients at four stalling speeds gives
the 72 basic thrust power-required curves which were
studied for minimum brake horsepower under four con-

0
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o) 80 [
Ix0 so
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+ so
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4 01 0

0
-j

Z 30

to-
.020 .040 .060 .080

PARASITE DRAG COEFFICIENT -COpo
Figure 252. Effect of Aspect Ratio and Parasite on the Value of w, + wc,.

for Zero Rate of Climb

ditions of propeller operation and two rates of climb for a
total of 576 cases.

The essential results of the study are given on Figures
246 to 253 inclusive. The differences due to propeller
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were found to b~e secondary and all of the figures given
assumne 80%7 efficiency at the point of tangency or climb.
Actually, of course, the efficiency will p~rob~ably be sorne-

z

i
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0

S48
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Z 44

4
0

_j40

+

z 32

0

26
0 .0120 .040 .060 .000z

T9 PARASITE DRAG COEFFICIENT -CDP.

Fig'ure 2,3. Effect of Aspect Ratio an(] Parasite (in the Value oif It'. + Tv,
forC 300 fpio' Rilte (if Cilimb

what lowver than this, but the actual calculated values dJo
not affect the comp~arative results.

Figure 246 gives the mnaXimum power loadling required
for simple tangency of the power Curves at sea-level with a
s;talling speed I's = 6o mlph. Figure 247 gives a similar
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set of curves for the value of w, required for C0 = 300
ft/min. The effect of stalling speed is given on Figure
248. From the latter Figure- it is seen that reducing
the stalling speed from 6o mph to 50 mph increases the
maximum value of w, 15% for zero climb and about
7% for 300 ft/min initial climb.

These results are presented in another form in Figures
249, 250, and 251, where the product Vs -w,, is used
instead of the maximum value of w. V,. w, is in
lb-miles/hp-hr.

Figures 252 and 253 are a curious example of an unex-
pected relation that is devoid of dimensional justification.
In spite of this defect, the variation of (w. + w,) as
shown on Figures 252 and 253 appears to represent a defi-
nite relation that checks closely with observed performance.



CHAPTER 17

SEAPLANES AND FLYING BOATS

Seaplanes and Flying Boats. The design of seaplane floats
and flying boat hulls is a highly specialized application of
the principles of Naval Architecture. While it is im-
practicable at this time to give more than a few of the
basic principles involved, these few may be so selected
as to give the seaplane designer most of the information
ordinarily required.

Definitions. The naval architect describes seaplane
floats with a number of technical words and phrases pe-
culiar to his profession. For the benefit of the student
and engineer who is unfamiliar with these terms, a short
list of definitions has been prepared, limited to the most
frequently used words and phrases.

AFTFRBODY. That part of a float between the main step and the stern.
BoTTOM. The area included between chines and keel from bow to stern.
Bow. The extreme forward point, or portion of a float.
BUOYANCY. The displacement (in lb of sea water) to a given water line.
BUOYANCY, CENTER OF. The center of gravity of the displaced volume

of water.
BUOYANCY, EXCESS. The difference between the total or submerged,

and normal or load water-line displacements; usually expressed as a
percentage of the normal displacement.

CmXE. The line of intersection of the bottom with the sides or deck.
DEAD RISE. The angle which each side of the bottom makes with the

horizontal, as measured in a transverse plane.
DECK. The upper surface between the sides. If the sections are rounded

without flat or vertical portion, then all of the upper surface between
the chines is called the deck.

I)ECK LINE. The upper boundary of the float in a side elevation.
DISPLACEMENT. The weight of the sea water displaced to a given water

line, or simply the load carried by a float under given conditions.
491
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I)I SILACE NIEN r s.t'ti~(Et 'ThC iWight 0I tln V %ixi wter diljtlatttil
Nothen t he flott is t'olleelvON sibriterged.

D)RAFTr. I'sualvN refer.. in, the malin~Itii (eth i-lw die 1atr 1-f.oc

oif an, part of thle float iinder givn eotitoit.

FoRtEitIA'n. That part of the floiat ttei tile Ic ilt ..tej and he I-l

K a. L.n "lc hoitItIit am 1 and tlii 11ou sCeittel hue.lc lt.1,o
IkEEI. Ing .t.. II It t IIt IlA In tieil atatei along tIt Ur Ii ((Ilk'e

line on the "iit'idt., it iexe damage fronm handling or ,,miitdiw_~

MIlAINTIt. A.\int tliroutigh \%Ii( t lt(- resuiltiit \ ertit-Il lm~il n

libiit l

NIIC~ kI( 111:t1I1T. 'lIIC di-tance fromt the ceutt-r of vra~t\ lto t the.

P 1'i. VI -A \\ A V 't sliced akt WhiCh the enltireC weight 4f 111C.ep~n
is c'rr ied bv thtle \ki ts

Sr't-I.vn. tit-Ntt'. , ho- *.jttui or spretId at xvhi Ihc wa;vtti re-.i-.tne rk

.-;I'ONs()N S. laIteral ptrojectionis atddedto it lte idt,, ,t 1 Ii or huHI

I IlCrease planii ng a rva or trai\trs ist a I lI.
StI-RA Y 1,TR ItPS. Thii l Io Iittti I d I r I I t t trII, (f -i. IitgI Il1 r Ir-, I i

at taitedl to th Isti iot InI alonig thIe chtit nI beat d]own tIII.e l t
ty' ATrI Ni . A pl-olnt niced t enden~ tie t rim 1)\ lv ie 'tcrn.
Sr.Ine. A\ line of tlistntittit itt a surface. Ini it, ttiial f,'ni, .1 iidden

chiatige in trantsverse sectins.
S-1 ERN. TheC CXtrenIte rear poinit, or po rt iton tf a th tat.

'Fu M . The antgle of pitch, u snal y mneatsnred bet ween the deck li tie and]
the wvater SUrface.

TRtM IBY BOw. Anl angle of trim [projduced by depiressing the bo%\ and
raising the stern and measured in the same manner as, trimi by stern.

TRIM 13Y STERN. An angle of trim ptroduced byv raising tile bow atld
depiressinig the stern: measured frot a le\vel positioni (if some referece
line, usutally thle deck lilt.

Metacentric Height. Metacentric height may be tietined
b~y considering a floating prism having its c. g. at a point
G afld its center of b)toN .ancy at a point B . A line per-
pendicular to the water surface and passing t hrou gh B3
will also pass, through G. If the prism be inclined throuitgh
a small ajngle 0 while retaining the samec volutnie (if (]is-
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placement, the center of buoyancy will shift to a point B'.
A vertical throtgh-B' will intersect the original vertical
BG at a point Al, which is called the me'tacenter. The

distance GM is called the metacentric height.
It is easilV shlon that the met acentric hwight is a

nleasure of static stabiility. Considering a slight inclination

0 and taking m ments albout the original center of 1 m)\ -

ancy B, it is s*t-n that the upsetting moment is It'. B;

X sin 0 and tit, righting moment is It' . BAI • sin 6. The

total resultant momnent is

M = T" (BM -BG) - sin 0

= IV. GM. sin 0 (378)

and the slope of the resultant moment curve is

d .1do - W GM .cos o

fro u which

dM = d.11 (for 0 in radians)
dO W1 -Cos 6

or

(;.11 = 57-3 d-1 (for 0 in degrees) (379)
I' dO

This relation is used to determine metacentric heights
from inclination tests on models.

The netacenter may be found by the use of the firmula
B11 = I V, where I is the moment of inertia of the water-

plane albout its center line and V is the total \olunie of

displacement (see any book on Naval .\rchitecture).
I varies as L4 and V varies as L3 , so that B.11 and the

metacentric height vary directly as the length, or scale

ratio.
Approximate metacentric heights for seaplane floats and

hulls may be obtained from the empirical formulas given

later.
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Metacentric Height Required. Analysis of the perform-
ance of a number of seaplanes indicates that satisfactory
static stability is obtained when the transverse metacentric
height is given by

GMI KAi (380)

where A~ is the gross load and K depends on the relative
height of the c.g. abov-e the c.b. For a small seap~lanle
having a reLit ivelv high c.g. with relatively large up)settinlg
tn mn ts. K sh 1111I hV al loult 1 .4. For a large fly~ing 1bo(at
having a rclat ivelv low c.g., satisfactory stability may lbe
(li ined with a value of K as iow as 0.75. It may' be
shown that the old righting factor is

RF = BM11 BG = i+ (GM Ii') (381)

where h, is the height of the e.g. above the c.b. I lence,
in general, the vaIlue of K should be taken to give a value
li4 (;M that is between 2h and 5h depending on the span.
This is dliscussedl later under transverse st~ibilit v.

Yor smull seaplanes, the lon1git Il Iinall GM.1 should beI
i Ilest iglit td . It should not be smaller than the transverse
(CM.

Transverse Metacentric Height of Twin Floats. It has been
shown- that wi1th the design p~roportions in commnon use,
the transverse metacentric height for twin floats is giv'en
clo !eI v by the empirical f IrmuLa

GM=K,Ls' B
GM k (382)

\Oichre L is the ove-rall le-ngth and B the beam of each float
in ft,. s the spacing (In center lines in ft. -1 the gross weight
(If the sceaplan(. And K, a ((nstant \.irving from 17.7 to
2(),S With ain average vaIlue (f P1)5. (lAttion (382) ma1iy
he iitlA-d toI d ermine the spacing~ neeessiry fo r stabihit V
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by substituting the average value of GM from equation
(380). That is,

1 .4,11 0 .29 A

= -LB (383)

Longitudinal Metacentric Height. It has been shown in
N.A.C.A. Technical Note No. 183 that the longitudinal
metacentric heigbt for either single or twin floats is given
with sufticient accuracy by the empirical equation

(;.!! K,nBL (384)
A

where n is the number of floats (i.e., one or two). B the
beam of each float in ft, L the overall length in ft, A the
gross weight of the seaplane, and K, a constant normally
varying between 1.9o and 2.40 with an average value of
2.10.

Equation (384) may be used to detcrmin, the minimum
length of a seaplane lhat for longitimlinal stab ility 1bv sub-
stituting the value of GM from equation (38o)

L? =1.4A 1 _ 0.67 (385)
2.IO nB3 = -n B

Transverse Stability: Single-Float Seaplanes and Flying
Boats. Single-float sea)lanes and flying boats require the
use of Iauxiliary flotation to secure static transverse sta-
bility. This auxiliary flotation may be in the form of
(a) wing-tip flhats, (b) inboard floats, or (c) sponsons.
No one tyle is inherently superior to the others.

The functioning can bW unlerstoodI by reference to the
sketch, ligure 254, showing the upsetting and righting
moments for a seaplane with wing-tip floats. It is assumed
that the float makes contact at 10 heel but as the curves are
drawn, the condition of equililrium will be at the inter-
section of the curves of righting moment and upsetting
moment at the point A or 3' heel. This will be the static
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attitude of the seaplane at rest. An angle much greater
than say 4' will be objectionable. As the angle of heel
is increased, the tip float will be totally submerged at the
point B which is usually about 80. Further increase in
heel gives a negligible increase in righting, moment due
to float bracing up to point C where the wing tip touches.

2f

I/I-- RIGH1I ING MOI IENT --
z

0
°  

2 
•  

4 
•  

6 a to I 12 
•  

14 Is 16 tl*

ANGLE OF HEEL
Figure 254. Variation of Moments with Angle of IHeel for Seaplanes

The problem of design is to make the righting moment
at the point B sufficiently greater than the upsetting
moment D, at the same angle, to give a reasonable margin
for additional upsetting moment due to wind or a member
of the crew on the wing. There is a distinct difference
between a margin that avoids trouble under favorable
conditions and a margin that gives full protection. The
latter is obtained when the displacement of each tip float
is

A, = -I (KWh + h sin O) (386)
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where TV is the gross weight in pounds, 1 is the distance
between the c.g. of the tip float and the center-line of the
airplane in feet, h is the height of the c.g. above the c.b.
of the main hull in feet, 0 is the angle of heel required to
submerge a side float and K is a constant depending on the
size and type of the seaplane. Values of K less than o.o6o
have been unsatisfactory. For full protection against
normal wind forces the value is

K = o.o6o + o.ooo4b (387)

where b is the span. For tapered wings with a relatively
low h, and a low value of 0 to submerge the wing tip,
the span coefficient may perhaps be safely reduced to
0.0002.

It is of interest to note that the required righting factor
or ratio of net restoring moment to upsetting moment in-
creases for a given seaplane as h sin 0 decreases, since the
net restoring moment depends only on the weight and span.

Vertical Location of Side Floats. A wing-tip float is most
effective when located close to the water, but some clear-
ance is required for rough water operation. T he optimum
clearance appears to be that requiring about i° heel for
contact, but this is a matter depending somewhat on the
lines of the float. A smaller clearance might safely be used
with a float having marked dead rise and set at a positive
angle so that the initial contact is over a small portion of
the stern. The cross-section and general shape should be
selected to give rapid increase in submerged volume with
angle of heel and the bottom should be designed to give a
definite dynamic lift when underway.

Side floats are often located well inboard and given some
initial displacement to form a 3-float system which rides
at an even keel. The initial displacement also doubles
the increase in moment with angle of heel but the total dis-
placement of each float must be based on the maximum net
restoring moment required by equation (386).
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Float Performance. Float performance is too complex
for a simple definition. In general, it is always a com-
promise, good performance in one respect usually being
accompanied by poor performance in some other item.
The ideal float would have ample stability at rest and
underway. It would be entirely seaworthy for take-off
or landing in any waves or swell normally encountered
under anticipated operating conditions. It would he
free from porpoising or other objectionable pitching
motions during take-off and landing. It would throw a
light or moderate spray. It would have low resistance
and low or moderate trimming moments. All of these
requirements can be reasonably met if no restrictions are
placed on weight and air resistance. Otherwise stated,
most of the troubles encountered in seaplane water per-
formance are due to insufficient reserve buoyancy or to
lines that are laid out primarily for low air resistance.

Float performance cannot be calculated, it must be
determined experimentally on a scale model.

Corresponding Speeds: Froude's Law. The resistance of a
ship or a s.aplane float has two components, one due to
skin friction, the other clue to wave making. In equation
form

R = R + R. (388)

where Rf is the frictional and R. is the wave-making
resistance.

The frictional resistance is assumed to be independent
of the shape of the hull and to depend only on the wetted
area, the speed and the relative smoothness of the surface
that forms the wetted area. The wave-making resistance
is SMme unknown function of the hull lines, the displace-
ment, and the speed. A model test measures the total
resistance. This is converted to a full-scale value by the
Ilse of Froude's Law of Comparison which states that at
corresponding speeds the wave-making resistance varies
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as the cube of the length. The corresponding speed is
determined by V//'gL or usually by its equivalent V/\/L.
Denoting model values by lower case and full-scale values
by capitals, the relations are

V/Vx/L = v/N//ll (389)
r = rf + r. (390)

R = Rf + R, (39)

X = Scale Ratio = Ll (392)

The displacement and the wave-making resistance vary
as V . The moments vary as V. lnce

\ = A-L X, (393)

R,, = r, X3 (394)

M = m X (395)

Dividing equation (393) by equation (394) gives

-i/R, = r,., r, (396)

Since the frictional resistance is normally a small palrt of
the total resistance, except at high planing speeds, it is
customary to consider the resistance as all wave-making
and write equation (396) as

A All, A (397)

Equation (397) is an approximation, sufficiently ac-
curate for most purposes, but it must always be considered
as an approximation, particularly in the planing con lition
and for large values of X.

Model Test Methods. Float models may be tested by
the "specific" method, or the "general method." In the
specific method the take-off run is assumed to be at a
constant angle of attack corresponding to the lift required
for take-off at the speed V1. Since the wing lift varies
as T, the displacement of the model is varied according
to
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= () (398)

where v, is the model get-away speed obtained from equation
(389) in the form

= V,!V' (399)

Runs are normally made with the model "free-to-trim"
and also at various fixed trims. The moments required
to hold the fixed trims are usually obtained.

In the "general" method, readings of resistance and
pitching moment are obtained at a series of speeds for
various combinations of displacement and trim. The
resultant data may then be plotted, for example, in the
form of a group of curves of resistance against speed at
constant trim, each individual curve representing a con-
stant load or model displacement. A full description of the
two methods of testing may be found in N.A.C..\. Tech-
nical Note No. 4642 and Technical Report No. 470.3

Non-Dimensional Coefficients. The N.A.C.A. data are
plotted in the form of non-dimensional coefficients defined
as follows:

Load Coefficient CA =A /wb (400)

Resistance Coefficient CR = R/wb3  (401)

Moment Coefficient Cm1 = M /wb4  (402)

Speed Coefficient Cv = V//gb (403)

where A = load on water
R = resistance
w = weight (not mass) of water per unit volume
b = beam of hull

M = trimming moment
V = speed
g = acceleration of gravity

J. M. Shoemaker and J. B. Parkinson, "A Complete Tank Test of a Model of a Flying
lBoat "" N.A.C.A. T.N. No. 464 (0933)

Starr Truscott, -The N.A.C.A. Tank-A High-Speed Towing liasin fhr Tevting Models
of s waplane Floats." N.A.CA. T.R. No. 470 (1933).
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These must be in consistent units, for example, ft-lb-sec
or kg-m-sec.

Calculation for Take-off. The method of calculating re-
sistance curves for take-off depends on the type of dat;t
available and the accuracy desired. The most direct
method, an approximation sufficiently accurate for all
practical purposes, makes use of a curve of the ratio A/R
(= displacement/resistance) as a function of the ratio
V/IV,; where V is the get-away speed. The get-away
normally occurs at about o.8o CL m... or at about 1.iol' .
Assuming that a curve of A/R is available for the loading
condition desired, the procedure is as follows:

i. Calculate get-away speed Vj.
2. Assume a series of speeds V
3. Find the ratio V/V ; for each speed.
4. Read A,'R at each 1', V; from the model basin data.
5. Calculate A at each speed

A = -[I - (11V,;)].
6. Calculate R. from R. = . '(A R).
7. Calculate air resistance at each speed. Approximatelv,

this is R,, = IV(V/ G) 2/(L/"D).
8. Total resistance R = R-q- + R.

R may be plotted against V and a curve of propeller thrust
added. It is customary to calculate the thrust at two
points, V = o and V = V7(; and assume that the variation
is linear between these. The difference between the two
curves is F = T-R available for acceleration a = gF IV.
The value of V/a may be plotted against V to determine
by the area under the curve the distance required for
take-off. The area under the curve of (i 'a) plotted against
V gives the time required for take-off.

The method of calculating the resistance from the com-
plete test curves is fully explained by Shoemaker and
Parkinson in N.A.C.A. Technical Note No. 464, previously
referenced. Briefly, the method is as follows:
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i. Assume V.
2. Calculate Cv. Cv = V/,/gb
3. Assume approximate trim angle r.
4. Angle of attack a. = a. + r. a0 is the angle of wing

setting.
5. CL corresponding to aw.
6. Calculate lift L = CL q S.
7. Calculate load on hull A = W - L.
8. Calculate Ca = A/wbl. If this value of C. agrees with

the value of Cv and the assumed r then,
9. Read CR from curves of Ca vs. Cv at best trim.
IO. Calculate R from R = CR • wb3.

If the first value of C, in 8 is not at the assumed trim
angle, it is necessary to assume another value of T and
repeat the calculations. The second approximation should
be very close to the desired value.

Effect of Wind on Take-off. The effect of a wind on time
and distance required for take-off may readily be deter-
mined by use of the complete method, if the value of the
water speed is used to determine Cv and the value of the
air speed is used to determine C.

Calculations have been made on a systematically varied
series of seaplanes to determine the time required for take-
off under various conditions. The results are given on
Figure 255. The variation of t with Vw for any given
seaplane will be along a curve similar to those given so
that a single take-off time determines the entire curve.

The distance required for take-off in a wind is given
closely by

Sw, _ tw'

S. ( k) (404)

In an example given by Shoemaker and Dawson 4 the
values were to = 39.6 sec and S. = 2570 ft in a calm and

4 J. M. Shoemaker and J. R. Dawson, "The Effect of Trim Angle on the Take-Off P.r-
formance of a F,,ing Boat." N'.A.C.A. T.N. No. 486 (1934).
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ti. 26. S(cc and 25g = 1 130 ft in a wind Vir = 25 ft,/se(c
w-,ithi a value V6. = io6 ft/sec. The value of V,,/JG V _;

0).236. Stairting at t,= 39.6, it is seen1 that t = 26.5 at
I'l W K; = 0.236, which is in clIose- agreemnj(lt withl the
-IIdCUIMte(l VALue. Using the Value from the curves

Sir 2570 (26.5/39.6)2 = 1150 ft

wvhich checks with 1130 ft ob~tained byV det ailed calcu-
lat ion.

Maximum Load That Can Be Taken off. It may be shiown5
that the reciprocal of the take-off time plots as a straight
line against po wer loading. The intersection of this line
wvith the loading axis at (0 t) 0 corresp~ondls to the limit-
ing condlition requiring an infinite time for take-ofl. It
may also b e shiow\n that the slope)(s of such lines are sub-
stantially the samec for all seaplanes, and that the maximumn

load that can be taken off is given closely b y

117-, + 141) Hhp (45

where t is the time in seconds requiredl for take-off with the
gross w\eight II' pouns.

Equa~tion (405) was dlerived from tests on flying boats,
but subsequent checks show that it applies equally well
to single-tloat and twin-float seaplanes.

The effect of change in 11' or blip is readily obtained
from equation (405) wvritten in the form

±-, 140 W. 140 iO (406)
bhipi t, blip 2

Notes on Float and Hull Lines. Certain general consider-
ations govern the p~roportions of float and hull lines re-
quired to give satisfactory performance. Sonic of these
are based on mnodel-lbasin tests, others on operating ex-

XX. S. Diehl!. "Tho Pstimal inn of (he Maximum Load Capacity of Scapianen and Flying
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perience. The brief notes that follow will attempt to
point out a few of the more important features that should
either be incorporated or avoided as the case may be.

Length. The length of a float or hull is usually de-
termined by design conditions that have no bearing on the
water performance. It is essential, however, that suti1i-
cient length be used to provide a safe longitudinal GM.
It is also essential to have sufficient length and freeboard
at the bow to prevent nosing over in take-off or alighting.

20

15 -FLYING BOATS

G -SINGLE FLOATS
>

10

z
W 8 0- --

0 -

I. 6 , O.

o

ta II , I

0 . .2 .3 .4 .6 .9 1.0 1.5 20 &0

LOAD COEFFICIENT CA = w
64 b

Figiurc 256. Variatiim of L-ad Ct(K ficictit \with SI etcd C ,wf c tit at Get ;may
Speed

Beam. The beam is prol)al)ly the most iml)(irt ant single
factor in (letermining water performance. In general. a
)roa(l beam gives low resistance at the hump lI high

resistance at planing speeds. A narrow beam will ha\v
high resistance at the hump and low resistance at planing
speeds. The best beam is a compromise, depending
somewhat on the get-away speed, since the dynamic re-
action may become excessive for a large b and high V,;.
The connection between b, TV, and V, may be obtained
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approximately from a plot of CA vs. Cv at get-away, as in
Figure 256. The value of Cv at get-away may be desig-

nated CV0 . Cva and CA are connected by the relation

Cyo = 7.3 Ca
hence

V 7.3 W

from which the beam in feet is

b = 107.2 W1 (407)

VG
2

where W is the gross weight in pounds and VC is the get-
away speed in ft/sec.

Owing to the effect of dead rise and other factors, the
actual beam used may vary as much as 20% to 30% from
the value indicated by equation (407). If the impact load
on the float is to be constant, it follows that

7 = K. b Vo'

where K is some function of the dead-rise angle a. Using
'on Kdirmin's formula for bottom pressure, equation (409),

the average value of K for a number of seaplanes is found
to be K = o.oiI cot a. Hence

b 2 W (408)
Va cot a

where Vo is the get-away speed in ft/sec, W is the gross

load in lb.

Depth. The depth of a float is usually determined by
the reserve buoyancy to be provided and in the past this
has been arbitrarily set at values ranging from 70% to
ioo%. There is some reason for believing that the ratio
of the depth to the beam should be constant at about 0.70

and that the larger sizes should run at relatively lighter
drafts. This is equivalent to increasing the reserve buoy-
ancy as the size of the float increases.
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Dead Rise. The proper amount of dead rise or trans-
verse Vee in the float bottom depends on stalling speed and

to a certain extent on power loading. A large dead rise
is effective in reducing shock loads, but it increases the
resistance and leads to undesirable spray formation.
According to von Kdrmn"6 the maximum pressure devel-
oped is

N= P V0
2 T cot a (409)

where V, is the vertical impact velocity, p is the water
density, and a is the dead rise angle.

Model-basin tests on the effects of dead rise have been
inconclusive, but the average design practice is to use an
angle varying with get-away speed about as follows:

VG mph = 40 50 6o 70 80
a = I0 150 200 2 5 30'

The Step. The "step" is a transverse discontinuity
in the bottom surface of a float. \When properly located,
the step gives a marked improvement in planing action
and control over trim. The step should bc so located aft
of the c.g. that a line drawn from the e.g. to, a point on the
step midway between the keel am the chine makes an
angle between 20' and 250 with the transverse plane con-
taining the c.g. and c.b.

The depth of the step is not highly critical between 3%
and 5% of the beam.' A shallow step improves condi-
tions at and below hump speeds. A dee) step improves
planing. It is probable that a reasonably detinite relation
exists between the desirable depth of the step and the
angle between the afterbody and forebody keels at the
step. The plan-form of the step is relatively unimportant.8

6
Th. von Kirmn. "The Impact on Seaplane Floato During Landing," N.A.C.. T N.

No. 321 (T929).7J. W. Bell, "The Effect oI Depth (f Step on the Water 11rfiormance of a Fling Bot

Hull Model. N.A.CA.M dl i C." NA \C . T.N. No Sls t i, 5;
J. R. Dawson. "A (eteral Ttnk Test otr N. \ C..\ M ,111 -I I-( i. Itit lul. liihrrlu

ia- t, Effect ot Changing the Plan-Form, ut the Step, N AC A. IN. N. S
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Step ventilat ion is tinnecessary exc(1)t where the step
and (rftrele) Insuch cases thle resi~l'C y

shows it sharp) peak dIropping abruptly to at much low\er
V~iltc it, thle outer edge of the step cleairs. This is shown
on hydIrovanc runs nly, for cxamj de, in ligure 25 which
is basted on Figure 10 of N.A.C.A. 'F N . 482.' The
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observed resistance curve was ABCD - - - - . The break
at B occurs as the step edge clears. Ventilating the step
would give a resistance curve ACD.

Keel-Angle at Step. The angle between the forebody
and the afterbody keels at the step is a major variable in
its effect on float performance." A small angle reduces
trim angles and is better at hump speeds. A large angle
is better at high speeds. In general, this angle should lie
between 70 and 90.

Spray Strips. Objectionable spray may be controlled
by "spray strips" attached to the chine. According to
N.-\.C.A. tests," strips having a width between 2% and 3%
of the bearn and set at angle between 300 and 450 below the
horizontal were very effective in controlling the spray.
The same or better results can usually be secured by the
use of bottom sections incorporating a hook or tangent
portion at the chine.

I- J. M. Allison, "The Effect of the Angle of Afterbodv Keel on the Water PerformanCe
of a Flying Boat Hull Model.' N.A.C.A. T.N. No. 541 (1935).

-1 Starr Tru,tt. .The Effect of Spray Strips on the Take-Off Performance o)f a Model
of a Flying-Boat Hfull," N.A.C.A. T.R. No. 503 (1934).



CHAPTER 18

FLIGHT TESTING AND PERFORMANCE
REDUCTION

The actual performance of the completed airplane is
naturally the basis of comparison with other types. Steady
improvement in minor details requires that the error in
measuring performance be less than the effect of the part
under consideration. Early investigators found a large
variation in the apparent performance measured on differ-
ent days or by different methods. Experience has shown
that the apparent variation can be reduced to a low value
if the performance tests are made with certain precautions
and the observed data corrected for abnormal air tempera-
tures. Some of the more important points will be dis-
cussed briefly.

Calibration of Air-Speed Indicators. In general, air-speed
indicators must be calibrated by runs up and down wind
over a measured course. Special methods, such as cali-
.bration against the reading of an instrument suspended
well below the airplane' or against previously calibrated
readings in a second airplane, are not avaihil)le except at
well-equipped flight-test organizations. (Calibration runs
should not be attempted when the cross-course component
of the wind exceeds about 15% of the airplane speed, since
this value reduces the measured speed more than i%.

Assume that a series of runs in pairs has been made
over a measured course, each pair consisting of a run up
and down wind, during which the following data are

W. G. Brown. "Measuring an Airplane's True Speed in Flight Testing," N.. C.A.
T.N. No. x35 (9a,).

510
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recorded: time over course, air-speed indicator reading,
rpm, air temperature, and pressure. The time over the
course gives the ground speed. Averaging ground speeds
(not the times over course) in each pair of runs gives the
true air speed for the given rpm and indicator reading.
The indicator reading is a function of pV'/2 and V is the
true air speed. The curve of readings plotted against
pV,'2 is the calibration curve. True speed may be ob-
tained from the instrument reading and this curve when p is
known. While the true speed is determined by the density,
the speed itself must be plotted against pressure altitude.

Maximum Speed. In order to determine the actual
maximum speed in horizontal flight, care must be taken to
avoid errors d1 ue to following sources: (i) failure to maintain
horizontal flight, (2) starting over a speed course before the
airplane has settled down te, steady flight, (3) variable
winds, or cross-wind component too large. There are
many other precautions to be observed, but those enumer-
ated constitute the chief sources of error.

A change in altitude of 40 ft/mi will give ie change in
the measured high speed of an average airplane. For this
reason high-speed runs are usually made at a very low
altitude and, if available, a statoscope is carried in order
that the flight path may be maintained horizontal. If the
ratio of maximum to stalling speed is greater than 1.5,
the error due to ground effect is negligible.

All high-speed runs should be started at a distance
from the first marker on the course which will allow from
30 seconds to 6o seconds for settling down to steady con-
ditions before crossing the line. This precaution is very
important. The last two or three miles of high speed
are attained by a comparatively slow acceleration, and
any control movements or changes of altitude andl direc-
tion will affect the high speed. In the first stages of the
appromlch to the starting line of the course, the pilot should
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fix his altitude andl direction. Undler no cond~itions would
a diving start b~e permissible.'

i gh-speed runs shouldI be mnade in a calmn, if prac-
ticable, although goodi results can h~e olbtained in any
steadly wvind which (foes not have a cross-cour-Se comnlofent
greater than 1,57% Of the SPee1 to be meatsured. Teists
Should never be made with gusty, variable, or unsteady
Nviflds, no miatter how light.

Importance of Correct Air Speed in Climb. Figure' 258 give(s
the calculated \v ina tiu n of rate of clinil, with true' air speed

1000ISED 'MI/R

600 10 70 80 9 1
liUre28 aito fCibwt i pe n lidSI o

NLeL t o akn lm tCrrc i uu.
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Figure 25,). l-if(ect ,f .pcct Ratiu tiu Parasite on Air Speed for Bc,~t
Climb at Altitudes
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and altitude for a typical airplane. Each heavy curve
gives the variation of rate of climb with air speed at con-
stant standard altitude. The central cross curve (long
dashes) passes through the maximum rate of climb at each
altitude and, therefore, gives the variation of best climbing
speed with altitude. The two outside cross curves (short
dashes) a-e marked 95/, and pass through rates of climb
95% of maximum at all altitudes. These curves show very
strikingly the importance of correct air speed in climb.

The general variation of true air speed for best climb is
given on Figure 259.

Variation of Best Climbing Air Speed with Pressure and
Temperature. In the study of performance reduction, the
best climbing speeds for a typical airplane were determined
at various pressure altitudes for temperatures 83.3%,
9o.9%, I io%, and I2o% normal. A large effect was found
as follows:

Temperature, % Normal ......... 83.3 90.9 ZOO i10 120

4,000 ...... 66.o 67 5 7) 0 70 5 71 0
Best climbing air speed 8,ooo ...... 66.o 68.0 70 0 73 74 o

at given pressure IOOO ...... 65.o 68.o 70.0 72(O 74 0
altitude, in feet. 12,ooo ...... 6 ,55 68.o 70 0 73 0 76.0

i6,ooo ...... 670 70.0 72.0 76.0 79 0

Taking the ratio of these climbing speeds to the cor-
responding stalling speeds gives:

Temperature, % Norma. .......... .. 83.3 90.9 1oo 110 120

ati Best climbing spee 4,00 ...... I 36 1 .33 1 .32 1 27 1 .22

Stalling speed 8,000 ..... 1 28 1 26 1 .24 1 .23 1.20

S0,000) ...... 1.22 1,22 1,20 1. 18 1.16
at given pressure alti- 12,o0 ...... 1.19 1 19 1 17 1.16 1.16
tude, in feet 16,ooo ...... 1.14 1 15 1 14 1.13 1.13

It is obvious that for all practical purp)oses the ratio
of best climbing speed to stalling speed may lbe clfsid(rcd
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constant at any given pressure altitude. This means that
the relation between angle of attack and pressure altitude
is not affected by temperature variations. Consequently,
the conditions for best climb at altitude must be specified
as the relation between the readings of a sensitive angle-of-
attack indicator and an aneroid. The common method of
specifying the indicated air speeds at various indicated
altitudes may give erroneous results. It will be found
satisfactory, however, to use indicated air speeds and
aneroid pressures.

Determination of Best Climbing Air Speeds. The procedure
formerly followed was to make a series of "saw-tooth"
climbs at various air speeds at a given altitude and thus
determine the air speed giving the greatest rate of climb.
This was repeated at various altitudes and a curve of climb-
ing air speed plotted against altitude. Such a curve holds
true only for the particular pressure and temperature
conditions existing during the saw-tooth climbs. In order
to obtain a general relation, it is necessary to specify either
angles of attack or indicated air speeds in terms of aneroid
pressure.

The recommended procedure is to determine the angle
of attack, or indicated air speed, which gives the greatest
rate of climb at each aneroid reading, and plot this against
aneroid reading. For example, the angle of attack that
gives the least time required to climb between aneroid
readings of p = 5io mm and p = 490, would be taken as
the best angle of attack for p = 500. The actual incre-
ment in pressure used to determine the best reading should
be so varied according to the rate of climb as to give a
minimum time interval of at least 30 seconds, and prefer-
ably more. Otherwise, experimental errors may affect the
results. The desirable increment in pressure will vary
with altitude (or pressure) but it is constant in all of the
runs at a given pressure.

mmm lmamm'fnng • nnunn-"mnnmb ' AILn m nn' m ,,
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Climbing Tests. After the relation between angle of
attack and pressure altitude has been determined, the
actual climbs may be made. Under average conditions,
the best method of starting a climb is to fly horizontally
in a convenient direction and at a low altitude, long
enough for the airplane to settle down to steady conditions
at the proper angle of attack for the existing ground pres-
sure. The time required is determined by the lag in the
aneroid and air thermometer, and the climb should not be
started until these instruments record ground conditions.
At the proper time, the climb is started by opening the
throttle while holding the angle of attack constant.

The climb should be made with a minimum number of
turns, which should be rather wile for best results. It is
advisable that a climb be repeated by one or more different
pilots, if possible. The composite results of three climbs
should be quite definite.

Variation of Rate of Climb with Altitude. The curve of
rate of climb against altitu(le on Figure 260 is concave
upward, as indicated by the dotted straight line connecting
initial and zero rates of climb. Analysis of a number of
climbs indicates that if strict accuracy is required, this
curvature must be considered.

The equation for the actual climb curve is of the form

dh

Letn Cd - ah + bh'

Letting

I

K - V/a7 _ 4bC,

C= (-a + a-- 4b C)

and C. (-a - "a'- 4b C.)
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Figure 260. Variation of Rate of Climb with Altitude
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The performance equations for climb are:

i. Time of Climb to Altitude h:

T = K log, [1+ 2Co-r ~ C ,,, h + 2Cj (410)

2. Absolute Ceiling:

2b .. . .(41')

3. Service Ceiling:

h, - /(I - 4b (C0 - ioo) (412)

2b

4. Altitude elinbed in time T:
2Co (e" - I

- C - C. en (4,3)

where
n = T'K

The constants a and b for any given rate-of-climb curve
may be obtained by taking tangents to the rat'-f-climb
curve and plotting the slopes against altitude. The
slope is

dh = -(I + 2bh4

Values read from Figure 26o are plotted on Figure 201.

The intersection with the axis at It = o gives a = +-0.75.
The slope of the line gives b = +5.() X Io-

7.

The practicail significance of the curvature in the rate-

Of-climl) curve may lbe illustrated by some definite values

1, iscd n the Clitni of FigIu re 26o. The ustal r.actice is
to draw a straight line through the points representing
rates of clinf1 at moderate altitudes. If this is dhnc as
with the line A in Figure 26o, there will be a rc(lulction in
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the indicated values of C., 11, and h8, compared with the
true values about as follows:

C. h,
Actual curve......................... 1270 TQ~0 17.300
Straight line A ........................ 1210 18,600 17.000

The approximation B is simply a straight line connecting
the initial rate of climb and the absolute ceiling. It is
optimistic on rates of climb at moderate altitudes.

-. 060 - - - - -- -

CL07 0 -0.075

-. 072

x mooob

N-.064

-. 060 _ _

-. 030
0 4000 6000 12000 16000

ALTITUDE - FT

Figure 2.61i. (Graphiical S lot in f r a and 1'

Reduction of Observed Performance to Standard Conditions.
SSince the power required for horizontal flight at a conlstanlt

angle of attack varies as V\p,,p regardless of the aictual
pressure and temperature while the thrust power available
varies ap~proximlately as p'-'3 andlT~ 5 it f ,ll)\IWs that thle

p~erformaLnce obtained at aniy giveni prssure varies w\ith
the temperature at that pressure. " Rc I lid 1) ) to) stain I.lrd
conditions" is dlescrip tive of the e )rrect Rfs that nius-t I)(
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applied to observed performance in order to bring into
agreement test data obtained under different temperature-
pressure relations. The standard condition generally
agreed on is an arbitrary specified variation of pressure and
free-air temperature with altitude, designated as the
"standard atmosphere." If the method of reduction is
correct, the reduced performance in standard atmosphere
will be identical, regardless of the temperature-pressure
conditions during the flights, providing necessarily that the
temperatures are within reasonable limits imposed by the
engine-cooling system.

Two general methods have been widely used in per-
formance reduction. In the older of the two, the "den-
sity" method, an observed rate of climb or an observed air
speed is plotted at the altitude in standard atmosphere at
which the density is that determined by the observed
pressure and temperature. In the other, the "pressure"
method, the altitude is determined by the pressure only.
Neither method is satisfactory, but in general, the pres-
sure method is the better of the two. If the temperatures
do not depart more than a few degrees from standard, both
methods givc very nearly identical results, but as the
temperatures diverge from standard, the reduced data
become unreliable. Consider two climbs, one made with
temperature 100 C above normal, the other with tempera-
ture 10 C below normal at all altitudes. On the density
basis, the reduction gives two approximately parallel climb
curves, one starting at +J170 ft and the other at -1230
ft. On the pressure basis, the reduction gives two diverg-
ing curves, both starting at the same point. It can, there-
fore, be definitely stated that the density method will not
give consistent results, and that the pressure method is
the better, but not entirely satisfactory.

Several modifications to each method have been used
at one time or another. A method proposed and investi-
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gated in England is' b~ased onl the use of an enginc power-
factor varying as p" pfl and according to recent reports'
the best agreement is obtained when n = 0.5. It is of
interest to note that the relation p'I5 T-" used] here is
equivalent to p0 ~po so that the two systems are in
substantial agreement.

Instead of trying to fit various theoretical or emplirical
methods to olbserved performance, it appears more logical
to determine the variation of performance wvith temper-
ature and pressure and thus determine an accurate method
of performance reduction. An extensive series of sys-
tematic p~erformance calculations have been madle for this
purpose andI very definite results oIbtainld.' Owving to the
great numb~er of calculations and culrve(s in1volVed, it wNill
be possible to give Only a brief outline of the methods
followed and the final results.

In the first series of calculations, use was mavde of the
p~erformalnce (data for aspect ratio 4.8 and1( normial p.1trasite.
Powers requiredI and availab le were catlcu latedI fo r a ItSol ute

tellperatures 83.3%, 90.9%, I iol, ;tnfl I 20C. normal at
constant pressures corresponding to altitudles of 4000,
8ooo, 10,000, 12,000, and 16,ooo ft. The pairt ictilatr low

temp~eratuires used were selected onl accountl ()f the simi-
plification in slide-rule calculations. Powers a\,ailable were
assumed to vary as p"~ T 0 5. 'Fhe data were 1 l)tted on a

fairly large scale so that maximum speeds, Climbing speeds,
and actual rates of climb couldl be determined accurately.

In the second series Of Calculations, the dlata on the
six aspect ratios and three parasite coefficients were used.
This investigation was limited to teml)pera tutres 83.3%,
andl 12o% normal at i0,o00 ft only, the first series having

H. Glauet, "A Discussion of the Law -f Variationt f Eticiti, Powtr with Htieight."
B,>.A.R.C. R. & M. No. 10()Q(0027).

3 J. L. H utchinson and E. Finn, "Determination of the 11-t ( An it cralt iNtrtormancv
Reduction from Flight Tests," irA.R.(i. R. & M. No I J tl)!2. R. S, ( tott "The
Reduction of Performance Tests to the Standard Atritoid ,rte ' ir.A.R.C. R.. & Ni. No. iotto
(1927).

*. S. Diehl. "The Reduction ot observed Ai rplate Pern,toce to St .t dar on-
ditions. 'N A.CA. T.R. No. 297 (1928)
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shown the effects to )e linear with temperature and inde-
pendent of altitu(le. The results of this investigation
are outlined in the folowing l)aragraphs.

The Reduction of Climb to Standard. It was immedi-
ately apparent from an inst)ection of the preliminary
data that a definite relation exited I)etween the pressure
altitude h,, the deisity altitude h,, ani what may be called
the "equivalent altittidle" in standard ;tmosphere h. (At
an "eC(Iuiidlent Altitu(lC" Under standaIrd conditions, the
rate of climl) is the saie as that obtained undher a given
non-standard condition.) The final relation was found
to be

h = h,,- K (h, - h) (415)

The values )f K f ,m i at v iriu Is tltittides are as f 'II, s

T T, .S33 9( ) I 10 1 2)

V\ tlm of K at 4,o(o (t ............. .11,4! 3 2f, 156 , 2

8.ooo ft.. .............. 34, 2 ;) 350O
1, 0(X) ft ................ 355 35 , ;8 370
I 2.0(w) f.t...... ...... . -,68 3IN2 ... 0 3 73

1 , oo ft ............ .. 371 191 384 377

Tihe variation in K found in the second series is so slight
that the value 0.36 may be used without appreciable error
for any normal airplane.

Two methods of plotting are available. A curve of
equivalent altitude h = h,, -0.36 (h, - hd) against time
nay he (Irawn anl the rates of climb at various altitudes
(letermineI from the slope of the curve, or the geonwtrical
rate of climb may be calctlateh and plotted against h.

The Reduction of Maximum Speed to Standard Conditions.
The maxim urnli Speed at 12,000 ft pressure altitude is de-
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creasedl 1.4 mph by temperatures 83.3%0/ normal and in-
creased i .0 mph by tempeiratures 120%11 normal. These two
Conditions correspond to density altitudes of 615o ft and
17,020 ft resp~ectively. It is therefore ob)vious that speeds
shouItld not be plotted on the density basis.

Maiximumin speeds have b)eenl calculated for six dlifferent
asp~ect ratios an(I three parasite coefficients at temperatures

83 3lC an i~o normal at 10,000 ft lprcsti re al titaude.
Tiese two temperat tires corresp~ond to denisitLv al titudn es
of 4"4() ft aind 15,670 ft, respectively. A\ stuidy of the

speed( ata shoIws that the effect (If a temllerat L ire change
at a given pressuire increases very slightl lvwith icrease
in aspect ratio and with decrease in parasite coelicienlt.
Low temperatures decrease the nMIiaIIIuI-1 S1)et~l, high
teniperat tires increase it, at a given prssr altitude.

I' P to 70%' of the ab~solute ceiling, tihe chiange in high speed
for normial temp~eratures is less than thle experimental error,
so that actu nira masured true air spleed m nay beI plotted,
wit hou t correct io n, against the pressure altlitudIeI. A con-
si( lral ' error might easily lbe possibile at Ilt itti(1C abott
7(0/- (If the ablu~Itte ceiling, if the nieast rcd 'sp)eeds are
followed tool closelv. The relations are such inl this region
that in all p~rob~ability no satisfactory methiod( of exact
redluctio n (an be found . It is reco mmlendo ed that this
part (If the dlata lbe obtained biy extrapo latiol n, to the
absoltite ceiling, of the Curves (If miaxiniian1 speed and
climbing speed plotted against altitude.

Assumling that the p~ower available remains constant

and the pow~er requtired varies ats the cube of the speed,
the effect of temperatuLre on VMv is giveni by

M -3 ( 7,. (40)

where T., is the standard (absolute) temperature andl T.

is the acttial (absoluite) temperature A the! observe.d pres-
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sure. There will be an additional AV due to change in
power with temperature. These two effects may be calcu-
latedl separately and combined to find the correct speed
under specified conditions, for example, at the critical
altitude with a supercharged engine.

Example of Climb Reduction to Standard. Tables 27 and
28 contain the observed data and calculated altitudes for
two climnbs on at typical airplane. In climb No. i, the
ground tei pc-ra tuLre was 26.5' and at all altitudes the

20000---------------------

16000 L -

I

12000 W--

800<

z

4000
0

< Y ~ I ME-MINUTES
10 o 0 I 04

RATE 9F CLIMB FT/MIN. I
0 400 800 1200 1600

Figure 202. Comiparison of Reduced Performance from Two Climbs by
Diffecrent Pilots
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TABLE 27. REDUCTION OF CLIMB TO STANDARD, CLIMB No. 1

OBSLRED DATA A-LTITUDES (ft.)

Pressure Air Pressure Densit

Time M Tep presr IDsity p - d LI hMin. Hg oC.

0 762 26.5 -70 1,170 -1,240 -446 +376
2 697 18.5 2,370 3.3.11) -960 -345 2,715
4 642 12 0 4,590 5,290 -7

(x)  
-252 4,842

6 594 8 o 6,66o 7,430 -770 -277 6,937
8 '563 5 o 8,070 8,780 -71) -255 8,325
i1 53 3 0 9.490) 10,270 -780 -280 9.770
12 5(X) o 5 10,(),1) 11,46o -780 -280 10,9(0
14 493I -- 0 11.4)0) 12,050 -560 -202 11 ,692
I , 477 - ) 0 12,, -) 12,730 -40( -144 12,474
IS 45- -7 ( 13,350) 13,89 -540 -194 13,544

2) 440
,  

- 1 , 4.020 1447) -45) -162 14,182
25 421 -o ) 1 5,450 f, 141) -6)o -248 15,69.'5
30 V6 -1( 16,230 16,950 -720 -259 16,489

A =0.36 P I d) h h - h

TATI.L 2. RFTr cTloN OF CLIME TO STANDARD, CLIMB NO. 2

OBSERVED DATA ALTITIUDIN fft.)

Tm Pressure Air Pressure DenSi", l

Nm I . ,- H re ur es' hp hd 41h I
,Ti. m emp. hp lidM,f. Hg. C.

0 764 12 0 -140 -520 +30 + 137 -277
67o 0 3,44) 3,1 0 +20' -93 3,347
6.5 () 4,470 4,34) + 13) ±47 4.423

6 0'5 5 0 6,170 6,470 -300 - IrS 6,278

8 565 I o, 7,97) 8,10 -I()O -68 8,038
10 531 -3 0 9,580 9,7(0) -12o -43 9,623
12 507 -3 0 10,780 I1,150) -37 -1,33 10,913
16 464 -6 5 1 13,030 13,330 -3

(
x) -108 13,138

18 447 -9 5 13,9 6 o  14.33)) -370 -133 14.093
2) 435 -10 5 14,64) 14.951 -310 I I4,751
25 414 -15.5 15,870 15,98o -110 -40 15,910
30 398 -17 5 16,830 16,950 - 20 -43 16,873
35 388 -19 5 17,46o 17,460 0 0 17,46o
40 381 -20 5 17,900 17,88o 20 +7 17,907

0L.h = .36 (hp- hi) h hp - Ah
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temperature was higher than normal. In climb No. 2,

the ground temperature' was 12' C and the temperature

at altitudes was sometimes below, sometimes above normal.

The altitudes It, calculated from equation (415), are

plotted on Figure 262 and the rates of climb determined

by the slopes of the curves. In spite of the considerable

difference in initial conditions, the rates of climb are in

excellent agreement when reduced by this method. On

either a density or a pressure basis alone, the results diverge

to a marked degree.



APPENDIX I

STANDARD ATMOSPHERE

The "standard atmosphere" is an arbitrary variation
of temperature, pressure, and density with altitude, which
is used for numerous aeronautical purposes, but chiefly as
a basis for comparing performance. The standard atmos-
phere recommended by the National Advisory Committee
for Aeronautics' and adopted in 1925 by all interested
government departments for official use in the United
States is based on the following assumptions:

Ground temperature, t, = 15' C = 590 F
Isothermal temperature, t = -55' C = -67' F
Temperature gradient, a = o.oo650 C/m = 0.oo3566' F/ft
The air is a dry, perfect gas.

The resulting equations are:

T= T.-ah (417)
/,-/,,\ /T \

p =RgpT, or T ~- (408)

h T, log, (419)

T,I = Harmonic mean temperature

ah

ISe "Standard Atmosphere-Tables and Data," N.A.C.A. Technical Report No. 218
(I955).

527
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TABLE 29. SrANDARD ATMI I'tI ER1:

h ' 1 .

- N .... .... ..ft p. P.

-4,00) 5 133 1 .225 1 0595 89()9 7937 .9438
-3,(1) I 1134 I.0909 1 0445 .9167 .843 .9574
-2.000) 1.745 1 0599 1.0295 .9435 .8902 .9713
-I .000 1 0367 1.0296 1.0148 .9713 .9433 9855

0 .0000 1. .woo )0 1. 0000 I .0000 1 .0000 1 (1)11)

1.000 1 .9644 .9710 9854 1)299 06o7 1 )148

2,000 9298 .9428 9710 1 0607 I 1250) 1 01299
3.)() .8962 .9151 .9566 1 0928 1 1941 1 (454
4,000 8636 .888I 9424 1 12( I 2679 1 1611

5,OO(x) 8320 8616 .9282 1. 1606 I 347 ) '1773

6.o0) 8o[3 .8358 9142 1 1965 4316 1 19.9
7.004 7716 8106 9003 1 .2336 1 5218 1 I ,17
8.0o) .7427 7859 .8A6,5 .2724 1 619o1I 1281
9.00) 7147 7619 .8729 1.3125 I 7227 1 1456
1, )(10 .6876 .7384 .8593 1.3542 1.8338 I 1637

I, (X)() 6614 7154 8458 1 3978 J 9538 1 182,
12.0) .635) .69o; 8325 1 .4427 . 2.o814 1 2()12
13.(0o 6112 .0712 I 8193 1 .489) 2 2198 1 22 6,

14.1() .5873 .6499 .8o62 ..5386 2 3673 I 2404
15.),:(o .5642 .6 291 7932 1 5896 2 5268 1 2()1(8

16.ooo , .5418 .6o88 78113 1 6425 2 6977 1 281(,
17. 5202 .5891 7675 .6975 1 2 8815 I 3(12

i .......' 41*
2  

5 r
g  

7 9 5 " . qu 324X

19.0)) .47)0 5,91) 7422 1 2 3. 2951 1 3473
210,01 45)4 .5327 .7299 1 8772 3 5239 1 37l11

2.1) .4405 5148 7175 T 9425 3 773.3 1 I3937
22.010 4222 4974 .7053 2 104 4 (417 I 417)
23.1() 4045 48)5 6932 2 ,812 4 331 A 1 4420
24.0041 .3874 4640 6812 2 1551 4 6444 i 468T
25.:)m) 371)9 4480 .6693 2.2321 4 9823 1.4()4()

26.)0o 355Y)  4323 .6575 2 3132 5 35
(
)9 1 520)

27.00) 3397 .4171 .6458 2 3975 5 74q1 1 5484
28.00() 3248 4)23 .6343 2 4857 6 178(1 i 57 (,6

29.00 316 .,3879 .6228 2 5781 6 64(6)1 11(56
30.(N)1) 2968 .374o : .6116 2.6737 7 1486 I (1352

.31 .o000 .2834 3613 6oo2 2 7755 7.7034 1 660(
32.)() .27)7 .3472 -5892 2 88o 8.295o 1 K671
3,1.

(
)0() 2583 3343 .5782 2.991,3 8.9478 1 7295

.34.. 2465 3218 5673 3 1075 9 6565 1 7628
35.MR) .2352 3098 5566 3 227) 1I) 4192 1 1 7966

36.o(,/ 2242 .2962 5442 3.3761 11 398)) 1 8374
37.0)0 2.17 .2824 5314 3 5411 12 5394 1 8818
38.11 20.7 .2692 . 188 3 7147 13 79)1 I 9274
3)) .111 11)4,3 2566 51'66 3 8971 15. 1874 i 9741
40) 1852 2447 4947 4 o866 16 7o)o,3 2 0215
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telowte ist 1herml" ION-l (10,769 "1 ()1 35.332 ft) thle
1011mvUifl( relations e-xist:

T.K) , (421)

'I) (F (() (422;

(0)~j) (423'

(-1 ) (426'

- Q ; i)'(4-27

In the fnregzoig equaion-;l, the suh. 'H pi 0 (~sto 11lc
stada~d l fl it jon. At sedi-le\ (1. hi 1s he- ;dtiiilt an' i
t he' gas ( instanlt for air.

Ilie ~ ~ ~ se C)i1 flV 152 Stlia d ItIlm 1 dwn. 'lh ia Ii{)S ;11-
'IN-ell III Tltbl 2().

Approximate Equations for the Standard Atmosphere. Ap-
Plr ini;tte rclaionms aire frdcn!' ilitvd t'( ir tilek 5t'liii(Ild
itinoslplr( raitios. A\ study'V ha~s h(ei mfaile to dc'.eln

a series Of C( uatiofls that are sni tahlIe foir variou pI u rJ)( ses.
,TIhe most useful or most accurate approximations obtainedI
for density ratio are as follows:

p I It 4 8

PO 40,000(48

= e 3 4100 0 i- (429)

.33,60() - 0.531h(40
33(0o +- 04 h 40

Wi' .O .37( 1 S m p rxi ar iain rtw'tmjt~ \m p er, . .
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Equation (428) is within 2% for values of h less than
i6,ooo ft, equation (429) is within 0.13% below 30,000 ft,
and equation (430) is within 0.75% below 30,000 ft.

The approximate equations for x/op/p are

PO + h (43)
p = 6o,ooo

-h

= e -,s 2 707h (432)

68,320 + 0.293 h= 68,320 - 0.707 h (433)

Equation (431) is within 1% below I6,ooo ft, equation
(432) is within o.io% below 30,000 ft, and equation (433)
is within 0.02% below 30,000 ft.

The approximate equations for pressure ratio are

-h

e-- 7,= -0097h (434)

27,000 - 0.48 h

27,000 + 0.52 h (435)

Equation (434) is within i% below 20,000 ft and equa-
tion (435) is within 1.3% below 30,000 ft.

Standard Atmospheric Relations Used in Performance Re-
duction. The relation between pressure, temperature, and

density ratio, at any altitude is

P= 38 pmm Hg

Po (t OC + 2730) (436)
= 9624 p in Hg

OC + 2730) (437)

17.32 p in Hg (438)
(I OF + 459.40)
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The relation between an increment of pressure Ap =
(p1 - p2), the average density p. between P, and p,,
and the increment of altitude Ah is, in metric units:

Ah -13.59 Ap mm Hg (439)
gpm

and in English units
Ah = 70.67 Ap in. Hg (440)

gp,.

Figures 263, 264, and 265 are plots of pipo, p/po, and
p against altitude in standard atmosphere. Density
ratios may be calculated by equation (436), and the cor-
responding density altitudes found from Figure 263.
Pressure altitudes may be read directly from Figure 265.

Figure 266 is a plot of /po./p against altitude.
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APPENDIX II 

GENERAL CONVERSION FACTORS 

The following table of conversion factors departs from the 
conventional form in that the factors arc given to as many 
significant figures as possible. While in most cases four or five 
significant figures are sufficient, it has been the author's experi
ence tb t grc:1.tcr accuracy is often required. It is not intended 
that lhc factors be used as given, unless such accuracy is'required. 
For example, the exact conversion factor from cubic inches to 
cubic centimeters is r6.387r624, but r6.39 or even r6.4 is often 
close enough. 

Fundamental conversion factors. 

I meter = 39.37 inches (Act of U. S. Congress, 
28 July, I866) 

= 3. 2808333 feet 

I ponncl = 4.53. 5924277 grams (International Bu
reau of Vlcights and Measures, July 
!893) 

Specific weight of dry air with normal C02 content 
at 76o mm. Hg-. and 0° C. = . ooi2930 gr./em. 

Specific weight of mercury at 
0°C.. = I3,595.Ikr,./m 3 

Standanl gravity (Inter
national) g . = 980. 665 em./ sec! 

= 32.174 ft.;'sec. 2 
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-------~:-:c=·=---=-----~::.:::::_-_=--=====;======= 

]\ ft;r;rr PLY 

---·---------

A trnnspl1crcs 
" 
" 

Bars 
B. t. u. (me:1n) 

" 

Centimeters (em.) 
" 

em. nf mercury 

em. per sec. 
cubic ccn t i meters 

" 
cul1ir· feet 

" 
" 

cubic feet per min. 
'' IC 

cubic feel of water 
cubic inches 

" 
" 

cu hie rnetet,.; 
" 

cubic vnrcls ,, 
Degrees (nrc) 
dvnes 
d)•ncs per ~;q. ern. 

Ergs 

Dv 

76.0 
2<).<)212 
3J.H<)H.) 

1o,,;;p. 276 
q, 6<)601 

2,116.225 
1,013,250. 

LO 
777' <)8 

1,054· 8 
.251<)8 

107.560 

-393700 
.032il083 

5-352391 
-4460,;26 
. 193Jf>l-l 

27.84507 
1,,5· 9510 

. o:;2RoS~) 

.000<)99973 

.061023.38 
r,;:S.o 

1/9 
7. 480SIC) 

28,317.017 
28.3162.) 

.028317017 
-471704 
. 028317 

62.4283.3 
16.387IIi24 

. 01(>.387(> 
I/231 

10 6 

61,023.3753 
35· JI.J..J-548 

I· 307943 
264. 170 
2/. 

-76455945 

.0!745..1292 

.00101<)72 
I.O 

I.O 

To OnTAIN 

em. mercury 
inches. mercury 
feet of water 
kilograms per sq. meter 
pounds per sq. in. 
pounds per sq. ft. 
bars 

(lynes per sq. em. 
foot-pounds 
joules 
blograrn-calories 
kilogram-meters 

inches 
feet 
inches of water 
feet of water 
pounds per sq. in . 
pounds per sq. ft. 
kilograms per sq. meter 
feet per sec . 
liters 
cubic inches 
ce.bic inchc.J 
cubic yards 
gallons 
cubic centimeters 
1i ters 
cul>ic meters 
liters per sec. 
cubic meters per min . 
pounds 
cubic centimeters 
liters 
gallm' s 
cubic centimeters 
cubic inches 
cubic feet 
cubic yards 
gallons 
cubic feet 
cubic meters 

radians 
grams 
bars 

dyne-centimeters 
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MULTIPLY ByTo OBTAIN

]Fathoms 6.0 feet
1.8288o meters

feet 12.0 inches
13I yards

30.4800613 centimeters.
3048006) meters

feet of water 1029500 atm )spheres
433530 poundis per sq. in.

62.428327 p)oundls per sq. ft.
*304 8006 kilogran,, per sq. mneter
*.882671 inches of miert tr\-

224199 centimelte< ,f mer, ury
feet per rain. 10113636) miles per hr.

018288 kilometers per hr.
* .508001 cenltimewters per sec.

feet per sec. .6818i8 miles per hr.
1.09728'221) kilometers per hr.

30.48006 centimeter, per sec.
* 3048006 meters per see.
15920858 k-t

toot-pounds .138255 meter-kilog rams
foot -poundls per min. 1 /33.000 horsepoweur
foot-pounds per sec. 1/550 horsepowecr

Gallons 231.0 culic inches
1313680 col1ic feet

3.785332 liters
832680 imperial gallons

gallons-Imperial 1 .20094 gallons
277.4176 c uhic inches

4.59459631i liters
grains .0647988 grams
grams 15.43236 grains

035S2739 ounces
.0022046z23 pounds

1,000. 0 milligrams
.001 kilograms

98o.665 (lvnes
gram-calories .00396859 if. t. u.
gram 1-uentimeters 980.665 ergs
grams per cm. 0'I kilograms per meter

o 6719702 pounds per foot
.0055914 pounds per inch

gramns per cu. cm. 1,000.0 kilograms per cu. m.
62.42833 pounds per cu. ft.

Horsepower 33,000.0) foot-pounds per rain.
550.0 foot-pounds per se
76.04039 kilogram- meters per see.

1.013872 metric horseplower
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MULTIPLY By To OBTAIN

horsepower, metric 75.0 kilogram -meters per see.
.1.986318 horsepower

Ihorsepower -hours 2,545.06 B. t. u.
1,980,000. foot-pounds

273,745.4 kilogram-mecters

Inches 2.54000508 centimeters
1Tnches of mercury .0334211 atmospheres

13.5951 inches of water
i- 132925 feet of water

.4911570 pounds per sq. im.
70-72661 poundls per sq. ft.

345.3162 kilograms per sij. meter
iics of water .0735559 inches of mercury

t 8bb324 centimeters of mercury
.0361275 pounds per sq. in.

5.20236o pounds per sq. ft.
25.400051 kilograms per sq. meter

Joules 107 ergs
.737560,6 foot-pounds
* 1019716 kilogram-nmeters

Kilograms 2.20462234 pounds
33 273957 "unces

1,000 0 grams
k ilogram -calories 3 9685 13. t. u.

3,087 4 foot-pounds
426. 85 kilogrant-meters

,ii grain-meters 7 2329983 foot -pounrds
i 9.8c,665 X 10o7 ergs

Liogramts per eu. meter .06)242833 poundIs per Cu. ft.
.001 gramns per eu. cm.

I. i,~ rmse met er . .67 19702 p ounds 1 per ft.
kilograms per sqI. meter .001422,14 pounds per sq in

2048~169 lotl-Ils per sq. ft.
I .002 S959o inches of mercury

003280833 feet of water
0 1 grants per sq. emi.

kilometers 3,280,833 feet
62 13700 miles
5395W3 nautical nriles

kilometers per hr. .9113426 feet ;per sec.
.6213700 miles per hir.
.2777 meters per sec.

o.539593 knots
knots 1 0 ItautiCal Mtiles per hr.

1. 68$944 feet per s~ee.
1 151553 miles per hr.
1. 85324 kiometers 1,cr hr.

.514791 meters per~ sec.
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MULTIPLY BY To OnTAIN 

---·------- -------- -----------
Liters 

" 
" 
" 
" 

Meters 
" 
" 

meters per sec. .. 
" 

nncrons 
miles 

" 

miles per hr. 
" 
" 

miles per hr. squared 
mills 

" 

Nautical miies 
" 
" 

Ounces 
" 

ounces per sq. yd. 

Poundals 

pounds 
" 
" 
" 

pounds-feet 
pouncls per ft. 
pounds per cu. ft. 

j' '' 

pounds per cu. in. 
'' ,, 

pounds per sq. ft. 
'' &t 

pounds per sq. in. ,, ,, 

" " 

I ,000. 027 
61.02503 

.0,153154II 
-- .264178 

.219975 

39·37 
3.280833 
I .09361 I 
3.280833 
''.2369317 
j.6oo 

.0001 
5,280.0 

I. 609347 
.8683925 

I .46666 
·4470409 

I. 609347 
.8683925 

2. I5IIII 
.OOI 
.025400 

6,080.20 
!.15IS530 

I ,853. 2486 

I/16 
28.349s2i 
33-906096 

.0310810 
13,825.561 

453·5924277 
·45359243 

!6 
32.I74 

. 1382552 
I.488I6I2 
16.018369 

.0160!8369 
1,728 

27.6797424 
. 192220 

4.8824088 
2.036009 
2.306645 

.0680457 
703.06687 

cubic centimeter~ 
cubic inches 
cubic feet 
gallons ·
imperial gallons 

inches 
feet 
yards 
feet per sec. 
miles per hr . 
kilometers per hr. 
centimeters 
feet 
kilometers 
nautical miles 
feet per sec. 
meters per sec. 
kilometers per hr. 
knots 
feet per sec. squared 
inches · 
millimeters 

feet 
miles 
meters 

pounds 
grams 
grams per sq. meter 

pounds 
dynes 
grams 
kilograms 
ounces 
pounclals 
kilogram-meters 
kilograms per meter 
kilograms per cu. meter 
grams per cu. em. 
pounds per cu. ft. 
grams per cu. em. 
inches of water 
kilograms per sq. meter 
inches of mercury 
feet of water 
atmospheres 
kilograms per sq. meter 
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MULTIPLY BY To OBTAIN 

Quarts (dry) 67.20 cubic inches 
" (liquid) 57·75 cubic inches 

Rndians 57·29578 degrees (arc) 
radians per sec. 57·29578 degrees per sec. 

" .159155 revolutions per sec. 
" 9.54930 revolutions per min. revolutions 6.283185 radians 

revolutions per min. . 104720 radians per sec . 

Slugs 32. 174 pounds 
square centimeters .1549997 square inch 

" .00107639 square feet 
square feet 929.03412 square centimeters 

" .092903412 square meters 
square inches 645. 162581 square milli?leters 

" o .. 15To:<!5R~ ~f!n~-o t;t!Jl!:~rr:~t:-~.: 
square kilometers ·386I006 square m1it::> 
square meters 10.76386736 square feet 

" 1.1959853 square kards 
square miles 2.59000 square ilometers 
square yards .8361307 square meters 

Tons, long 2,240. pounds 
" I,OI6.047 kilograms 

ton:;, short 2,000 . pounds 
" . 907.1849 kilograms 

tons, metric 1,000, kilograms 
" 2,204. 622 pounds 

Yards 91 ·44018 centimeters 
" ·9144018 meters 



APPENDIX III

USEFUL FORMULAS

Powers and Roots.

-a -- am. a (m +n)an
-- n a(m-n)

a "n (a-)n = (a,,) .. = a 'm

a" - "Va a = a~i
ai a

(am) n at..
(ab)" n an b" (a)" L a - -

(ab)": b=

Logarithms.

Let bx = N (b > i.o)
Then: 1ogbN = x !ogb b = i.o

logb 0 logbo = -

Iogb MN = logbf + logbN
M

10gb N = 
1ogb 1 - logbN

logb A" = r. logbAT

logb VN- . logbN

S

logb N - log0 N
lo-g-.b

e = 2.71828183 loge 1o = 2.30258509

loge2 = 0.69314718 logioe 0 0.43429418

loge N =loge io. log,,, N
542
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Derivatives.

FUNCTION DERIVATIVE

dit dz,

dit

dui (h,

dx

1ogu................og,,e dui
it dx

1o~ui dit

(li&t

au................ . . . .a (1fl 
d.x

(lit

.- du, 1 du
uv . .. . . . .dx +dx

ax

dti

tan it...................it dui

dx

c is any constant. it and 2, are any functions of x.
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Integrals.

FUNCTION INTEGRAL

aa - it -;- I n

du

(a

Ca

Y4 dv..........................f du

us and v are am, functions of x.
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Abbreviations, 18 Altitude,
Aerodyniamic , detfiliti-,1, 3-; bhp variation, 315-319
.\iler'm-, n .1-221 climbed in a givell time, 375-376,

I alanc d. 22o-225. 228-233 407-412, 1I1
etficient:,. -7 220 critical. 314, 316-3110, 358, 380-381,
1iIt 101111 , 11,- 102 40h1, 412, 442-;.13

Iype, 221c-222 engine and propeller, 355-35()
witr- tItICl test , 11(1-102 extrapolation of curve, 38(-381.

Airi,,ilt ,. 412

center .cCtioll Clit-oitts, 134-135 supercharged eigine, 314319,
data. iio-it, i I1 380-381, 40(1-407, 442-443
dra., I14-1 17 effect oil,
eftie cIII, V. I I)- 120 maneuverability. 174-4,8r
lealing edge radius, 114 specific fuel c11Istilpti,,n. 321
lift, 112-114, 117 take-off rtto, 440, 442-443
N, .\. C. .\. related, I11-113 equivalent. 522
ordinates, 130-T31 loss in a vertical dive, 452-458
reflexed trailing edge, o6, 114 'ariatin of.
secetito If Mn, 128-130 blip With, 315-319

4h tted. 1()2 I(5 maxinnmum speed. 301-3Q3
symolic equivalns, 130-131 thp with, 355-351, 376-378
tall sur face, 2r 1-202 Aneroid, 51;
tapered. 133-134 Angle between keels at slep, 507,
tests, 8t0-9o 509
with flaps, 141-170 Angle ,f
zero lift. 120-122 attack.

Airplane, for zero lift, 62-. , 120-121
axes, Q-12, 238. 241-242 in a climb, ;t5
crrss-wind force, 254-25; induced, 34-35. 54
design, 3, I41-142, 171-172, 468-490 hank. 461-462, 4(4-.4166
efficiency factor. 399-41 blade Setting, 324-325
equations of m1iotiOln, 362-33, 450- climb. 443-444

452 (lead rise, 506, 507
flight tests, 510-526 dihedral, 211-215
forces acting on, 362-363 dive, 458, 46o-462
model constructin, 89, 92-93 glide, 169, 459-46o, 444-445
model tests, 9o-108 tail setting, 193-197
parts, drag of, 260-311 Area,
performance, 362-382, 383-413, ailerons, 215-22i

428-434 balanced controls, measurement of,
terminal velocity, 450-452 225

Airship, C-class offsets, 272 elevators, 197-201
Air speed, fin and rudder, 203-215

determination of, 510-512 measurement of. 187, 225, 385-386
economical. 41- parasite flat plate, 261
for best climb, 402-403, 512-515 rudder, 210-211
indicator calibration, 5io-5ii, 515 side, formula, 208-209
most ecronrmica!, 414 stabilizer and elevator, 182-202
true, 356 variable, i59q62
wind effect, 425-426 wing, 385-386

545
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Aspect ratio, 33-34, 6o-6i, 91, i89-19i Body-prop!ler interference, 3,34, 336corrections for, 130 Bomb, drag .0, 306-307effect )n, Bombing rang", 42.1-42i
absolute ceiling, 472-474 Roundary laver cottro l, 1 67air speed for best climb, 402-403, Brake horsepower,; 13-5"1 4 general curves for, 313, 345-347,dovn%%ash, 31-3.3, 57- 58 4
orizontal tail area, 189-i91 in range calculation, 414-415initial rate of climb, 472-473, variation with
482-490 altitude, 315-310, 521maximum Speed, 383-396, 469- pressure and temperature, 315473 speed, 346-317power required, 303-397, 417-418, Brakes. landinw W:e, 448469-471, 482-490 lregt et's formulas. 419-422slope of lift curve, 51-55, 95-96, Btuffeting, t0il, 192-193
126-128 Buoyancy,

speed for minimum power, 393- excess, 290, ;o6398 horiztntal, 80,, go
equivalent monoplane, 34-35 Burble,
low, 51 compressibility, 140virtual, 398-401 interference, 95-90

Atmosphere, standard, 520-535 (See
also "Standard atmosphere") Cable drag of, 276-280Attack, angle of (See "'Angle of at- Calculations,
tack") ceiling, absolute, 371-375Axes, performance, 361-382airplane, 9-12 rate of climb, 371reference, 9-12, 238, 241-242 Calibration of airspeed indicators,wind, 9-12, 101, 241-242 510-51 I

Camber,Balance, effect on
dynamic, 228-230 airfoil lift, 112-11 4effect of flaps on, 202 profile drag, 114-117longitudinal, 9-100, 202 mean, 11-i0tail setting for, 99-too, 193-t97 C-class airship,

Balances, wind-tunnel, 74-75, 89-90 drag, 275-276Bank, angle of, 461-462, 464-406 offsets, 272
Beam, seaplane floats, 505-5o6 Ceiling,Bernoulli's theorem, 25-26 absolute, 324, 371-375, 380, 403-
Biplane, 

406, 518-519drag of, 38-39 service, 375, 406-407flaps or', 385 supercharged engine, 4o6-407lift-curve slope, 55 Cellular radiator, drag of, 305
lift distribution, 66-72 Center, aerodynamic, 01-62, 122-123,lift, maximum. 132-133 178-181mean chord, 178-181 Center of gravity, location, i17o, 17-moment Coefficient, 70-72, 175-178 176, IFI-182, 191-192,' 251"lost efficient. 39, 47 Center of pressure, 62nacelle drag, 301 lateral, ioivirtual mean chord, 179-181 Centrifugal force, 461-462. 465j-466

Biquadratic, stability, 236, 239-240, Characteristics, wing-section, i o-244, 252 111, 115Blade, Chart, absolute ceiling, 374, 404
angle for constant rpm, 358, 360 Chord,
setting, 324-325. 3,9-330, 332, 337, mean, 72, 178-181i.58, 36o, 36'9 virtual, i7,o-18t
twist, 325 Circling flight, 461-466

35,3A,39vita, 7-8
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Circulation, 23-24 ControlW(s'-Contin~ued
Climb, boundary layer, 167

accurate curve for rate, 516-510 directional, 102-104, 203-215
air speed it', 371-375, 402-403, 512- hinges, binding, 217

515 horns, drag, 305
effect of temperature, 514-515, lateral, 100-102, 170, 215-221

520-522 longitudinal, 97-100, 182-202
equation for rate, 401 mass balance, 228-234
general curve for rate, 407-408 surface,
graphical solution for rate, 367, dead-center effect, 201

371 design, 172-235
initial rate, 371, 401-403, 473, 482- Sections, 201-202

490 tabs, 197-200
in ten minutes, 411-413 Conversion factors, 14, 536-541
linear rate, 407-413, 518-519 Coordinates of c.g.. 173
maximum path angle, 443-444 Corrugations, drag, 270
minimum safe rate, 481-484, 486- Couple, 5, 203

487, 489-490 Cup anemometer, 264
pati angle, 443-444 Curvature in rate of climb, 516-519
rate of, Curves, general, for,

general curve, 407-408 hhp. 312-315, 345-347, 349
initial, 367-371, 401-403, 472-473, endurance, 430, 432, 434

482-4(0 power coefficient, 344-345
linear, 4o6-413, 518-519 propeller efficiency, 333-335, 336-

reduction to standard, 520-522, 524- 337
526 range. 431. 433-434

sawtooth, 5iS rate of climb, 408
tests, 5i5-5i6 rpm, 348
time of, 375-376. 407-413 thlp. 349-354. 417-418, 437, 439
variation with altitude, 381-381, time of climb, 409-413

516-519 Cut-outs, center section, 134-135, 187
zero rate of. 482, 484-485, 487-488, Cylinders, drag of, 263, 265-206

489
Coefficient(s), 13, 14, 260, 321, 322 Damping,

absolute, 13-14 coCfficient, 239-240
additional mass, 2o6 in pitch, 247
damping, 239-240 in roll, 101, 256-257
mass, additional, 203, 2o6 in yaw, 258
non-dimensional, 13, 14, 321, 322, oscillation. 244-245

5oo-5o to half-amplitude, 245, 2;3
normal force, 62 Dead-center, control effect, 201
propeller drag, 450-452 Dead rise, 5oO, 507
speed-power. 325-328 IJecalage. 66-69, i8o
traction in take-off. 438 Decrement, logarithmic, 245

Combined loading, 488-490 Definitions, naval architecture, 491-
Compressibility, 77-78, 91-92, 139-140 492

burble, 140 Density,
Compression ratio arid fuel consump- altitude, 522, 525

tion, 319-320 effect oil,
Constant (s), blip, 315

angle of attack, range at, 419-422 speed in a climb, 371-375, 514-
rate-of-climb curve, 516-519 515
rpm, 336-338, 358-360 speed in a dive, 450-458
speed, range at, 422-424 take-off run, 440, 442-443

Control(s), 97-104, 171-235 forces due to, 79
aerodynamic balance, 222-228 method of performance reduction,

calculations for, 225-226 520
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Density-Contitwd Drag-Continucd
ratio, 527-532, 535 induccd-Contin fed

charts for, 532, 533, 535 tandem wiIg , 48-51
standard, 12, 527 triplane, 48-49

Derivatives, interference, 307-311
lateral stability, 254-259 landing
longitudinal stability, 245-247 gear, 302-304
stability. 238-239, 242-247, 252-259 light. 30(
table of, 543 locked propeller, 343-344

Design, machinc gun. 30()
airplane, 3, 141-142, 171-172, 468- nacelle, 298-302. 309-310

490 paraSite, 260-300. 36 4 3' 5-367, 383-

49 0 e 3 3 40 , 4 ' -474, 48 2-481)

propeller, 325-330 best climb. 513- 514
Diagram,

Lilienthal, go estimation, 383

vector, 98 independent oi angle 1f attack,

Diameter. propleller, 325-330, 332, 334 364
Dihedral, 211-215, 255 perfrmance calclatin. 364-3(67.

Discs, drag of, 262-263 383
Displacement, wing-tip floats, 495- summation 1,f. 314. 307- 383

497 varying with an9le of Ittalc.k,

Dive, 364-367, 307-400
speed in, 458, 460-467 power rclati'i'. 393-398
terminal velocity, 450-458 profile, 33. 1'4-117, 13, 20,7-272.

vertical, 449-458 364-305
Diving start, effect on measured coefficient,

speed, 466-467, 511-512 flaps, 148, I0-I5I. 15

Downwash, 31-32, 57-58, 85, 142, 183, niilinfunl, 11()-117, 2(7

187-i89, 192-197, 364, 385 willg, 33, 114-117. 364, 305-3-7

charts, 57, I88, 194-195 scale effect, 'o-81, 92-95, 117- 11

Drag, thickness eftect, 114-117, 268, 271

aircraft cable, 276-280 wing. 33, 1i4-117, 267-272. 364.

biplane, 38-39 365-367
bombs and torpedoes, 3o6-307 radiator. 305
cable, aircraft, 276-280 radio antenna, 307
circular discs, -62-263 rivets, 136-137, 269

coefficient, propeller, 450-452 skin friction, 266-.:67, 498-499
corrections in model tests, 92-95 sphere, 263

curves, general airplane,. 393-398 streamline- form, 275-276, 283-28'.,

cylinders, 263, 265-266 290-291

engine, 297-302 strut, 272-275

fittings, 136, 304-305, 310 tail surface, 271-272

flat Dlates, 26o-263 wheels, 302-304
floats, 290-296, 498-499 wing, 267-271, 364-365

frictional, 88, 135-136, 266-267, wing-tip float, 291
498-499 wire,

fuselage, 283-290, 364 mesh, 306
gas tank on wing, 270-271 round, 276-20
general equation, 77-78, 91-92 spacing effect, 278-279
hulls, 297, 498-499 streamline, 280-283
induced, 31-39. 48-51, 54, 6o-6i,

364-365, 386-391, 395-401, 469- Edge, reflexed trailing, 96, 114
474, 482-489 Efficiency,

biplane, 38-39
ground effect, 5S-6o airfoil, 120

power curves, 417-418 airplane, 399-401

span loading, 6o-61 mechanical, of engine, 115
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F'fEic iency (oiitinid Fittings, drag of, 136, 304-305, 310
pr, 3''er. '3. 325, 320 Fixed-trim runs in float tests, 5x

effect If bhody .o, 33-1. 33(6 Flaps, 141-170, 384-385
effect of tip speed, 330-331 effect onl downwash, 142

general curve, for, 333. 335-337 horizontal tail area, 2

nlaxiill"Illi 3,34-336 landing, 169
propulsiv, 3.22-323 performance, 167-170

tail. 183. 180-187 stalling speed, 141, 169-170, 385

Elevator ( s ). take-off run, 167-170
angle. equivalent stabilizer, i) external airfoil, 1(6

area. i07-21 Fowler, 1(o- 1 2

balanced, I 7-1o,S. 222-234 hinige mlieit, 148-!49
plan-form of. 200 leakage at hinge joint, 152-153
tabs on. 197-200 molnient due to, 142, 146-147
tests. r8-00 onl biplaiics. 385

Ellipsoils. drag of. 203-2(4 on shlctte- wings, 162- t6
Emerigence, leading edge, 227-228 lartial ll, 1,7-158, 385
Fnduralicc, plain, 144-1;2

Bregtet's f,rlula. 419-422 protile drag. 148, 150-151, 155
calculation. 417 retracting. 15o-162

eCtiniati,,I, 428-434 sloted . I53, 162-165
facwrs, 420-421, 42--430. 432, 434 split, 1 53- 158
forniula-. 4101, 4110, 4.23, 429 theory. 144-148
general curves. 43 1,32, 434 types, 142-144
ilhaxiiiutill. 417, 425-432, 434 \ragi, i666

E-nergy, Zap, 143., 158-159
conservatio i -l, 6 Flight,
kinetic. 231, 445, 467 circling, 461-466
p0Itial, 44), 4617 gl iding,

Engines. de.cent rate, 448-449
critica altitude, 314. 316-319, 381- sinking speed. 448-449

381, 4(1(-4()7, 442-443 without p ower, 459-46o
drag of air-c,,oled, 2497-302 xith power, 460-462
general power curves, 312-3 15, 345- hriz,ntal, 348-349, 361, 363-364

347. 3-1) problen. 459-467
inechaiical efficiency, 315 spiral, 4(6-466
power drp factor, 312-314, 341- testiln.,', 10-526

3;4, 35, 357-358 throttled, rpm, 361
sea-level plover, 38(-38t Floatinlg, in a landing, 445
s!pecific fuel con su1 ptioi, 31)-321 Floats.
stalling by propeller, 3-5-350 air drag, 290-206

supercharged, 313-319, 380-382, beia, 505-506

301-3P2, 403, 407, 412, 44 o , 442- dead rise, 291, 5o6, 507
443. 524 definitions, 491-492

variation of bhp with altitude, 315- depth, 5oni
319, ;21 excess hlioyalicy, 290, 506

keel angle at step. 507, 509

Factors, length, 405, 505
conversion, 14 , 536-541 lictacentric heights. 402-495, 505

endurance, 420-421, 429-430, 432, model lbasin tests, 498-501

434 inI-dcllinisional coefficients, 500-

range, 420-421, 429, 431, 433-444 501
Fairings, 05-97, 136-137, 303, 309-310 scaplane. 491-509
Fillet, expanding, 137 speeds, corresponding, 498-499
Fin area. vertica., 203-215 soray strips, 509
Fineness ratio, 274-276 sahilitv, 402-497, 505
Finish, surface. 13--36. 269 step. 297, 507-509
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Floats- -Cowinucd Guns, drag of, 306
take-off calculations, 501-504 Gyration, radius of, 247-249
Vee-btt,4n1 291, 506J, 507
wing-tip. 291, 495-497 Handley Page.
yawing moments, 203-2o6 balance, 222-225, 227-228

Flow, slots, 143, j62-1(.5

fluid, 20-28, 78, 86-89 Height, metacentric, 492-495
laminar, 78 Hemispheres, drag of. 264
turbulent, 78, 86-89 Horns, drag of, 305

superposed, 21 Horsepower (See "'Power")
three-dimensional, 22 Horseshoe vortex, 30
two-dimensional, 21-22, 28 Hulls,

Fluid, irrotational motion, 24-25 air drag. 297
Flutter, 229-234 beam, 5 o5-;osi

Flying boat, flying boat (See "Floats, sea-
air drag of hull, 297 plane")
effect of wind on take-off, 502-504 Hydrodynamics, 4, 20-30
maximum load for take-off, 504

Force, Inclination,
cross-wind, 254-255 effect on wire drag, 278-280
derivatives, 242, 245-246, 254 of flight path, 458

genera', 8-9 Induction, 33
Fowler flaps, 143, 16o-i62 Inertia,
Friction (See "Skin friction") moment of, 247-249)
Frise aih rons, 224-225, 227-228 product of, 229-230
Froude's law of comparison, 498-499 Instability, apparent, 234-235
Fuel consumption, Integrals, 544

effect of compression ratio, 319-320 Interference,
in range calculations, 414-417, 419- body-propeller, 334, 336

420, 422, 428, 429 burble, 95-96
part throttle, 319-320, 419-422, 428 factor,

specific, 319-321, 414-429 Munk's, 35-30
variation with altitude, 321 Prandtl's, 36-30

Fuselage, general, 83-85, 95-97, 307-311
drag, 283-290, 364 model supports, 9o

full-scale, 288-290 struts, 308-309
model, 28,3-289 wall, 83-85

interierence, wing, 309-310
propeller, 334, 336 wing-fuselage, 95-96, 137-138
wing, 95-96, 137-138, 30" 310 wing-nacelle, 309-310

yawing momlent, 203-207 wire, 307
Intersection, drag of strut, 309

Gap/chord ratio, 66, 132-133
Gas tank on wing, 270-271 Joukowsky,
Get-away speed, 501-507 airfoils, i(9

Glauert, flap theory, 144-148 lift equation, 24
Glide, angle of, 169, 444-445 Junkers double-wing, i60
Glider, sinking speed, 448-449
Gravity, 8-9 Keel angle at step, 5o7, 509
Ground, Kinematics, 4

effect, 58-60, 445-446 viscosity, 81-83
friction coefficients, 438 Kinetics, 4
run, Kutta-Joukowsky equation, 24

in landing, 447-448
in take-off, 435-443 Laminar fl')w, 78
effect of wind, 439-440 Landing.

speed, 425-426, 511-512 gear, drag of, 302-304
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Landing-Continued Mass.
light, drag of. 3(( additional, coefficient, 203, 206

over an obstacle, 444-446 balance of control surfaces, 228-

run, 447-44() 230
Ose of brakes, 448, definition, 6-9

Iap joints, drag oi, 135 distribution, 228-235, 247-249

Leakage at. units. 6-0
fla) hinge, 152-153, 226-227 Measurement of area,
wing-patlel joint, 55 balanced control surfaces, 225

I/[) ratio, tail surfaces. 187

airfoil. 128-12) wing, 385

airplane. 304-398 Mechanics, fundamental, 5-9

in per formance calculation, 105- Mesh, drag (If wire. 306
(It Metacenter, 492, 493

naxinlm, 303-398 Metacentric height,
f,,rinila for, 397 definition. 492-493
Speed for, 3(4-395 longitudiiial 495

near gr aiiid, 446 rquired, 404
f'iit coefficient, transverse. 494-495

biplane, 132-133, 384-385 Metric system, 6-9
definitions, 12-14 Mixture control, 319-320

flaps, 141-142, i5i-166, 385 Model

maxiimin, alignment, 93

general, 8o-8i, 112-114, 117-119, basin tests, 499-500

132-133, 384-385 construction, 89, 92-93
igatii e, 125-126, 343 tests,

tail surface, 202 airfoil, 89-90
with flaji, t5-i6i, 384-385 airplane, 9o-io8

o,1 tinliiIfl. 124-125 Conversion to full scale, io5-I 06

scale effect, 76, 117- 119, 384-385 free-to-trim floats, 5oo

l.ift-curve, slope, 51-55, 95-96, 126- performance. 1o4-108

128. 184-18 5 Moment (s),

Lift distributi, n, biplane, 66-72 about quarter-chord point, 61-62

L.ift, equation for, 24 coefficient,
Lifting-line in wing theory, 29-30 ab( ut any point, 63-65, 175-178

Lilienthal diagram, 9o about c.g., 173-176

Loading, at zero lift, 121-122

biplane, relative, 66-72, 179-181 biplane, 70-72, 175-178

combined, 488-490 general, 14, 61-62

power, 403, 468, 480-490 curves, slope of

wing, 184, 383, 384, 386, 391, 468, pitching, 97-99, 173-176, 185-186

480-490) yawing, 102-104. 206

Load, maximum for take-off, 504 derivatives, 243, 246-247, 255-258

Location, due to dihedral, 211-213

center of gravity, 170, 172-176, of inertia, airplane, 247-240
I81-182, 507 pitchiiig, 97-90, 173-i7ti, 185-186

step, 5 07 about quarter-chord point, 61-62

wiiig-tip floats, 494-497 any point, 63-6I5, 175-178

Lous of e.g. for constant stability, effc-t oil maxinii lift, 142

181-182 righting, 493-497

L.ogarithms, relations for, 542 rolling, 100-102, 212, 216, 255-257
upsettilg, 493-497

Machine gun. drag of, 306 yawing, 102-104, 203-208, 212-213,
Maceinverability, 256-258

alt itude effect o1. 478-480 Monoplane,

effect (if stalliing Speed o, 474-481 high-wing, 170, 173

fact,,r, 475-476, 478-480 low-wing, 137, 170. 17?

t n I i nnmunm uJll . . ...NIL-
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Rpm, Spacing, effect on wire drag, 279
constant, 336-338, 358-360 Span,
engine, 355-358 equivalent monoplane, 34-35
propeller. 355-358, 360-361 factor, Munk's, 34-46
throttled flight, 361 loading, 6o-6i
variation with speed, 348, 361 Speed(s),

Rudder(s), corresponding, 498-499
area, 210-211 cruising, 419
balanced, 225-226 for maximum L/D, 394-397
fin area, 203-215 for minimum powe-, 394-397
tests on, 102-104 get-away, 501-507

Run, maximum,
landing, 447-449 effect of aspect ratio o1, 3,V-393
take-off, 142, 167-170, 435-444, 501- effect of diving start on, 466-467

504 effect of gross weight, 392-393
effect of induced drag on, 386-

Scale-effect, 76-8j, 92-95, 117-119, 393
384-385 effect of parasite, 386-393

Sea-level, effect of pressure and tempera-

engine, 312 ture on, 522-524

fictitious speed, 391-392 estimation, 386-393
power, 38-381 flight tests. 511-512, 522-524
power available, 369-37 reduction to standard, 522-524
power required, 367-369 variation with altitude, 391-393

Seaplanes (See "Floats" and "Take- propeller tip, 33-33
off") relations between power and, 393-

Service ceiling, 397
calculation, 375 sinking, 448-449
definition, 375 stalling, 363, 383-386
effect of curvature in climb, 406- Sphere,

407, 516-518 drag, 87-88, 263-264
estilliation, 406-407 effect of turbulence, 87-88
with supercharged engine, 407 Spheroid, drag of, 263-264

Servo-contros, 197-199 Spiral flight, 465-466
Side-slip. -12, 214-215 Spray-strips, 5o9
Similitnlde, 91-95 Squashing in a turn, 464-4(3
Skin friction, 79, 88, 118-119, 135- Stability,

136, 266-267, 498-499 apparent lack of, 234-235
Slipstream, 322-323, 382 axes, 238, 241-242

obstruction, 334, 336 critical, 186
Slope of derivatives, 238-239, 242-243, 252-

lift curve, 259
airfoil, 51-55, 95-96, 126-128, directional, 102-104, 203-211, 256

184-185 dynamic, 171, 23 6-2 5 9
approximate equation, 126-128 free liquid surface, 235
biplane, 55 lateral, 99-102, 211-221, 251-259
effect of thickness, .26 longitudinal, 97-99, 170, 172-202,

moment curves, 237-251
in pitch, 99, 173-176, I85-r86 location of c.g. for constant, 18i-
in yaw, 102-104, 206 182

Slot, seaplane, 492-497, 505
fore-and-aft, 55-56 static, 97-104, 172-202
Handley Page. 143, 162-165 Stabilizer,
Leigh, 162 angle, equivaient elevator, 199

Slug, definiticn, 8 area, 182-202

Sound. velocity, 77, 139-140, 3'O-332 measurement of, 18,7
ourccs and sinks, 27-28 down-load ill lan ding, 202, 227
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Stabilizer-Continued Tabs, 197-200location, 192-195 Tail,

section, 201-202 area,
setting, 85, 98-1oo, i93-199 horizontal, 182-202
stalled, 202 measurement, 187

Stagger, 66-69, 132-133, 179-181 vertical, 203-215
measurement of, 69 aspect ratio, 189-19i

Stall, 17o efficiency, 183, 186-187
Stalling, length, 19o-19I

engine by propeller, 355, 357-359 lift with full-deflected elevator, 202
propeller blades, 336 plan-form, 200
speed, 1o5, 169, 363, 383-386 section, 201-202

effect on setting, 193-197
directional control, 103-104 surfaces,
lateral control, 216 drag of, 271-272
performance, 473-490 stalled, 202

Standard atmosphere, Take-off coefficient, 435-436
approximate equations, 529-530 Take-off over obstacle, 443-444charts, 532-535 Take-off rating of engine, 338
definition, 927 Take-off run,
exact equations, 527, 529-530 calculation, 435-444, 501-504
reduction of performance, 519-526 coefficient of friction, 438relations in reduction, 530 controllable-pitch propeller, 438-
tabular values, 528 439

Static, effect of
balance, 228-230 altitude on, 440, 442-443pressure gradient, 85-86, 90 flaps on, 142, 167-170
stability, gross weight, 328, 441

directional, 102-104, 203-211, 256 take-off speed on, 440
lateral, 99-102, 211-221 wind velocity on, 439-440, 502-
longitudinal, 97-99, 172-202 504

thrust. 337-340 graphic solution, 435
Statics, 4-5 seaplane, 169-I70, 501-504
Step, seaplane floats, 297, 507-509 supercharged engine, 440, 442-443
Stream function, 22-23 Temperature, effect on
Streamline, bhp, 315

body, yawing moment, 203-207 maximum speed, 523-524
definition. 23 rate of climb, 514-515
forms, 275-276, 283-284, 290-291 speed for best climb, 514-515
wire, 280-283 velocity of sound, 331-332

Strut(s), Terminal velocity,
drag Of, 272-275 altitude loss, 455-457
interference, 3o8-309 dives, 452-458
offsets for Navy No. 1, 272 effect of dive-angle, 458Surface, from short dive, 457
effect, 77-78, 91-92, 11o, 135-136, of airplane, 450-452

268-270 of parachute, 264
free liquid, 235 with rotating propeller, 450-452
plan-form, 200-201 Tests,
tail area, 182-202 airfoil, 89-90

aspect ratio, 189-191 airplane, 9o-lO8
e.g. location. 191-192 flight, 5IO-526
equation for, 184 seaplane floats, 498-500
flaps, 202 wind-tJInnel, 73-I08
length, 191 Thickness of airfoil, effect on

Waxed on wing, 135, 269 airfoil lift, 112-114, 126-128
Synb As, table of, 14-18 control action, 2oi
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Thickness of airfoil-Conined Wind tunnel, balances, 74-75, 89-90profile drag, 1 14-i17, 268, 271 fu]]-scale, 1 8, 135slope of lift curve, 126-i28 static pressure gradient, 8-86Throttling, effect on fuel consump- tests, 89-1o8

tion, 319-320. 419-422, 428-429 turbulence, 86-89, 91-9
Thrust, calculation of, 337-340 types, 73-74coeficients, 321-322 variable-density, 74, 110-1i1, x18,horsepower, 128, 135calculation of, 340-342, 367-369 wall interference, 83-85general curves, 349, 417, 437, 439 Wing(s),maximum available, 369-371, 377 area, 385, 473-481required, 363-364, 367-369, 376 cut-outs, 134-135, 187variation with altitude, 355, 376 drag,

rpm and V', 336-337, 349-354 effect surface finish, 135, 268-270negative. 3.3 induced, 31-39, 48-51, 54, 6o-6i,static, 337-34 364-365, 386-403, 417-418Zero, 342 in performance calculation, 267-Time for 360* turn, 478, 481 271. 364-365
Time of climb, 375-376, 518 21 -6Tipseedi, 3-36, 5interference effects, 95-96, 137-Tip speed, 330-33 1 138, 309-310Tips, propellers with cut-off, 333 profile, 33, 114-117, 134-138, 267-Torque, 339-343 7.43

coefficients, 321-322 271 3N-365Trim, definition, scl efct3iT3 loading, 184, 383-386, 391, 468, 480-longitudinal, 99-1o, 193-197 49o
stabilizer setting, 85, 98, 193, 496 net area. 389

Triplanes, induced drag, 48-419 rotor, 17
Turbulence, 86, 91, t11o, ti8, 275 section, characteristics, Ito-Itt, 115Turn, 461-465, 476-481 data, _1j-, 4o
Turnbuckles, drag of, 276-283 drag, i I;Twist of propeller blades, 325, 329 seleetin of, 128-13,)

slots, fore-and-aft, 55- 6Vector diagram, 98 tindhe Page, 143, 62-165
Vee-hotton floats, 291 tandem. ,9.14,0 6
Velocty, limiting airplane, 450-452 theory, 31-72of s~onel, 77, 13')-140, 330-332 tips, 53-54, 127-128potential. 26-27 float .91, -9-497

terminal, 264, 450-48 \Vire(s), 4rag 4
Ventilation, step, 508-509 cable. 276- '"oViscosity, 77-83 interference, 278-270, 307Vortex motion, 28-30 mesh, 306Vortices, 28-30 streamline 280-283Wragg flap, 166
Wake, turbulent, 57-58, 187, 192-195
Walkway, effect on wing, 135 Yaw, effect on drag, streamline wire,Vashout in wing tip, 216 281-282Waxed surface on wing, 135, 269 Yawing moment, 203-207, 212, 256
Weight, effect on

speed, 105-107, 392-393 Zap flaps, 143, 158-159take-off run, 439-440, 441, 504 Zero,Wheels, drag of, 302-304 lift, 62-64, 120-J22, 172-173 ' 18,Wind axes, 9-12, 1Ol, 241-242 193
Wind, effect on lift-line, 62, 72, 82, i8 , 323

economical speed, 425-426 momilent, 62-,4
flight tests, 510-512 thrust. 342, 444
range, 425-428 torqu, 342
take-off run, 439-440, 502-504 Zoom, 467
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